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Abstract: Point sampling is essential for the conversion of 

planar curves to B-spline curves in geometric modelling 
applications. Conversion of parametric curve to B-Spline curve is 
often required as the latter provides the flexibility sought by the 
designer.  Sampling methods generally ignores the feature points, 
which indicates the curve profile intuitively and they require user 
intervention. There is a need for generalized point sampling 
algorithm to capture the original shape of the planar curves. 
Auxiliary points are also needed which helps to define the curve 
and gives the better conversion into B-Spline curve. In this work, 
we developed a generalized point sampling algorithm based on 
fireworks algorithm for the conversion of parametric curve to 
B-spline curves. It is used curvature-based information to identify 
the feature points, while Fireworks algorithm is used for the 
identification of the auxiliary points. Developed algorithm was 
tested against curves with irregular shapes and cusps with no need 
of user intervention to tune the algorithm for conversion. 

Keywords: Curve conversion, B-Spline, fireworks algorithm, 
parametric curves.  

I. INTRODUCTION  

Computer aided design and geometric modelling 
applications requires the polynomial representation of 
curves. Usage [1]. Conversion of parametric curves to 
B-Spline curves is often required as the latter provides the 
flexibility sought by the designer. Most of the times implicit 
curves and parametric curves cannot be converted into 
B-Spline curves with desired accuracy. The conversion of 
one form of curve to B-Spline curve is an approximation of a 
given curve to B-Spline curve [2]. Conversion of planar 
curves to B-Spline curve need a generalized frame work.  
Many algorithms were developed and implemented by 
researchers for point sampling to aid in curve conversion. 

B-Spline curves are widely used in free form curve and 
surface design as they provide local and global control over 
the curve shape. This paper focuses on point sampling to 
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convert planar parametric curve with irregularities such as 
cusps into B-Spline curves. Point sampling involving 
identification of feature points, which indicate the curve 
shape intuitively is proved to be effective in earlier works.  
Feature points used are inflection points and extreme  

curvature points. They are identified based on curvature 
function values.  In addition to the feature points, other 
points, called conventionally as auxiliary points are also 
required for accurate conversion. 

Proposed algorithms in literature used weighted 
characteristic functions involving curvature and arc length 
functions. This approach requires the tuning of weight value 
for accurate conversion. So, user expertise is required for the 
conversion of curves with irregularities such as cusps, 
making the algorithm less general. 

Swarm intelligence algorithms proven valuable for the 
problems of optimization and many are applied to curve 
fitting problems also. Fireworks algorithm is getting more 
prominence in recent years for the optimization problems  
[3]. The proposed method uses a hybrid algorithm, which 
identifies both inflection, extreme curvature points based on 
the curvature values and auxiliary points through fireworks 
algorithms. 

II. LITERATURE REVIEW 

Park [4] proposed an error bound approximate method for 
the conversion of planar curve to B-Spline curve. In that 
polygonal approximation is employed to get accurate 
conversion. An equal weight characteristic function 
involving arc length and curvature function is used to 
determine the sampling points for the conversion of 
parametric curves and surfaces to NURBS curves and 
surfaces by Pagani et al.[5]. An approximate B-Spline curve 
for set of data points is fitted by using discrete curvature 
values at the data points by Li et al.[6]. They used the 
curvature information to adjust the knot placement to get the 
better results.  L Lu [7] proposed weighted progressive 
iteration approximation method for the data points and 
compared the results with progressive iteration 
approximation. Weighted progressive iteration 
approximations scheme is used by L Lu [8] to gradually 
adjust the control points for approximation of given planar 
curves with rational Bezier curves. D.J Walton et al. [9] 
numerically obtained the curvature extreme values for 
polynomial cubic curves having cusps, self-intersection. 
Square distance method integrated with fast marching 
method is employed for control point adjustment to get 
approximating B-Spline curve for data points by H Yang et 
al. [10].  
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A Razdan [11]  proposed algorithm to determine the 
number of points required for the conversion and used arc 
length and curvature functions to obtain the interpolation 
points. Deng et al. [12] implemented least squares 
progressive iteration algorithm for approximating given 
curves with B-Spline curve and presented method to compute 
the weight values. 

