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Abstract: In this paper, we present an algorithm to find 

triangular fuzzy  bi star graph Bn,n  atmost 451 edges. We prove 

that it admits triangular fuzzy labeling.  We show  that it satisfies 

triangular fuzzy graceful labeling .  .  
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I. INTRODUCTION 

Fuzzy sets were found in 1965 by Lofti.A. Zadeh[12] which 

had an marvelous development in mathematical  

representation in case of vagueness.  A. Rahmani, F. 

Hosseinzadeh Lotfi, M. Rostamy-Malkhalifeh, and T. 

Allahviranloo[8]  analysed   a new technique for 

defuzzification and ranking of  fuzzy numbers formed on the  

statistical  beta distribution. 

The concept of  graph theory expanded by 

Narsingh deo[5]   which are linked between vertices and 

edges . A. Solairaju and S. Ambika [9] deduced some results 

on gracefulness of a new class of stars merged with trees. 

When there is an ambiguity in vertices and edges,fuzzy 

relations on fuzzy sets had been leading in an remarkable way 

to compose a fuzzy graph model . 

Fuzzy graph model has been introduced  by 

K.R.Bhutani, J.N.Moderson and A.Rosenfield[3].   The 

notion of  fuzzy graphs being extended in to various graphs 

by S.Mathew and M.Sunitha[4]  . 

            A. Nagoorgani, Muhammed  Akram  and  

D.Rajalakshmi(a)Subhasini [6,7]  expressed  the concepts of  

labeling in fuzzy graph and  shown some properties in  fuzzy 

graph labeling . S.Vimala  and R.Jebesty Shajila [11] 

mentioned the existence of fuzzy edge vertex graceful   

labeling in some special graphs. 

Fuzzy graceful labeling technique has been demonstrated in 

an algorithmic approach for extended duplicate graph by 

S.Bala, M.L.MorslinLifin Lee, K.Thirusangu [2]. K.Ameenal 

Bibi, M.Devi[1] have been proceeded the results in fuzzy 

vertex graceful labeling on some special graphs. The idea of 

triangular fuzzy graceful labeling on path related graphs 

being presented  by N.Sujatha, C.Dharuman  and K. 

Thirusangu[10].   In this paper, we present an algorithm to 

find triangular fuzzy  bi star graph Bn,n  atmost 451 edges. We 

prove that it admits triangular fuzzy labeling.  We show that it 

satisfies triangular fuzzy graceful labeling . 
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II.  PROCEDURE FOR PAPER SUBMISSION 

Definition [1] 2.1.  Let X be the space of points(objects),with 

a generic element of X  denoted by x. Thus X={x}. A fuzzy 

set (class) A in X is characterized by a membership 

(characteristic) function fA(x) which associates with each 

point in X a real number in the interval [0,1], with the value 

of fA(x) at x , representing the "grade of membership" of  x in 

A. 

 

Definition [2] 2.2. A fuzzy number is a fuzzy set in the 

form of  𝑎 ̃ : 𝑅 → [0, 1] that satisfies the following 

conditions: (1) 𝑎̃ is upper semi continuous, (2) 𝑎̃ (𝑥) is 

zero outside the interval [𝑙, 𝑢],  

(3) there exist real numbers 𝑚1, 𝑚2 such that 𝑙≤𝑚1 ≤ 𝑚2 

≤ 𝑢 and (3.1) 𝑎̃ (𝑥)  is increasing on [𝑙, 𝑚1], (3.2) 𝑎(𝑥) ̃ is 

decreasing on [𝑚2, 𝑢], (3.3) 𝑎̃ (𝑥) = 1 , 𝑚1 ≤𝑥≤𝑚2.If 𝑚1 

= 𝑚2 = 𝑚 then the fuzzy number 𝑎̃  = (𝑙, 𝑚, 𝑢) is called 

the triangular fuzzy number and is defined as follows:  

                    ã (x) =  

𝑥−𝑙

𝑚−𝑙   
,             𝑙 ≤  𝑥 ≤ 𝑚

𝑢−𝑥

𝑢−𝑚
 ,             𝑚 ≤  𝑥 ≤ 𝑢

0 ,          𝑂𝑡𝑕𝑒𝑟 𝑤𝑖𝑠𝑒

  

 

Definition [10] 2.3.The bi star Bn,n is a graph obtained 

by joining the center(apex) vertices of two copies  of  

star graph  K1,n  by an edge. 

