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Abstract: The main view of this article is the extended
version of the fine topological space to the novel kind of space
say fine fuzzy topological space which is developed by the notion
called collection of quasi coincident of fuzzy sets. In this
connection, fine fuzzy spclosed sets are introduced and studied
some features on it. Further, the relationship between fine fuzzy
spclosed sets with certain types of fine fuzzy closed sets are
investigated and their converses need not be true are eucidated
with necessary examples. Fine fuzzy spcontinuous function is
defined as the inverse image of fine fuzzy closed set is fine fuzzy
spclosed and its interrelations with other types of fine fuzzy
continuous functions are obtained. The reverseimplication need
not be true is proven with examples. Finally, the applications of
fine fuzzy spcontinuous function are explained by using the
composition.

Keywords: Fine fuzzy topological space, Fine fuzzy spclosed
set, Fine fuzzy continuous, Fine fuzzy sp**continuous. Subject
Classification Primary: 54A05, 54A10, 54A20.

I. INTRODUCTION

The Fuzzy set theory uses the linguistic variable

to represents imprecise concepts in many rea-life
applications in engineering, robotics, spacia objects,
biosciences, etc. It is a marvelous tool for modeling in the
various kinds of uncertainty associated with imprecision and
vagueness. American Cybernatist Lofti A. Zadeh [12]
initiated the theory of fuzzy set in 1965. Later, in the year
1968, the Chang [3] extended the notion of a fuzzy
topology. Further, Power P. L. and Rajak K[9] investigated
fine topological space, was particular case of generalized
topological space. The views on sp-open sets in general
topology and fuzzy sp-open sets were introduced by
Dontcev, Przemski in 1996 [5] and Hakeem A. Othman [6]
in 2011 respectively. This paper is mainly focused to the
extension of fine topological space. The approach on fine

fuzzy sp closed sets in fine fuzzy topological spaces were
well developed and studied. Further, the interrelations of

fine fuzzy sp closed sets with distinctive types of fine fuzzy
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closed set were investigated. Later, we defined the fine
fuzzy sp continuous functions and briefly discussed on its
properties.

[I. PRELIMINARIES

Definition 2.1[11]

Let X be a space of pointsand | be the unit interval
[0, 1]. A fuzzy set A in X isamapping from X — |

Definition 2.2[3]
A fuzzy topology is a family T of fuzzy sets in X which
satisfies the following conditions

0] Oand1€eT.

(i) Ifu, & €T, thenuASs ET.

(iii) Ifu; e Tforeachielthenvy, € T,thenTis
called a fuzzy topology and the pair (X, T) isa
fuzzy topological space.

Definition 2.3[3]

Let f be afunction from X to Y. Let B be afuzzy setin Y
with membership function pg(y). Then the inverse of B,
written as f~1[B], is afuzzy set in X whose membership
function isdefined by pp-15(x) = up(f(x)) for al xin X.

Conversely, let A be a fuzzy set in X with membership
function u,(x). The image of A, written as f[A], is a fuzzy

set in Y whose membership function is given by
llf[A](}’) =
{zef-f;‘;] {(ta(®)}  if f7[y] is non empty
0 other wise.

foradlyinY,where f~1[y] = {x\f(x) = y}.

Definition 2.4[6]

A fuzzy subset u of fuzzy space X is called fuzzy sp-open
(fuzzy sp-closed) setif u<Intcluv cl Intu(IntcluAcl

Intu < u). Theclass of al fuzzy sp-open (fuzzy sp-closed)
setsin X will be denoted by FSP-O(X) (FSP-C(X)).

Definition 2.5[9]
Let (X, ) be a topological space and define 7(4a) =
Ta(Say) = { Ga(iX) : GaNAc# (i), for AcET and Ac# (i),

X, for some a € J, where J isthe index set }. Define 77 =
{, X, Uges{ T} }. The collection tr of subsets of X iscalled

the fine collection of subsets of X and (X, z, tf) is said to be
the fine space X generated by the topology 7 on X.
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Fine Fuzzy sp Closed Setsin Fine Fuzzy Topological Spaces

1. FINEFUZZY sp CLOSED SETSIN FINE FUZZY
TOPOLOGICAL SPACES

Definition 3.1

Let us consider the fuzzy topological space (X, T)
T(Ae) = Ta={ ne( #1) Ma/\}\'aio’for
T,andA, #0,1,

Where Jis the indexed set for someo J}. Then the
collection 7; ={0yx,1y, Uyes{T,}} issaid to be fine fuzzy
topology on X' and (X, 7, T) is the fine fuzzy topological
space. It isdenoted byFfTS.

Definition 3.2

A fuzzy subset A of aFfTS, isfine fuzzy open set
of X (FfO(X)),if A e T} and its complement is denoted
by fine fuzzy closed set (FfC(X)) of X.

