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Pell Labeling of Joins of Square of Path Graph

S. Sriram, R. Govindarajan, K. Thirusangu

Abstract: A graph is composed of p vertices and g edges. A
Pell labeling graph is the one with U €V (G) being distinct.

Label f (U) from 0,1,2, ... p-1 inasuch away that each edge is
“E(G)—>N

fr (UV) =f (u)+ 2f (V) are distinct. In this paper we

labelled with f such that

study Square of Path graph Pn2 and attach an edge to form a join

to the square of path graph F’n2 and prove the join of square of

path graph F’n2 is Pell labelling graph and further study on some
interesting results connecting them.

Keywords : Square of Path graph F’n2 ,Pell labelling , Pell
labelling graph, Joins of Square of path graph F’n2

I. INTRODUCTION

A finite graph has finite vertices and finite edges. Gallian [1]
has provided an interesting survey on graph labeling.Rosa[2]
has initiated the study on labeling. Pell labelling of graph
was introduced by J. Shiama[3] and have proved that paths,
cycles, stars, double stars, coconut tree, bi star are Pell
labelling graphs. Motivated towards the Pell Labeling graph
and study of joins of graphs [4][5][6][7] we in this paper

have identified the Square of path graph Pn2 and proceeded

further to study on some important results. For graph
preliminaries we consider Gross.J and .Yellen.J, Handbook
of graph theory [8].

I1. PRELIMINARIES

Definition 2.1: A Pell labelling graph is a bijection function
f:v (G) — {O,l, 2..p —1} such that for each edge there

is an induced distinct edge labelling E(G) — N such
that f™(uv)=f(u)+2f(v).
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P, consists of vertices

Definition 2.2: A path graph
u,u,,..u, the square of path F’n2 graph consists n
vertices U, U,,...U and 2n-3 edges

Definition .2.3 ; Attaching a square of path F’n2 graph with
another square of path Pn2 graph by an edge is called 1-join
square of path P,*graph.

Note: For 1-join square of path F’n2 graph the number of
vertices is 2n and the number of edges is 4n-5

5 6 7 8 9
Fig.1- 1-join of square of path P52
The above is a 1-join of square of path PS2 graph with 5

vertices and 7 edges attached by an edge to one square path
graph F})Z with another square path graph F})Z . Similarly we

can construct M-Join of square of path F{f graph.
Note: We here exclusively study the case of M-Join of
square of Path P> graph attached by edges €,,€,,...,€,

to the same order of square of path Pn2 graph.

1. MAINRESULTS

Theorem .3.1: 1- Join square of path F’n2 is a Pell labelling
graph.
Proof: Let G=1-Join of square of path F’n2 graph

Let us prove that G is a Pell labeling graph
Let us prove the theorem by labelling the vertices of the
graph G.

We have the number of vertices in square of path F{f graph
is n and the number of edges is 3n-2. Now adding one edge
between the square of path F’n2 graph with another square of

path Pn2 graph we have the number of vertices in 1-Join

o
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Pell Labeling of Joins of Square of Path graph

Of square of path F’n2 graph is 2n and the number of edges
in 1-Join of square of path graph is 4n-5 .
Now let us label the vertices of 1-join of square of path F’n2

graph as follows We know that the first square of path F’n2

has n vertices and second square of path F’n2 has n vertices
and totally 2n vertices is to be labelled.
Let us denote the Vertex Set of first square of path Pn2

graph as V ={ul,u2,u3,u4,...un} and the vertex set of
path Pn2
Vi={u',u',,ul,ul,..u" } . The edge set of first square

second square of graph as
of path P graphis E = {81,92,83,64,..3“71} v
{ej1<i<n-2n-2<j<n}

and the edge of the second square of path F{f Graph is
waf U

{elij,lgign—Z,n—ZS | Sn}. Now by adding one

1 fal al ol o1 1
E'={e'e, e e .0

. 2

edge between the first and second square of path Pn graph

we have the vertex set of 1- Join square of path Pn2 graph as
1 1 1 1 1

V(G) = {u;,U,,Ug, Uy, ..u, foquly, ut,,ut,ut 0t }

and the edge setas E(G) ={e,,e,,&;,€,,..6,;} U

waf U
{ej.€%.1<i<n-2,n-2<j<nju{e}.

The edges that are connecting between the first and second
square of path F’n2 graph is known as

e =uu, for1<i<n-1

i+l

eil :uilu. Yfor1<i<n-1

i+1

g, =uUu; for I<i<n—2andfor n—2<j<n

1 1 1 1 1
{e).e, e e} e

e =uu; for 1<i<n—2andfor n—2< j<n

e = en—lell

Now let us label the vertices of first square of path F’n2 graph
in correspondence to the vertices of second square of path
Pn2 graph as follows

f(u)=i for 0<i<n-1
fu'))=(n-1)+j for 1< j<n
Computing the induced edge labelling we have
£ (e)=f (uu,)=f (Ui)+ 2f (ui+1)
f7(eh) = f(utut,) = f(uh)+2f (u',)

(e )= (uu;)=f(u)+2f (u)
() = f(ulu) = f (u')+2f (u'))

f7e)=f"(u_u")="f(u_)+2f (ull)
The induced edge labelling is distinct Hence the proof.

