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Abstract: The skew spectrum and skew energy of an oriented
graph
are respectively the set of eigenvalues of the
adjacency matrix of
and the sum of the absolute values of the
eigen values of the adjacency matrix of . In this work, we find
and study the skew spectrum and the skew energy of Hadamard
graph for a particular orientation.

called the intersection members of
.
points
where

and the number of vertices is
.
II. PRELIMINARIES
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I. INTRODUCTION

L

et G be a undirected simple graph of order
with
vertex set
and edge set
. The adjacency matrix of G is the
matrix
, is defined as
if
is an edge and
0 otherwise. All eigenvalues of
are real, since
is real and symmetric.. The energy
, of a graph
is
defined to be the sum of the absolute values of its eigen
values. Hence if
is the adjacency matrix of
and
are the eigen values of
, then
. The set {
} is called as the spectrum
of , denoted by
. Suppose
are the
distinct eigen values of
and
is the multiplicity of
, then the spectrum can be written as the
multiset
. For more on
spectrum and energy of graphs, we refer [5], [7], [9], [11].
If

is a connected graph and
is a vertex of , then
is the set of vertices of
which are at distance
from the vertex . For
, we get
.A
- regular connected graph
with diameter
is called
distance regular[6], if there are nonnegative integers
such that for every
at
distance , there are exactly
neighbors of in
and neighbors of
in
.

Fig.1. Distance Regular Graph
The sequence
is
known as the intersection array of
. Let
– –
be the number of neighbors of
in
for
. The numbers
and
, are

Consider a square matrix of order
matrix over real
numbers of absolute value at most 1. Then every row vector
is of norm at most
and consequently we have the
inequality
-----(1)
The inequality (1) is famously known as Hadamard's
inequality and the matrices for which equality holds in (1) are
known as Hadamard Matrices. For such matrices any two
distinct rows must be orthogonal to each other and hence the
entries of Hadamard matrices must be
. Hence we have
the following alternative definition of Hadamard matrix.
Definition 2.1. [6][15] A Hadamard matrix of order
is a square matrix of order such that
and
.
Theorem 2.2.[15] Suppose H is a Hadamard matrix of order
. Then the value of should be such that
or
.
Definition 2.3. [6] Hadamard graph of order
is a distance
regular graph with intersection array
.
Hadamard graphs can be constructed from Hadamard
matrices as in the following theorem.
Theorem 2.4. Consider a Hadamard matrix
of
order . For H associate a graph
whose vertices are the
symbols
and whose edges are
the 2 sets
with
if
and
if
. Then
is a Hadamard graph of order .
Converse is also true. That is, every Hadamard graph arises
from a Hadamard matrix in this way.
Here r and c stand for row vertices and column vertices
respectively.
Observation 2.5. Hadamard graph of order n is a bipartite n
-regular graph on 4n vertices, where the row vertices and
column vertices are the partite sets.
Example 2.6. Hadamard matrix of order 1 is
and
the corresponding Hadamard graph is 2 . Which is given
in Fig. 2.
Example 2.7. A Hadamard matrix of order 2 is
and the corresponding Hadamard graph
Fig.3.
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is given in
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and

is an

matrix defined by

Now the proof follows as
Fig.2. A Hadamard graph of order 1

and

.

Note 2.10. The existence of Hadamard matrix of order , is
still unproved for all . Whenever we write is Hadamard
graph of order , we assume that the corresponding
Hadamard matrix of order exists. For more on distance
regular graphs and Hadamard graphs, we refer [6] .
The spectrum and energy of Hadamard graph were found in
[12].
Theorem 2.11. [12] Let be a Hadamard graph of order .
Then
and

.

Fig.3. A Hadamard graph of order 2
III. SKEW ENERGY OF A GRAPH

Fig.4. A Hadamard graph of order 4

Example

2.8.

A

Hadamard

matrix

of

order

4,

and the corresponding Hadamard graph
, which is Hypercube

Let be a graph on vertices and be an orientation that
assigns a direction to each edge of . We denote the resulting
oriented graph by
. The skew adjacency matrix of the
oriented graph
is the square matrix of order ,
, where
whenever
is an arc of
and
otherwise. Since the skew adjacency
matrix is skew symmetric, the eigen values are all pure
imaginary. The skew spectrum
of
is defined
as the spectrum of the skew adjacency matrix
and
consequently the skew energy is defined as the sum of the
absolute values of its eigen values, denoted by
. Skew
energy was introduced by Adiga, Balakrishnan and So in [1]
and was further studied by many authors [2], [3], [4], [8],
[10], [14].
Example 3.1. Consider the path on 4 vertices
orientations and as in the following figure:

is given in Fig.4.

with

Observation 2.9. If is a Hadamard matrix and is all one
matrix, then the adjacency matrix of is
where

.

and

Proof. Now positive row vertices are adjacent with positive
column vertices, negative row vertices are adjacent with
negative column vertices, whenever the corresponding
entries of Hadamard matrix is +1. Positive column vertices
are adjacent with negative row vertices and negative column
vertices are adjacent with positive row vertices, whenever the
corresponding entries of Hadamard matrix is −1. Hence the
adjacency matrix of is of the form,

where

is an

Then

the

skew

=

spectrum

and skew energy
.

Now for every edge
of Hadamard graph , it is
natural to define an orientation according to the signs and
as follows:
if
and
if
. We call
this orientation as sign orientation and denote it by . The
resultant oriented graph is denoted by
. We compute the
skew spectrum and skew energy of this oriented graph.

matrix defined by
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Example 3.2. Oriented Hadamard graph of order 2 is given in
Fig.6.
Example 3.3. Oriented Hadamard graph of order 4 is given in
Fig.7.

Lemma 4.1.[7] Let

be a

block

symmetric matrix. Then the eigen values of
and together with
.

are those of

Theorem 4.2. Let be a symmetric Hadamard matrix of
order , be the corresponding Hadamard graph of order
and
be the graph obtained by sign orientation. Then the
skew spectrum and skew energy of
are given by
and

.

Proof. Now the arcs are from positive row vertices to positive
column vertices, negative row vertices to negative column
vertices, positive column vertices to negative row vertices
and negative column vertices to positive row vertices,
whenever the corresponding vertices are adjacent in the
underlying undirected Hadamard graph . Therefore the
adjacency matrix of
is

Fig.6. A Hadamard graph of order 2 with sign orientation

Fig.7. A Hadamard graph of order 4 with sign orientation
We consider an oriented graph
and a proper subset
of its vertex set. Now reversing the orientations of every arc
between and results in another graph
, where
is the complement of . This process is known as
the switch of
with respect to the subset . If
and
are two orientations of a graph , then
and
are said
to be switching-equivalent if
one can be obtained from
other by a switch with respect to some subset of
Consider a bipartite graph
with bipartition
. The canonical orientation of is defined as
the orientation that orients all the edges from any one of the
partite sets to the other one. In [13] the authors proved that
for the canonical orientation of
. Orientations for which skew spectrum is multiple
of ordinary spectrum have been interestingly studied by
many authors. In [8], Cui and Hou conjectured a necessary
and sufficient condition for an oriented bipartite graph
to
have s
as
is switching equivalent
to
, where is the canonical orientation of . In [3],
Anuradha et al. settled down the conjecture as affirmative.

In this section, we prove that sign orientation of Hadamard
graphs obtained from symmetric Hadamard matrix are
switching equivalent to canonical orientation by showing that
.
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.

Now by Lemma 4.`1,
. Then the proof follows from
, since

is symmetric and

.
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