Definition 3.3

Let u € I*. Then the fine fuzzy interior of u is
denoted and defined by
FfInt(w) = Vv {v: u =v,uis afine fuzzy open set of X }.
Definition 3.4

Let v € I*. Then the fine fuzzy closure of v is denoted
and defined by
FfCI(v) = A { u: v < p, v is a fine fuzzy closed set of X }

Definition 3.5
Let ¥:(X,T,7;) = (Y, o,0¢) be a mapping if

Y I(A) € FfO(X) for each fine fuzzy open set A of Y,
then i is called fine fuzzy- irresolute.

and let
Ay €

Definition 3.6
A finefuzzy subset 1 of X iscalled

1. fine fuzzy pre closed (FfpC) if
FfCl(FfInt(2)) < A.

2. fine fuzzy semi closed (FfsC) if
Ffint(FfCI(1)) < A.

3. fine fuzzy o -closed (FfaC) if
Ffcl (FAnt(fFCI(1))) < A.

4. fine  fuzzy B-closed (FfBC) if
FfInt (FfCl(Fﬂnt(/l))) <A

5. fine  fuzzy sp-closed (FfspC) if

FfCI(Ffint(1)) A FfInt(FfCI(1)) < A.

The class of al fine fuzzy sp closed set in X is denoted by
FfspC(X) and its complement is fine fuzzy sp open set is
FfspO(X') smilarly for all the set

Definition 3.7

Let (X,7,7;) be a FfTS. Let A be fine
fuzzy set of X. Then,

1. FfpIntw) =v{wpu<v,u € Ffpo(X) } is
fine fuzzy pre Interior.

2. FfpClv) =A{viv=yu, ve FfpC(X)} is fine
fuzzy pre closure.

3. Ffsint(u) =v{w:p <v,u € FfsO(X)} is fine
fuzzy semi Interior.
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4. Ffsclv) =A{viv=yu, v € FfsC(X)} is fine
fuzzy semi closure.

5. Ffalnt(u) =V{uw:p <v,u € FfaO(X)} is fine
fuzzy a-Interior.

6. FfaClv)=nA{vivzp, v € FfaC(X)} is fine
fuzzy a-closure.

7. FfBInt(w) =v{mu<v,u € FfLO(X)}isfine
fuzzy B-Interior.

8. FfBClI(v) =A{viv=yu, v € FfBC(X)} isfine
fuzzy B-closure.

9. FfspInt(u) = V{u:u <v,u € FfspO(X) isfine
fuzzy sp-Interior.

10. FfspCl(v) =A{v:v =u, v € FfspC(X)} isfine
fuzzy sp-closure.

Remark 3.1 A finefuzzy set 1 of X. Then
0] FfsCl(A) = A and Ffsint(1) < 4,
(i) A < u= FfsCl(1) < FfsCl(p),
Ffsint(A) < Ffsint(u) .
FfInt(FfCl1(1)) <
FfsCl(A),Ffcl(Ffint()) = 1.

(iii)

Proposition 3.1

A fine fuzzy set A of X, then following properties
aretrue

(i) FfsCl(1) = AV Ffint(FfCI(A)) and
FfsInt(1) < 2 A Ffcl(FfInt(D)).
(i) FfpCl(1) = AV Ffcl(FfInt(A)) and

FfpInt(1) < A A FfInt(FfCIQD).
Pr oof

(i) Since, by the above remark it is easy.

(i) Since, A < FfpCI(A), FfpCl(1) is afine fuzzy
pre closed s, Ffcl(Ffint(d)) <
FfCI(FfInt(FfpCl(A))) < FfpCl(A).Thusi v
FfCl(FfInt(A)) < FfpCl(2).Since, A=

FfpInt(A), FfpInt() is a fine fuzzy preopen
s, Ffint(FfCI(A)) >
FfInt(FfC1(FfpInt(1))) = FfpInt(A)Thus,

A A Ffint(FfCI(A)) = FfpInt(2).

Proposition 3.2
For any fine fuzzy subset A of X, then

(i) A isfine fuzzy sp-closed is equivalent

to

(ii) A = FfpCI(A) A FfsCI(A)
(i) = (ii)
Giventhat Aisafinefuzzy sp-closed,
(i.©) A = Ffint(FfC1(2)) A FfCI(FfInt(2)).
Then FfpCl(A) A FfsCI(A) = A v FfCI(FfInt(2)) A
AV FfInt(FfC1(D)). >V
[FfCI(FfInt(})) A FfInt(FfC1(D))].

>AVvai=A

Hence (i) = (ii)
Conversely, (ii)=(i). Assume that A < FfpInt(d) v
FfsInt(A). Since, by Definition 3.6 we get A isfine fuzzy sp-
closed.

Pr oof
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Proposition 3.3

For any two fine fuzzy sets A and u of X. Hence
the following are true.

(i) FfspCl(A) isfine fuzzy sp closed.

(i) A € FfspC(X) & A = FfspClI(A).

(i) 1 < u = FfspCl(A) < FfspCl(w).

(iv) Ffspint(1) isfine fuzzy sp open.