 Laube et al. [13] employed support vector machines for 
taking sequential number of points that are located on the 
curve and find the feature points where that point gives better 
approximation error. Kosters [14] employed uniformly 
subdivided parametric space along with angle 
parameterizations for curve approximations with B-Spline 
curves. Park et al.[15] proposed a method for approximate 
NURBS curve compatibility based on multiple curve 
refitting.  

From the literature review, methods proposed for the curve 
conversion employs weighted functions and hence requires 
user intervention. There is a need for development of 
algorithm to mimic the user intervention in curve conversion 
problems. This paper presents hybrid fireworks algorithm 
applicable to planar parametric curves with irregularities like 
cusps etc. 

III. HYBRID METHOD FOR CURVE CONVERSION 

Curve conversion represents an optimization problem in 
which the sampling points are selected to minimize the error 
associated with conversion of given parametric curve to 
B-Spline curve. The conversion error used in the present 
work is root mean square error (RMSE) and is given as 

 

   
                  

    
   

  
   

 
        (1) 

Where 
                           

                              
                              

                  
                              

A. Feature Points 

Feature points are considered for sampling as they 
intuitively represent shape of the curve. Basically, the feature 
points are of two types:  Inflection points and Extreme 
curvature points. Proposed method uses Algorithm 1 to 
identify the inflection and extreme curvature points. 
Algorithm 1 

Determine curvature function     value at uniformly 
initiated parameter values   . 
for each      {uniformly spaced parameter values} 

if ρ                           
select point as inflection point. 

else if                          
fit parabola      by interpolation through the points 

                                           
   Inflection points is the root of equation     . 

 end if 
end for 
for each                                          

if                               
fit parabola      by interpolating through the points  
                                    

extreme curvature point is the root of equation      =0 
end if 

end for 

B. Auxiliary Points 

Auxiliary points improve the conversion accuracy and are 
conventionally selected by using characteristic functions. 
These characteristic functions involve arc length and 
curvature functions in weighted form. Those functions work 
well with regular shaped planar parametric curves. But 
requires user intervention in case of irregular shaped curves. 
Algorithm proposed in this paper selects auxiliary points 
through fireworks algorithm. Fig. 1 shows the flow chart of 
the hybrid fireworks algorithm for the point sampling. 
 Each firework in the algorithm is a vector of size equal to 
number of sampling points required. Except parameter values 
corresponding to the feature points, remaining are initialized 
randomly. This makes the algorithm more general for any 
shape of the curve. The optimization problem (2) involves 
adjusting the randomly initialized parameters, so that the 
error of conversion given by (1) is minimized. For each 
firework, number of sparks are generated according to (3), 
which ensures a greater number of sparks for better firework. 
Equation (4) gives the amplitude of the explosion, so that 
sparks are generated closely for the better firework.  

                                                  (2) 
The number of sparks general for a firework     is expressed 
as 

    
         

             
   

               (3)                    

Where S is the parameter controlling the total number of 
sparks generated for that explosion generation.      is the 
maximum value of the objective function which is the 
objective function value of the bad firework. 

    
         

             
   

                                    (4) 

Where 
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Fig. 1. Hybrid Fireworks algorithm for point sampling 

Two parameter sets must be decided before searching for the 
solution. Number of control points and order of curve are the 
parameters belongs to the approximating B-Spline curve and 
are depending on the complexity of the curve to be converted. 
Like other naturally inspired algorithms, values for the 
control points for Firework algorithm influence its 
performance. In this work, control parameters are set based 
on results of both theoretical and test cases from literature. 
Large number of sampling points improves the conversion 
accuracy but increases the CPU time. Values in the range 
20-40 found satisfactory from the test cases. Number of 
sparks and number of fireworks are the parameters which 
control the number of iterations required and hence the CPU 
time. Through test cases, range for those parameters are 3-5 
and 2-10 respectively. Amplitude of vibration is selected in 
the range 0.01 to 0.03, in order to maintain diversity and to 
avoid ill conditioning of the algorithm. 

