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Abstract: The production of cars has been steadily increasing 

in the past decade, with over 70 million passenger cars being 

produced in the year 2016.  This has given rise to the used car 

market, which on its own has become a booming industry. The 

recent advent of online portals has facilitated the need for both the 

customer and the seller to be better informed about the trends and 

patterns that determine the value of a used car in the market. 

Using Machine Learning Algorithms such as Lasso Regression, 

Multiple Regression and Regression trees, we will try to develop a 

statistical model which will be able to predict the price of a used 

car, based on previous consumer data and a given set of features. 

We will also be comparing the prediction accuracy of these models 

to determine the optimal one. 

 

Keywords: ANOVA, Lasso Regression, Regression Tree, 

Tukey’s Test  

I. INTRODUCTION 

The used car market is an ever-rising industry, which has 

almost doubled its market value in the last few years.  The 

emergence of online portals such as CarDheko, Quikr, 

Carwale, Cars24, and many others has facilitated the need for 

both the customer and the seller to be better informed about 

the trends and patterns that determine the value of the used car 

in the market. Machine Learning algorithms can be used to 

predict the retail value of a car, based on a certain set of 

features.   

Different websites have different algorithms to generate the 

retail price of the used cars, and hence there isn't a unified 

algorithm for determining the price. By training statistical 

models for predicting the prices, one can easily get a rough 

estimate of the price without actually entering the details into 

the desired website. The main objective of this paper is to use 

three different prediction models to predict the retail price of a 

used car and compare their levels of accuracy. 

The data set used for the prediction models was created by 

Shonda Kuiper[1]. The data was collected from the 2005 

Central Edition of the Kelly Blue Book and has 804 records of 

2005 GM cars, whose retail prices have been calculated. The 

data set primarily comprises of categorical attributes along 

with two quantitative attributes. 

 

The following are the variables used: 
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Price: The calculated retail price of GM cars. The cars which 

were selected for this data set were all less than a year old and 

were considered to be in good condition. 

Mileage: The total number of miles the car has been driven 

Make: The manufacturer of the car 

Model: The specific models for each car 

Trim: The type of car model 

Type: The car’s body type 

Cylinder: The number of cylinders present in the engine 

Liter: The fuel capacity of the engine 

Doors: The number of doors in the car 

cruise: A categorical variable (binary), which represents 

whether cruise control is present in the car (coded 1 if present) 

sound: A categorical variable (binary), that represents 

whether upgraded speakers are present in the car (coded 1 if 

present) 

Leather: A categorical variable (binary), that represents 

whether the car has leather interiors (coded 1 if present) 

Using these attributes, we will try to predict the price by 

using the Statistical Analysis System (SAS) for exploratory 

data analysis. 

II.  LITERATURE SURVEY 

Overfitting and underfitting come into picture when we 

create our statistical models. The models might be too biased 

to the training data and might not perform well on the test data 

set. This is called overfitting.  Likewise, the models might not 

take into consideration all the variance present in the 

population and perform poorly on a test data set. This is called 

underfitting. A perfect balance needs to be achieved between 

these two, which leads to the concept of Bias-Variance 

tradeoff. Pierre Geurts [2] has introduced and explained how 

bias-variance tradeoff is achieved in both regression and 

classification. The selection of variables/attribute plays a vital 

role in influencing both the bias and variance of the statistical 

model. Robert Tibshirani [3] proposed a new method called 

Lasso, which minimizes the residual sum of squares. This 

returns a subset of attributes which need to be included in 

multiple regression to get the minimal error rate. Similarly, 

decision trees suffer from overfitting if they are not 

pruned/shrunk. Trevor Hastie and Daryl Pregibon [4] have 

explained the concept of pruning in their research paper. 

Moreover, hypothesis testing using ANOVA is needed to 

verify whether the different groups of errors really differ from 

each other. This is explained by TK Kim and Tae Kyun in 

their paper [5]. A Post-Hoc test needs to be performed along 

with ANOVA if the number of 

groups exceeds two. 
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 Tukey’s Test has been explored by Haynes W. in his 

research paper [6]. Using these techniques, we will create, 

train and test the effectiveness of our statistical models. 

III. PROPOSED MODEL 

A. Null Hypothesis 

Even though the magnitude of overfitting has been reduced, 

Regression trees still suffer from overfitting even after 

Pruning. This leads to our following hypothesis. 

 

Hypothesis: Multiple and Lasso Regressions are better at 

predicting price than the Regression Tree. 

 

B. Training and Testing Data 

The data is split into training(70% - 563 records) and 
testing(30% - 241 records) data sets through random 
sampling (seed was set to 2786). 

 

C. Lasso Regression 

Using Lasso regression on the training data set, we first select 

the subset of attributes which lead to optimal/least sum of 

squared error while predicting the price. It makes use of 

10-fold cross-validation to “lasso” the optimal subset of 

attributes. It uses L1 regularization. 