(V) A€ FfspO(X) © A = Ffsplnt(4).

(Vi) 1 < u = Ffsplnt(A) < Ffspint(w).

(vii) FfInt(1) < Ffspint(1) < A1 < FfspCl(1) < FCI(4).

Proof

(i) Assume that pis FfspCl(A) by the Definition 3.4,
u=FfspCl(A) =A{n: n=4 n € FfspC(X)}.
Hence, p isfine fuzzy sp closed.
(i) Assume thati=  FfspCl(1)
Definition 3.4 we have,
A= FfspCl(A) =A{ wmpu=4 p € FfspC(X) }
© L eA{pu:p=4 p € FfspC(X) }.
& AisFspC(X).
(iii) Assumethat A < p then FfspCl(A) < FfspCl(p).
(iv) Assumethat A is Ffspint(1) by Definition 3.3 we
get
FfspInt(A)) = v{wpn < A, un € Ffspo(X) }.
Hence 1 isfine fuzzy sp - open.
(v) Assume that A = Ffsplnt(4) then by Definition
3.3 we have,
FfspInt(1) = v{:p <A, p € Ffspo(X) }.
e Aevipupu<si, p e FfspO(X)}
& 4 S FspO(X).
(vi) Assumethat 4 < u then FfspInt(1) < Ffsplnt(p).
(vii)Proof isimmediate from Definition 3.6

then by the

Lemma3.1l

A finefuzzy set A € FfTS(X). Then
(i) FfCl(1y —2) =15 —FfInt (1) and
(i) FfInt(1, — A) = 1,— FFCI(A).

Proof

(i) LetA befinefuzzy set and u be fine fuzzy open set
with u < A. Letv = 1,-1 be fine fuzzy closed set. Then
Ffint(d) = v{1y —v:v € FfspC(X)andv = 15,-1}
=1, — A{v:v € fine fuzzy closed set andv = 1, — A}
Ffint(d) = 1, — FfClI(1x — 2).

Thus, FfClI(1 — 1) = 1, — FfInt(2).

(i) Let u be afinefuzzy set and A be fine fuzzy closed
with 4 < pu. Hence, for a fine fuzzy open set v < 1y —
A.

FfCI(A) = A{1ly —u: v € FfspO(X) v <1, — 4}

=1, — Vv {u: puisafine fuzzy open setandv < 1, — 1}
FfCI(A) = 15 — FfInt(1, — 2).Thus, FfICI(1, — ) = 1, —
FfInt(2).

Lemma3.2

A finefuzzy set A € FfTS(X),
(i) FfspCl(1y — A1) =1, —Ffsplnt (1) and
(i) Ffspint(1, — A) =1, — FfspCl(A).

Proof
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() . A finefuzzy set A, uisfinefuzzy sp open set
with ¢ < 1. Letv > 1,-1 be fine fuzzy sp closed set.
Then
FfspInt() = v {1y —v:v € FfspC(X)andv = 1,-1}

=1y —A{v:iv €FfspC(X)andv = 1,-1}.
Ffspint(1) = 1 — FfspCl(1, — A).
Thus, FfspCl(1, — 1) = 1 — Ffsplnt(4).

(ii). A fine fuzzy set u, A € fine fuzzy sp closed
with 2 < pu. Then for afine fuzzy sp openset v < 1, —
A

FfspCl (1) = A {1y —p: v € FfspO(X), v < 1, — 4}
= lx—V{ vV E FfspO(X), v < 1x—/1}

FfspCl(A4) = 1 — FfspInt(1, — A).

Thus, FfspInt(1, — A) = 1, — FfspCl(A).

Proposition 3.4

A fine fuzzy set A of X. Thus the following statements are
hold

(i)FfspCl(1) = AV ((Fﬂnt(FfCl(A)) A (FfCl(Fﬂnt(A)))).
(ii) FfspInt(1) < A A (<Fﬂnt(FfCl(A)) v (FfCl(Fﬂnt(A)))).
(iii) FfspCl(2) = (FfsCI(A)) A (Ffpcl(A)).

(iv) Ffspint(2) < (FfsInt(A)) v (FfpInt(d)).

Pr oof
0] Since, Ffspcl() is fine fuzzy sp closed set
(i.e)
A 2 Fiint(FFCI)) A (FfCI(Ffint(1))) and A < FfspCl(2).

FfspCl(2) = 2 2 Ffint(FfCI(A)) A (FECI(FInt(2)) ).

Hence, FfspCI(1) = AV ((Fflnt(FfCl()\)) A

(FfCl(FfInt()\))))
(ii)  Since, Ffsplnt(1) isfinefuzzy sp open set (i.€)
A < Fiint(FFCI)) v (FCI(Ffint(1))) and 2 < Fispint(2).

FfspInt(1) < A < Ffint(FfCI()) v (FfCl(Fﬂnt()\))).