IV. RESULTS AND DISCUSSIONS 

Proposed algorithm is tested against several examples. 
Chosen examples demonstrates the irregularities of the curve 
and as shown in Table 1, can be converted accurately by the 
method presented. All the parametric curves are converted 
into a cubic B-Spline curves though curves of higher order 
can also be obtained. All computations have been performed 
on Intel® Core™ i7 processor with 8GB of RAM. The source 
code has been implemented on MATLAB®. 
 

Table- I: Curve conversion results for examples 

Example 
No. of 

Sampled 
points 

RMSE 
Control 
polygon 
Vertices 

Order 

1 20 0.007 6 4 

2 20 0.0172 6 4 

3 20 2.80E-16 5 4 

4 20 6.56E-16 5 4 

5 20 3.17E-15 5 4 
 

Sampling points obtained by the proposed algorithm for 
example parametric curve (5) are shown in fig. 2 as circles on 
blue line. This example shows the applicability of the 
algorithm for the curves having self-intersection. The 
approximating B-Spline curve (red line) along with sampling 
points is shown in fig. 3. RMSE value reported in table shows 
the capability of the algorithm, and is in agreement with the 
visual result.  

A. Example-1 

The parametric curve equation 

                           

      
   

 
   

   

 
        

  

 
                       (5) 

 
Fig. 2. Parametric curve for Example-1 

Example 2 uses a parametric curve demonstrating all the 
feature points i.e. extreme curvature and inflection points. 
Fig. 4 shows the curve along with sampling points. The 
approximating B-Spline curve fig. 5 does not pass through 
the sampling points and the best results obtained are reported 
in Table I. With increased number of iterations, the 
conversion accuracy can be improved.   

 
Fig. 3. B-Spline curve for Example-1 

B. Example-2 

The parametric curve equation 
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                                                         (6) 

 
Fig. 4. Parametric curve for Example-2 

 
Fig. 5. B-Spline curve for Example-2 

C. Example-3 

The parametric curve equation 

        
                                                                              (7) 

 
Fig. 6. Parametric curve for Example-3 

 
Fig. 7. B-Spline curve for Example-3 

D. Example-4 

The Parametric curve equation 
          

                                                                        (8) 

 
Fig. 8. Parametric curve for Example-4 

 
Fig. 9. B-Spline curve for Example-4 

E. Example-5 
The parametric curve equation 

            
                                                         (9) 

 
Fig. 10. Parametric curve for Example-5 

 
Fig. 11. B-Spline curve for Example-5 
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Example 3 consists of an implicit cuspoidal cubic. It was 
convereted into a parametric curve, and then to 
approximating B-Spline with the same parameter set used for 
other examples. From fig. 6 and fig. 7, it is evident that the 
algorithm captures the sampling points well and the same is 
supported by the results in table I. Curve with double point, 
example 4 shown in fig. 8,  is approximated with a B-Spline 
with five control points, fig. 9. With only, 20 sampled points, 
acceptable accuracy levels were achieved. Capability of the 
algorithm to get accurate conversions was also demonstrated 
using example 5 and the results were as shon in fig. 10 and 
fig. 11.  

V. CONCLUSIONS AND FUTURE WORK 

The proposed algorithm for point sampling to convert 
planar parametric curve to B-Spline curve employs a hybrid 
fireworks algorithm for the identification of sampling points. 
It utilizes curvature information to identify the feature points. 
Then the fireworks algorithm is employed to identify the 
auxiliary points. As the algorithm uses randomly initialized 
parameter values and determine the auxiliary points in 
iterative manner to minimize conversion error, no user 
intervention is required for irregularly shaped curves. This 
makes the algorithm more general and results obtained for 
cuspoidal cubic indicates the same. Conversion errors 
obtained shows the potential of algorithm for the point 
sampling applications. As a part of the future work, the 
proposed algorithm will be applied for the spatial curves. 
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