Table – 1: Lasso Regression Summary 

 

 

The LAR Selection summary returns the levels of attributes 

which need to be chosen to reduce the prediction error. 

 

We can infer from the table-1 that the cross-validated 

predicted residual error sum of squares (CV PRESS) is the 

least for the 67 levels of the chosen attributes. Fig. 1 gives us a 

graphical representation of this. All the chosen 12 attributes, 

except doors, were lassoed.  

 

 
Fig. 1: The coefficients (estimates) of each parameter 

when other parameters are added is plotted. Also, the 

CV-Press of the selection process is plotted. 

The error rate reaches the minimum value when the 

above-mentioned levels of the variables were selected for 

multiple regression. This is shown in Figure 2. 

 

Fig. 2: The Average Square Error is also plotted against 

the number of levels of variables selected. 

 

Since each level of the categorical variable is treated as a 

variable on its own (in multiple and Lasso regression), we get 

67 estimates. 

The prediction model works based on this generated equation: 

 

Price = Intercept + P1*E1 + P2*E2 + …… + P67*E67             

(1) 
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Where P1-P67 are parameter values while E1-E67 are the 

parameter estimates. These parameter estimates are tabulated 

in Table 2. 

 

Table – 2: Parameter Estimates of Lasso Regression 

 

 
 

The parameter estimates of the 67 levels are tabulated here 

Since Lasso regression heavily relies on the training set to 

find the best fit levels of attributes, it might miss out on some 

levels of categorical variables which do not show much 

association in the training dataset, due to random sampling. 

This might cause our model to be slightly (maybe even 

statistically insignificant) underfit, since in-group variance 

might have been overlooked. Hence, an iterative process is 

needed to determine the mean error rate. 

D. Multiple Regression 

A general linear model, which models price to the set of 

selected attributes is trained (on the training data set). The 

results are tabulated in Table 3. The variables which were 

selected in Lasso Regression are used here. However here, all 

the levels of the variables are taken into consideration. 

 

 

 

Table – 3: Multiple Regression Summary 

 

 

The result of the GLM procedure with P-value and R
2
 values 

are tabulated along with the type 1 and type 3 error rates. 

From this model, we can see that the variable Price and the 

selected variables are highly correlated since the R-Square 

(coefficient of determination) value is around 0.9927. This 

implies that these variables account for about 99.27% of the 

variance in the Price. 

Moreover, both Type 1 and Type 3 SS tables show us that all 

the variables are significantly correlated with Price (P values 

< 0.05), except Cruise control, which is confounded when the 

other variables are held at their mean. 

Similar to the GLM Select procedure, this procedure also 

returns a set of parameter estimates, for numerical variables 

and every level of the categorical variables. 

 
Price = Intercept + P1*E1 + P2*E2 + …… + Pn*En           (2) 

 

Where P1-Pn are parameter values while E1-En are the 

parameter estimates. These parameter estimates are tabulated 

in Table 4. 
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Table – 4: Parameter Estimates of Multiple Regression 

 

 

 
The parameter estimates of the 11 selected variables are 

tabulated here. 

 

The QQ plot for the residual of the price (the difference 

between the observed and predicted values) and the histogram 

of the distribution of residuals show us that it approximately 

follows a normal distribution, with some outliers being 

present. 

 

 
Fig. 3: The QQ-Plot of the residuals are plotted to check 

for normal distribution 

 

Figure 4: The distribution of residuals is plotted to check 

for normal distribution. 

 

The studentized residual plot shows us the presence of around 

28 outliers in this training data set. 

 

 

Figure 5: The Studentized residuals are plotted to check 

for outliers. 

 

 
Figure 6: The studentized leverage and outlier plot is used 

to find whether there are any outliers which heavily 

influence the prediction model. 
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The leverage and outlier plots show that these outliers do not 

hold any leverage. Hence, their absence from the data set 

doesn’t affect the model significantly. 

E. Regression Tree 

A regression tree which models price to the selected subset of 

attributes is created (by using the training data set) by calling 

the HPSPLIT Procedure. The results are tabulated in table 5. 

 

Table – 5: HPSPLIT Procedure summary 

 

 
 

The HPSPLIT Procedure uses Variance for split criteria and 

Cost-Complexity for Pruning. The number of leaves before 

and after pruning is also shown. 
 

This tree, before pruning, had 344 leaf nodes. Upon using the 

cost complexity algorithm for pruning, the number of leaves 

got reduced to 152. The process of pruning is visually 

represented in figure 7. 

 

 
Figure 7: The Average Square Rate is plotted against the 

number of leaves and cost-complexity parameter to find 

the minimum ASE. 

 

Here, the minimum average square error is 1.7E6, and that 

model is selected. The following tree (Fig 8) was produced, 

which has reduced overfitting. The zoomed-in regression tree 

(Fig 9) is generated alongside the actual regression tree. 