Hence, FfspInt(4) < A A

(<Fﬂnt(FfCl(7\)) (FfCl(Fﬂnt(A)))).
(iii)Assume
(FEsCI(A)) A (FfpCIQD) = (x v Fﬂnt(FfsCl(A))) A
(x v (FfCl(Fﬂnt(x))))

=V ((Fflnt(FfCl(}\)) A (FfCl(FfIntO\))))

_ (Fflnt(FfCl(A)) A (FfCl(FfInt(A)))) >
Thus, (FfsCI(A)) A (FfpCI(A)) = FfspCl(}).
(v)(Ffsint(0)) v (FfpInt(0)) < (2 A FfCI(Ffint())) v
(A A FInt(FECID))) = A A
(((FfCl(Fﬂnt(x))) v FfInt(FfCl(A)))
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- ((FfCl(Fﬂnt(A))) v Fﬂnt(FfCl(A))) < Ffspint(}).

Proposition 3.5

Let A be a fine fuzzy subset of X. Then the
equivalent statements are valid
(i) A efinefuzzy sp closed.
(ii) A° e finefuzzy sp open.

(i) 1> ((Fflnt(FfCl(/l)) A (FfCl(FfInt(A)))) .
(iv) 1< ((FfInt(chz(/l)) v (chz(FfInt(/l)))).

Proof (i) e (ii) followsfrom Lemma 3.2
(i) = (iii)
By definition 3 afine fuzzy sp closed set :
1> ((FfInt(chz(/l)) A (FfCl(FfInt(A)))).
) = (iv)
By definition 3afine fuzzy sp closed set :
1> ((Fflnt(FfCl(/l)) A (FfCl(FfInt(A))))

and 1y, — 4 is fine fuzzy sp open set. Hence,
2 < ((Fflnt(FfCl(A)) v (FfCl(FfInt(/l)))).

Proposition 3.6

A fine fuzzy set 1 € FfTS(X). Hence, the
properties are hold
0] FfspCl(0x) = 0.
(i) FfspCl(FfspCl(A)) = FfspCl(A).
(iii) Ffsplnt(FfspInt(1)) = Ffsplnt(4).

Proof
It isobvious.

Proposition 3.7

A FfTS(X), therelations are valid
Q) FfspCl(A Vv ) = FfspCl(1) v FfspCl(w)
(i) FfspCl(A A u) < FfspCI(A) A FfspCl(w).

(iii) Ffspint(A v ) = Ffspint (1) V FfspInt(p).
(iv) Ffspint (A A 1) < Ffsplnt (1) A FfspInt(p)
Proof

(i) 2<Avuy o u<ivyu

FfspCl(A) < FfspCI(A v u) or

FfspCl(u) < FfspCl(A Vv ). Therefore,

FfspCl(A v u) = FfspCl(A) Vv FfspCl(w).
(i) AZAAporu=AAp  tha

FfspCl(1) = FfspCl(A A u) or

FfspCl(u) = FfspCl(A A p).

Therefore, FfspCl(A A u) = FfspCl(4) A FfspCI(p).

@iii) A<Avp o pu<Avyu that implies

Ffspint(1) < Ffspint (A v u) or

Ffspint (1) < FfspInt(1 v u). Therefore,

FfspInt (A v u) =Ffspint (1) v FfspInt(p).

that implies

implies

(iv) A=AAuoru=inu that implies
Ffspint(1) = FfspInt(4 A ) or
Ffsplnt(u) > FfspInt(A A p). Therefore,

Ffspint(A A ) = Ffspint(1) A FfspInt(w).
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V. RESULT DESCRIPTIONS

Proposition 4.1
Every FfC iSFfsC.

Pr oof

For afine fuzzy closed set 4, FfCI(4) = A.
To prove A isfine fuzzy semi closed
Since, FfCl(A1) < 2 and FfInt(1) < 2
Ffint((FfCL(D))) < FfInt(A).
Ffint(fFCI(D)) < A
Hence, every FfC setisFfsC.

Note 4.1

The converse of Proposition 4.1 need not be true,
shows in the following

Example 4.1

Let X ={a b} be anonempty set. Let 1,, 1,, A3,
Ay, A5, Ag € 1% be defined as 1,(a) = 0.3, 1,(b) = 0.5;
A(a) =03, A,(b) =04; As(a) =0.5, A(b) =0.6;
/16((1) = 0.5, Aﬁ(b) = 0.5. Let T = {0, 1, /11, Az} be the
fuzzy topology on X and Then T; = {0y, 1y, UGEJ{ To 2}

fine fuzzy topology defined as T(1,) = T, T(A,) =T =
A3 ={A3A A4 =2, #0}, T(A) =T, =25 =

{As A A, =46 # 0}. Thus, ( X, T,7;) is FfTS. Let A5 €
FfsC,but; & FfC.