We now give a general algorithm for assigning labels for the
vertices of M-Join of square of path Pn2 graph

Algorithm.3.2

Begin

for j=0ton-1

f (U j+1) = J

fori=1toM

forj=0to n-1

f(u',)=i(n)+]

End

Note.1l: Following the algorithm to label the vertices of

M-Join of square of path Pn2 graph we can obtain the
induced edge labelling of the graph and hence can prove in
general for any M-Join of square of path F’n2 graph is Pell

labelling graph.
Note.2: : We know from basic algebra that if three numbers

a+c

a,b,c are in arithmetic progression then b= or

otherwise b—a=cC—Db. Let us use this technique in the
subsequent theorem to prove that the induced edge labelling

of M-Join of square of path F’n2 graph forms an arithmetic
progression.

Theorem.3.3: M-join of square of path F’n2 Pell graph the
induced edge labelling has the following property
@ f(uuy), f (U, ). are in
progression with common difference 3 by fixingi =1

f*(uMiuMm), f*(uM u™

i+1

arithmetic

i+2)... are in arithmetic
progression with common difference 3 where M=1,2,...
and M is the number of joins of square of path F’n2 graph
and by fixing 1 =1

(i) £ (uu,), £ (Uliyg) .. are i
progression with common difference 3 by fixing i =1.
f*(uMiuMi+2), f*(uMi+luMi+3)... are in arithmetic

arithmetic

progression with common difference 3 by fixing 1 =1.
Proof: Consider M- Join of square of path Pn2 Pell graph.

Now labelling the graph as given in the algorithm we can
obtain the induced edge labelling case by case for different

joins of square of path F’n2 graph.
Now let us prove the property (i) as follows
To prove f™(Uuy,,), f (U,

i1 I+2)... are in arithmetic

progression . let us consider
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()= (u)+2f (u,)

(ui+lui+2) = f (ui+1)+ 2 f (ui+2)

(ui+2ui+3) = f (ui+2 ) + 2 f (ui+3)

Now let us use the property that a,b, C are in Arithmetic

a=f"
b=f"
c=f"
progression namely b—a=c—b

On computing

b—a=f"(u,u,,)— f (uu.,)=(f(u.,)+2f(u,,))
—(f(u)+2f(u,))

i+171
Simplifying the terms
b—a=2f(u.,)—f(u)-f(u,)

Similarly computing
C_bzf*(unzuns)_f*( ):f(ui+2)+2f(ui+3)

u.u.

i+l

u. U

i+17i+2

—f (um) -2f (Ui+2)
Simplifying the terms
c-b=2f (ui+3)_ f (ui+1)_ f (ui+2)
Now equating b—a =c—b and simplifying we have
2f (ui+2)_ f (ui): 2f (ui+3)_ f (ui+2)
On further simplifying we find
3f (U, )= f(u)+2f (u,,)
Which is the condition required for the induced edge
labelling f™(uUu;,, ), £ (UpU;

i+17i+2
progression. To verify it let us assume i=1 so as to identify
the labels of the vertices in the condition on substituting in
the condition we find the terms are

f(u)=0;f(u)=2;f(u,)=3

Hence on substituting in the condition the labels we find
that it is 6 on both sides. Similarly we can assign values for
ias 2,3,... and verify that the induced edge labelling are in

arithmetic progression.
In similar way we can prove

f (uiui+2)7 f (ui+1ui+3
progression Similarly we can prove result (ii) namely

£ (uu,,), £ (U.U,;)... and

ii+2 i+17i+3
* M M * M M . . .
f (u u i+2),f (u U i+3)... are in arithmetic

)...to be in arithmetic

) are in arithmetic

progression . We find from the labelling techniques that the
common difference is 3 for both result (i) and result (ii).
Hence the proof.