 

 
Figure 8: The Regression tree is graphically represented. 

 

 

 
Figure 9: Zoomed in Regression tree. 

 

The order of importance of the variables is also tabulated 

(table 6). From it, we can infer that the model of the car is 

most associated with price and that the presence/absence of 

upgraded sound systems is least associated with price. 

 

Table – 6: HPSPLIT Attribute Importance 
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F. Prediction on test data 

The 3 trained models were used to predict the price of the test 

data, which contained 241 records. The Observed vs 

Predicted graphs were plotted for all the three models. 

 

 
Figure 10: Observed vs Predicted Price – Lasso 

Regression. 

 

 
Figure 11: Observed vs Predicted Price – Multiple 

Regression. 

 

 
Figure 12: Observed vs Predicted Price – Regression 

Tree. 

 

The error rates for these models were calculated by using the 

following formula: 

Mean ( ∑ ( | (observed – predicted) | / observed ) * 100 )          (3) 

The results are tabulated below. 

Table – 7: Model Error Rates 
 

Model Error Rate 

Lasso Regression 3.581% 

Multiple Regression 3.468% 

Regression Tree 3.512% 

  

Looking at our models, we see that error rate in multiple 

regression (3.468%) is smaller than the error rate in 

Regression tree (3.512%) which is lesser than the error rate in 

Lasso Regression (3.581%). 

 

 
Figure 13: A color-coded line graph comparing the price 

predictions of the different models with the actual value 

 

However, from this, we can’t conclude that our hypothesis 

holds good since the error rates were found only on one 

variation of the training and testing data set. By iterating this 

process[8](with the selection of different records by varying 

the seed of the random sampling procedure), we will get a set 

of error rates of lasso regression, multiple regression and 

regression tree, for the same variation of the data set. 

G. Iterative ANOVA based comparison of models 

Using One-way Analysis Of Variance (ANOVA) we need 

to verify whether the error rates of these models differ 

significantly from each other. 

The process was run 35 times, and the error rates for lasso 

regression, multiple regression, and regression tree were 

noted (Table 8) along with the respective seeds of splitting for 

reproducibility. 
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Table – 8: Seed – Error Matrix 

 
 

This table contains the error rates of the three models for 35 

different variations of training and test data. 

 

The data were recoded to perform ANOVA. 

 

Table – 9: Recoded Error Data 

 

 
This table contains the recoded error rates. 

 

The ANOVA procedure was carried out, and the results were 

tabulated in table 10. 

 

Table – 10: ANOVA Summary 

 

 

 

With the P-value being lesser than 0.05, we can confirm that 

the error rates are significantly different from each other. 

Their distribution is also plotted (Fig 14).  

 

 
Figure 14: The distribution of the error rates of each 

model type is represented using box plots. 

 

Table – 11: Mean Error Rates 

 
 

The mean error rates of the models (Table 11) might be 

misleading, since we can’t be sure about which 

groups/models have significantly different means from the 

other. This is due to the existence of more than 2 

groups/levels. One-Way ANOVA can only find out whether 

there exists any significant difference between any of the 

groups. To get a clearer picture, we need to perform a 

post-hoc test to find the groups which have significantly 

different means. 

We are performing a Tukey’s test (Tukey’s Honest 

Significant Difference Test) to find out the groups which are 

actually different from each other. 

The test compares all possible pairs of means and checks for 

statistically significant differences between them. Since the 

sample size for all the groups is the same, we do not use the 

Tukey-Kramer Method[7], and use the standard version of the 

algorithm. 

Table – 12: Tukey’s Test Summary 
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From table 12 we can get the critical value of the studentized 

range and the minimum significant difference. The result is 

plotted graphically (Fig 15). 

 

 
Figure 15: The result of Tukey’s Test is plotted in such a 

way that the means which are covered by the same bar 

are not significantly different. 

 

From Fig. 15, we can infer that the mean error rates of lasso 

regression models and multiple regression models are not 

significantly different, but the mean error rate of regression 

trees are higher and significantly different from the other two. 

 

IV. CONCLUSION AND FUTURE ENHANCEMENT 

The prediction error rate of all the models was well under the 

accepted 5% of error. But, on further analysis, the mean error 

of the regression tree model was found to be more than the 

mean error rate of the multiple regression and lasso regression 

models. Even though for some seeds the regression tree has 

better accuracy, its error rates are higher for the rest. This has 

been confirmed by performing an ANOVA. Also, the 

post-hoc test revealed that the error rates in multiple 

regression models and lasso regression models aren’t 

significantly different from each other. To get even more 

accurate models, we can also choose more advanced machine 

learning algorithms such as random forests, an ensemble 

learning algorithm which creates multiple decision/regression 

trees, which brings down overfitting massively or Boosting, 

which tries to bias the overall model by weighing in the favor 

of good performers. More data from newer websites and 

different countries can also be scraped and this data can be 

used to retrain these models to check for reproducibility.  
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