Proposition 4.2
Every FfCisFfaC.
Pr oof

Let A befinefuzzy closed, FfCI(1) = A.
Toprove: 1 € FfaC.
Since, 1 < FCl(A)

Ffint() < (FfInt(FfCI(2)))
FfCU(FfInt (D)) < FfCL(FfInt(FfCL(A)))
Ffint(1) < FfCl (Fflnt(FfCl(A)))
1 < Ffcl(Ffimt(FFCID)).
Hence, every FfC isFfaC.
Note 4.2
The converse of Proposition 4.2 need not be true shows
in the following
Example 4.2

Let X = {a b} be a nonempty set. Let 1;, 1,, A,
A4, A5, Ag € 1* be defined as 1,(a) = 0.3, 1,(b) = 0.5;
A(a) = 0.6, A,(b) =0.5; Az(a) =0.4, A;(b) = 0.4;
M(a) =03, A,(b)=04; Ag(a) =0.5, A(b) =0.6;
A¢(a) = 0.5, 24(b) = 0.5. Then (X, T) is fTS whereT =

{0, 1, ;, 2,} and T = {0y, 1y, UaeJ{T“}} afine fuzzy
topology defined as

TA) =T =43 =
AN =2+
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0}, T(lz)=g—'2=2.5={2.5/\22=16¢0}.Thus,(x,
T, ;) isFfTS. Let 1, € FfaC, but A, & FfC.

Proposition 4.3
Every FfsC isFfspC.

Proof
Let 1 € FfsC.
Since, FfInt(FfClL(D)) < A - (1)
Since, FfInt(A) < A
FfCI(Ffint()) < Ffcl(d) - (2)

FFCUFfint(D)) < 4

From (1) and (2)

ANFFCL(A) = FfInt(FFCL(A)) A FfCL(FfInt(1))
A = FfInt(FFCL(D)) AFfCL(FfInt(R)).

Hence, every FfsCisFfspC.

Note 4.3

The converse of Proposition 4.3 need not be true shows
in the following

Example 4.3

Let X = {a b} be a nonempty set. Let 1;, 1,, A,
14, 2.5, AG € IX be deflned as ll(a) = 0.3, /11(b) = 0.5;
/12((1) = 0.6, lz(b) = 0.5, 2.3(61) = 0.4’, /13 (b) = 0.4;
(@) =03, A,(b) =04; As(a) =0.5, A5(b) =0.6;
16((1) = 05, 16(b) = 05 Let T = {0, 1, Al' /12} be the
fuzzy topology on X and Then 7; = {0y, 1y, UaeJ{T(*}}

be fine fuzzy topology defined as 7(1,) =7, =15 =
(AN =24, %0}, TA) =7, = ={AsA 1, =

As #0}. Thus, ( X, T,7;) is FfTS. Let Ag € FfspC but
Ae € FfsC.

Proposition 4.4
Every FfpC isFfspC.
Pr oof

Let A befinefuzzy pre-closed set.

Since, A = FfCI(FfInt(1)) and 1 = FfInt(FfCl(1)).
= A= FfCU(FfInt(A)) A FfInt(FfCL()).
Hence, every FfpC isFfspC.
Note 4.4

The converse of Proposition 4.4 need not be true showsin
the following
Example 4.4

Let X = {a b} be a nonempty set. Let 1,, 1,, 43,
Ay, As, Ag € I* be defined as 1,(a) = 0.3, A,(b) = 0.5;
A(a) =06, A,(b) =0.5; Az3(a) =04, A;(b) =04;
A(a) =03, A,(b)=04; As(a) =05, Ag(b) =0.6;
A¢(a) = 0.5, A¢(b) =0.5. Let T =1{0, 1, A, A,} be the

fuzzy topology on X and Then 7; ={0y,1y, UQGJ{ To 1}
be fine fuzzy topology defined as T(1,) =T, =13 =

International Journal of Engineering and Advanced Technology (IJEAT)
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Every FfspCisFfBC.

Proof
Let 1 be fine fuzzy sp-closed set. i.e 1>
FfCU(FfInt(D)) AFfInt(FFCL(A)).
To Prove A > FfInt(FfCL(FfInt(2))).
Also, A > FfCI(FfInt(2)) and A = FfInt(FfCL(A)).
A = FfInt(A) = FfInt(FfCI(FfInt(D))).
Hence, every FfspCis FfBC.

Note 4.5

The converse of Proposition 4.5 need not be true shows
in the following

Example 4.5

Let X = {a b} be a nonempty set. Let 1;, 1,, 4,
/‘14, /15, AG’ /17 € IX be deflnw as /11(61) = 0.3, Al(b) =
M(a) =03, A,(b) =04; Ag(a) =0.5, Ag(b) = 0.6;
/16((1) = 0.5, /16(b) == 0.5; /17((1) == 0.6, /17(b) =0.7. Ld
T ={0, 1, 4, A,} bethefuzzy topology on X and Then T;
={0x,1x, UQGJ{TO“}} be fine fuzzy topology defined as

T(Al)=7‘1 =A3={A3/\ 11=A4¢0}, T(/‘{Z)sz =
As = {As A Az = A6 # 0}. Thus, (X, T, 7;) is FfTS. Let A,
€ FfBC,but A, ¢ FfspC.