Example.1

The following is the 1-Join of square of path P52 graph .
we label as in theorem.3.2
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Fig.2- 1-join of square of path P52
For Result .(i) is true ie f™(uu,,,), f(

in arithmetic progression with common difference 3.
For we know the labelling of 1-join of square of path

P.? graph is as follows

u. .U

i+1 |+2)"' are

f(u)=0 , f(u)=1 , f(y)=2
fu)=3, f(u)=4, f(u)=5, f(u,)=6,
f(u13)=7,f(u14)=8,f(u15)=9

The induced edge labelling of the graph is given as
f*(uu,)=2 ;
f(uu;)=5; f (uu,)=8; f (uug)=11
f(uhut, ) =17; £7(uhu'y) =20 £7(u'ut, ) = 23;
f*(ul4u15)=26

The above induced edge labelling proves the result.(i) in
theorem.3.2

Also let us compute the induced edges labelling in order to
prove the result .(ii) of theorem.3.2 namely

f (uu,,), f (Uali;). and  for  the joins

(UMM, ), F (UM s) s as
fr(uu)=4 ; f(uu,)=7 ; f(uus)=10 ;
£ (uhu'y) =19; £7(uut, ) =22; 7 (u' 'y ) =25

The above induced edge labelling proves the result .(ii) in
theorem.3.2.

Note: Similarly for M-Join of square of path Pn2 Pell the
result is true.

Theorem.3.4: M-Join of square of path F’n2 Pell graph the
following property holds good

f*(unuMl) =f"(u_u,)+4 , for M=1 and , for
M > 2 where M is the number of joins of square of path
Pn2 graph and n is the number of vertices of square of path

Pn2 graph.
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Proof : Let us consider M-Join of square of path F’n2 Pell

graph following the labelling techniques provided in
Theorem.3.1 and stated in the Algorithm. For proving the
result let us choose n=3 and M=1.

Now to Prove f*(unuMl) =f"(u,u,)+4

Let us substitute n=3 and M=1 and obtain as follows
f*(u3ull)= f(uu,)+4

Now f"(uu’)=f(u;)+2f (u')=2+2(3)=8
Also
fo(uu;)+4="F(u)+2f(u;)+4=0+2(2)+4=8

Hence the result is true for n=3 and M=1. Similarly we can
prove for any n and for M=1 in a similar fashion by following
the schema of labelling of vertices .

The result f*(uM’lnuMl)= f*(uM’ln_zuM’ln)+4 can

also be proved for M > 2. Hence the proof.

Theorem.3.5: M-Join of square of path F’n2 Pell graph the
following property holds good

() F (U, ) =(F(u)+ f(uy)+ f(u,,))+1
f*(uMiuMi+2):(f(uMi)+f(u“"i+l)+f(u“"i+2))+1 ,
where M is the number of joins and i =1,2...n—2 of the
square of path P.% graph.

(i) f(uu,,)=f"(uu,)+2 ,
f*(uMiuMi+2)= f*(UMiUMHl)-f—Z and

(i) (Ui, )= (uu,,)+1 ,

f*(uMmuM )=f*(u'\"iu“"i+2)+1,

Proof: Consider M-Join of square of path F’n2 Pell graph

i+2

with the labelling techniques given in theorem.3.1 and
algorithm. Now to prove the property as stated in the
theorem. Let us choose i=1
Now let us substitute i=1 in

(U, ) =(F (u)+ f (u,)+ f(u,,))+1
Which is computed as follows

7 (uus)=(f (u)+f(u, )+ f(uy))+1
we know f™(uuy)=f(u)+2f (u,)

On substituting the labels for the corresponding vertices we
have

f(uuy)=f(u)+2f(u)=0+2(2) =4

Now computing the R.H.S of the result as follows
fu)+f(u, )+f(u)+1=0+1+2+1=4

Hence we find that the result

(U, ) = (F (u)+ f (Uy)+ f(U,,))+1istrue
fS(?{nliI;rlly it can be proved for any value of i. Hence the result

(i) of the theorem.
Now let us prove result (ii) by choosing i=1

Toprove f™(uu,,,)=f (Uu,,)+2. Letus substitute

i=1 and hence find the following
f (uu,,)=f (uu,,)+2

iTi+2
On substituting the corresponding labels for the vertices we
have

f (uuy)=f(u)+2f(u;)=0+2(2)=4
The R.H. S of the result is computed as follows
fo(uu,)+2=f(u)+2f (u,)+2

On substituting the corresponding labels for the vertices we
have

fo(uu,)+2="f(u)+2f(u,)+2=0+2(1)+2=4

Hence we find the result f™(uu,,,)=f (uu.,)+2 is

true for i=1. Hence the result (ii) of the theorem.
Now to claim the result (iii) of the theorem namely

f (ui+lui+2): f (uiui+2)+1
Let us choose i=1 and compute L.H.S and R.H.S as follows
L.H.S is given by

f(uuy)=f(u,)+2f (u;)=1+2(2)=5
R.H.S is given by
f(uu;)+1=f (u)+2f (u;)+1=0+2(2)+1=5

Hence it is evident that result (iii) is also true for i=1. In
general the result (i) (ii) and (iii) is all true for all values of |
and for all values of M by proceeding in a similar way.
Hence the theorem.

IV. CONCLUSION

We are studying on different graphs in a similar approach to
generalize the results
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