Proposition 4.6
Every FfpCisFfpBC.
Proof
Let 1€ FfpC.
Since, FfCI(FfInt(A)) < A
To Prove FfInt(FfClL(FfInt(1))) < A
= FfInt(FfCI(FfInt(1))) < FfInt(A) < A
Hence, every FfpC isFfBC.

Note 4.6

The converse of Proposition 4.6 need not be true shows
in the following

Example 4.6

Let X = {a b} be a nonempty set. Let 1,, 1,, 43,
14, As, /16, 17 € Ix be deflned as ll(a) = 0.3, ll(b) =
0.5, /12(61) = 0.6, /12(b) = 0.5, 13(0,) = 0.4’, A3(b) = 0.4,
M(a) =03, A,(b) =04; As(a) =0.5, A(b) =0.6;
A¢(a) = 0.5, A4(b) =0.5; A,(a) =0.5, A,(b) =1. Let
T ={0, 1, 4;, 4,} bethefuzzy topology on X and Then T}
={0yx,1yx, UQEJ{TG} be fine fuzzy topology defined as

TA) =T, =23 ={A3A A =2, #0}, T(A) =T, =
As = {As A Az = A6 # 0}. Thus, (X, T, 7;) isFfTS. Let A,
€ FfBC, but A, & FfpC.
Proposition 4.7

Every FfCisFfspC.

{A3A 2, =24 # 0}, T(/lz)=_72=/15={/15A A, = Proof
As # 0} Thus, (X, T7,7) is FfTS. Let As € FfspC, Let 1 € FfC(X) and by Proposition 3.9 & 3.12 we
but AS 6E Fpr ha\/e
Proposition 4.5
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Since, FfInt(A) < Aand FfCL(FfInt(1)) < (FfCL(A))
FfCI(FfInt(1)) < (FfCl(A)) <A @)
Since, 1 = FfCL(A), Ffint(1) = FfInt(FfCl(A))
A= FfInt(FfCl(1)) (2)
Hence, from (1) and (2) 1 € FfspC.

Note 4.7

The converse of Proposition 4.7 need not be true showsin
the following

Example 4.7

Let X = {a b} be a nonempty set. Let 1,, 1,, 45,
A4, s, Ag € I* be defined as 1,(a) = 0.3, 1,(b) = 0.5;
A(@) =06, A,(b) =0.5; 2A3(a) =04, A3(b) =04;
A(@) =03, A,(b) =04; A5(a) =0.5, A5(b) =0.6;
A¢(a) = 0.5, A4(b) =0.5. Let T ={0, 1, 4;, 1,} be the

fuzzy topology on X and Then 7; ={0y, 1y, UaeJ{Ta‘}}

be fine fuzzy topology defined as T(1,) =T, =15 =
(AN =2,#0}, T(A) =T =4 ={AsA A, =

A6 # 0}. Thus, ( X, T,7;) is FfTS. Let A5 € FfspC, but
As € FfC.

Note 4.8

Clearly the above discussions gives the following
implications:

N
A
e J—{ frac |
| |

[ FfspC ‘4—{ FfpC ‘
e
(figure-4.1)
Interrelations between F fspC and other types of fine
fuzzy sets

Proposition 4.8

Let (X,7,7;) beFfTS. Then
(i) An arbitrary union of fine fuzzy sp open sets are fine
fuzzy open set.
(i) A finite intersection of fine fuzzy sp-closed sets are not
fine fuzzy closed.

V. FINEFUZZY sp CONTINUOUSFUNCTION

Definition 5.1
A functiony: (X,7,7;) — (Y,S,8f) is
a Ffsp0 (FfspC) if ¥~ t(v) € Ffsp0(Y)
[FfspC(Y] Vv € FFOX) [FFC(X)].
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b. Ffsp*0 (Ffsp*C ) if Y(v) € Ffsp0O(Y)
[FfspC(YP] Vv € FFOX) [FFC(X)].

C. Ffsp**O(Ffsp**C)if Y(v) EFfO(X)
[FFC(X)] Vv € FfspO(Y) [FfspC(Y)].

Definition 5.2
Let (X, 7, )and (Y, S, S;)be
twoFfTSs. Then a map ¢:(X,7,7;) —
(Y,8,8¢) is
a) Fine fuzzy continuous (in short F fcontinuous)
if P iw) e FfC(XO)[Ffo(X)] Vv €
FfC(Y) [FFO(Y)]
b) Fine fuzzy spcontinuous (Ff spcontinuous) if
Y iw) e FfspC(X)[ FfspO(X)] Vv €
FfC(y) [FFO(Y)].

¢) Fine fuzzy sp*continuous (Ff sp*continuous)
if Y l(w)e FfspC(O)[Ffsp0(X)] Vv €

FfspC(Y) [FfspO(Y)].

d) Fine fuzzy sp** continuous
(Ff sp**continuous) if P~ iw) e
FFC(O[FfO(X)] Vv €
FfspC(Y) [FfspO(Y)].

Proposition 5.1
Every Ff sp**continuousis F f sp* continuous.

Pr oof

Assume two FfTSs (X, T, T;)and (Y, S, Sf).
A map Y:(X,T,T) - (Y,8,8) is Ffsp**continuous.
ThenV v € FfspC(Y), Y~ 1(v) € FfC(X). By Proposition
4.7, every FfC is FfspC. «~ Y~ 1(v) € FfspC(X),V v €
FfspC(Y). Hence, i is Ff sp*continuous function.

Note 5.1

The converse of Proposition 5.1 need not be true
shows in the following

Example 5.1
Let X ={a, b} be anon empty set. Let ¢;, {, €% be
defined by ¢ (a) =03, ¢, (b)=04; {(a) =04,

) =06.LetT ={0, 1, {;, {,} bethefuzzy topology
on X and T; ={0y,ly, UQEJ{TQ}} be fine fuzzy

topology on X, defined a T({) =7 = =
{GNG=0#0L T(H)=T=4L={LA{ =

{, #0}. Thus, (X, T, 7;)is a FfTS. Let y: (X, T,
7:) > (X, T, J;) be an identity map. Then ‘¢’ is Ffsp*
continuous but not Ffsp** continuous. Since, 9,(a) =
0.5 9,(b) =0.6 € FfspC(X), but p~1@,) =19, ¢
FfC(X). Thus, ¥ is not Ffsp**continuous. -, every Ff
sp* continuous need not be Ff sp** continuous.

Proposition 5.2
Every Ffsp*continuousis F f spcontinuous.
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Proof

Consider two FfTSs (X, T, T;)and(Y, S, S;). A
map Y: (X, 7,7p) - (Y,8,8) is fine fuzzy
sp*continuous.  Then, Vv € FfspC(Y), Y l()E
FfspC(X). By Proposition 4.7, every FfC is FfspC. -,
Y I(v) € FfspC(X),Yv € FfspC(Y). Hence, y is
Ffspcontinuous. Thus, every Ffsp*continuous is
F fspcontinuous.
Note 5.2

The converse of Proposition 4.10 need not be true
shows in the following
Example 5.2

Let X ={a, b} be anonempty set. Let ;, {, € 1¥ be

defined by ¢ (a) =03, §Ob)=04; {(a)=04,
() =06.LetT ={0, 1, {;, {,} bethefuzzy topology

on X and 7 ={0y, 1y, UQEJ{TQ}} be fine fuzzy
topology on X, defined as T({) =7 = =
{ana=0a=01]7(0)=7%=¢=

{ ANl =0 # OX }.Thus, (x, T, 7;)isa FfTS.

Let Y ={c, d} beanonempty set. Let &,, 6, € IY
be defined by &,(a) =0.4, 6,(b) =0.4; &,(a)=0.5,
6,(b) =0.6. Let S={0, 1, §;, 6,} be the fuzzy topology
on Y and Sf :{Ox,lx, UaeJ{Sa}} be fine fuzzy
topology on Y, defined a §(6;) =8 =6, =
{51/\51 =8 # OX}, §(6,)=8,=6,= {52/\52 =

5,% 0, } Now (Y, S, ;) be FfTS.

Let ¥:(X,7.7) - (U,5,S;) be defined as
Y(a) = bY(b)=a. Let YeEI*. Then Y s
F fspcontinuous but not Ffsp*continuous. -, 9(a) = 0.6,
9(b) =03 € FfspC(Y), but v 1) =(0.3,0.6) ¢
FfspC(X). Thus, ¥ is not Ffsp*continuous. Therefore,
every Ffspcontinuous need not be Ffsp*continuous
function.

Note 5.3
Clearly we get the following relations

F f sp **continuous

A 4

F f sp *continuous

\ 4

F fsp continuous

(figure- 4.2)
Relations between Ffspcontinuous & other types of
F fcontinuous map

Proposition 5.3
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For a mapping ¥: (X, T, 7;) - (Y, S, S;), the
equivalent statements as follows.

(i) 1 is Ffspcontinuous.

(i) Y~1(1) € FfspC(X), VA€ FFC(Y).

(i) FfInt(FFCL(p(A)) A
FFCI(FfInt(yp~' (1)) <
each finefuzzy set A of Y.

(V) ¥ (Ff]nt(FfCl(v)) A (FfCl(FfInt(v)))) <
FfCl(y(v)) for each fine fuzzy set v of X.

Y U(FfCL(A)  for

Pr oof
(i) = (i)
Let 1€ FfC(Y)and 1,—21€ FfO(X). Hence,
Y11y — ) € Ffsp0(X). Thus, ¥ ~1(2) € Ffsp0O(X).
(i) = (iii)
Assume that (ii), let fine fuzzy set 1 of Y, then
Y Y(FfCL(A)) isFfsp closed in X.
FfInt(FFCL™(A))) AFfCUFfint~(1))

< FfInt(FfCl(y~ Y (FFCL(D))))
ANFfCUFfint(~ Y (FfCL(1))))
<y (FfCl(v).
(iii) = (iv)
Let u be finefuzzy set of X, put 1 = () then
FfInt(FFCIp™ () AFFCUFfInt (™ (f (1))
< Y 1 (FFCI(p(w))) so that,

Ffint(FFCI(w) AFFCL(FfInt((w)) <
YEFCLP)), b (Ffme(FreiG) a

Ffcl (Fflnt((u)))) < FFCI(yp ().
(iv)= (i)
Let 1 € FfO(Y). Puty = 1y — A and
u =11 (2) then

» (Ff[nt (Ffei(w—@)) A Ffer (Fflnt ((l/)‘l(/l)))))

< Frct(p(yp='))
< FfCl(A) = A
P~ 1(A) € FfspC(X). Hence, v is Ffspcontinuous.
Proposition 5.4
Let (X, T, 7;), (Y, S, §f) and (Z, R, Ry) be three
Ffrss and  ¢:(X, T, %)~ (Y, S, ) andg:
(Y, S, 8¢) - (2, R, Ry) betwo maps. Then,
(i) if ¢o1p is Ffspopen and ¢ is continuous
surjective, then ¢ is FfspO map.

(i) if poyp is FfO and ¢ is Ffcontinuous
injective, theny is Ffsp0O map.
Proof

0] Let n € FfO(Y). Then, ¥~ 1(n) €
FfO(X). ~ ¢oypisaFfspO map,
then (o)) =
¢ (w@wm))=¢m (- ¥ is
surjec
tive)
is a
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fine fuzzy spopen setin Z. Thus, ¢ is
FfspO map.
(i) Let n € FfO(X). Thenp(p(n)) €
Ffo(2). =~ ¢~ (o@m)) =y
(+ ¢ is injective) is a FfspO(Y).
Thus, Y is FfspO map.
Proposition 5.5
Let (X, 7, %) and (U, S, ;) be two FfTSs and
Y:(X, T, ;) > (Y, S, S;) be a bijective map. Then the
following are equivalent:
) Y isaFfspO map
(i) YisaFfspC map.
(iii) P~ tisaFfsp continuous map.
Pr oof
() = (i)
Suppose { € FfC(X). Then 1, — { €
Ffo(X) and by (i) (1x —¢) € FfspO(Y). = ¢

is bijective, then Y1y —{) =1y —P()).
Hence, ¥({) is FfspC in Y. ~, Y is a FfspC
map.
(i) = (iii)

Let ¢ is a FfspC map and { €
FfspC(X). Since, ¥ is bijective, then

@™H™Y) = ¥(Q) whichisa FfspC set in Y.
=, by Proposition 4.11, ™! is Ffsp continuous
map.
(i) = (i)
Let § € FfO(X), by assumption =1 is
Ffsp continuous map, then (~1)71(8) = ¢(8)
whichisaFfspO setinY. Hence, y isaFfsp0
map.
Proposition 5.6
Let (X, 7, 7;), (Y, S, Sf) and (Z, R, Rf) be three
FfTSs. It Y:(X, T, T;) > (Y, S,Sf) is Ffsp continuous
map and ¢: (Y, S, S;) > (2, R, Rs) is Ff continuous
map then their composiion  ¢oy: (X, T, T;) -
(2, R, R;) isaso Ffsp continuous.

Proof

Let ¢ beany Ffsp open subset of (Z, R, R;). Then
(@ ™M) =@ edp™ ) = P~ (d7H(()). Since,
¢ is Ffcontinuous, ¢~1({) isfinefuzzy openin (Y, S,S;).
Since, ¥ isFfsp continuoussothat ¥~1(¢(0)) is
Ffspcontinuousin (X, T, 7;). Thus, for each FfspOset ¢

in(Z, R, Rs), (po) 1) €Ffsp0O(X).Hence ¢ oy
is Ffsp continuous.

VI. CONCLUSION

The novel kind of space called fine fuzzy
topological space is obtained by the notion fine fuzzy
quasi coincident has been introduced in this article.
Accordingly, the interrelations between fine fuzzy sp
closed sets with various types of fine fuzzy closed set have
been investigated with necessary examples, which
revealed that the converse need not be hold are proven
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with suitable examples. Then, Ffsp continuous map,
Ffsp*continuous map, Ffsp**continuous function and
their interrelations have been established. Further, we
noticed that its reverse implications are also need not be
true. Findly, the fine fuzzy sp open, fine fuzzy sp*open,
fine fuzzy sp**open functions have been defined and its
properties were briefly studied. In future, this work will be
continued to investigate the fine fuzzy quotient topology,
connectedness, disconnectedness and compactness in fine
fuzzy bi-topological spaces and their properties.
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