 

Definition [5] 2.4.  Let 𝑈 and 𝑉 be two sets. Then 𝜌 is said to 

be a fuzzy relation from 𝑈 into 𝑉 if 𝜌 is a fuzzy set of 𝑈 × 𝑉.A 

fuzzy graph 𝐺 = (𝜎, 𝜇) is a pair of functions 𝜎 : 𝑉 → [0,1] 

and 𝜇 : 𝑉 × 𝑉 → [0, 1], where for all 𝑢, v ∈  𝑉, we have 𝜇(𝑢, v) 

≤ 𝜎(𝑢) ∧  𝜎(V).  

 

Definition [7] 2.5. A graph 𝐺 = (𝜎, 𝜇) is said to be a fuzzy 

labeling graph if 𝜎 : 𝑉 → [0,1] and  

 𝜇 : 𝑉 ×𝑉 → [0,1] is bijective such that the membership value 

of edges and vertices are distinct and  

 𝜇(𝑢, v) < 𝜎(𝑢) ∧  𝜎(v) for all 𝑢, v ∈  𝑉. 

 

Definition  2.6. A fuzzy labeling graph 𝐺 = (𝜎, 𝜇)  is said to 

be a fuzzy graceful graph if  𝜎 : 𝑉 → [0,1] 𝜇 : 𝑉 ×𝑉 → [0,1]  

such that )()(),( vuvu    and  ),( vu

are distinct  for all 𝑢, v ∈  𝑉.  
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Definition 2.7. A fuzzy labeling of a  graph is said to be a 

triangular fuzzy labeling if it admits the triangular fuzzy 

number.  
Definition 2.8. A  triangular  fuzzy  bistar graph  is said to 

be a triangular fuzzy graceful bistar graph  if it admits the 

triangular fuzzy graceful labeling.  

III.  MAIN RESULTS  

In this paper, we present an algorithm to find triangular 

fuzzy  bi star graph Bn,n  atmost 451 edges. We prove that 

it admits triangular fuzzy labeling.  We show that it 

satisfies triangular fuzzy graceful labeling . 

3.1 Triangular fuzzy bistar graph Bn,n   

         In this section ,we develop an algorithm  for triangular 

fuzzy labeling of vertices and edges of a bistar  graph Bn,n , at 

most 451  edges  such as membership functions of  the apex 

vertices and apex edge σ u0 =  a0 , b0 , c0  , σ v0 =
 l0, m0 , n0  and    μ   u0 , v0 ,pendent vertices and pendent 

edges of σ u0   are  σ ui,j,k =  ai , bj , cj,k  ,μ   u0 , ui,j,k =

 xi , yj , zj,k , pendent vertices and pendent edges of σ v0    are   

σ vi,j,k =  li , mj , nj,k  ,μ   v0 , vi,j,k =  pi , qj , rj,k  . 

 

Algorithm 3.1.1 

      Input :  Bistar Graph 

      Procedure {Triangular fuzzy  bistar graph (Bn,n) ,n < 226 

} 

             ( u0 , v0)  ←  Apex vertex of Bn,n  

            σ u0 =  a0, b0 , c0 = [8,9,10] ,  σ v0 =
 l0, m0 , n0 = [5,7,9]  , 

             μ   u0 , v0 =   a0 − no ,  b0 − m0 ,  c0 −

l0=(1,2,5) 

               for  i = 1 to  15 

               for  j = 1 to  15 

                   {   ai   =   
10a0−12+i

10
     

                         li   =   
10l0−12+i

10
 

                        bj   =   
10ai +j

10
        

                        mj   =   
10li +j

10
        

     

                                              { for  k = 1    to   30-(2i-1) 

                                    {     cj,k   =   
10b j+k

10
    

                                                                 nj,k   =   
10m j+k

10
    

 

                                                                                       

  ui,j,k ← Pendent vertices of  σ u0 .  

                                                                  σ ui,j,k =  ai , bj , cj,k   

                                                           (u0 ,  ui,j,k)  ←

 Pendent edges σ u0 .  

                                                               μ   u0 , ui,j,k =

 xi , yj , zj,k  . 

               xi =  a0 − cj,k  

             yj =  bj − b0  

              zj,k =  c0 − ai   

                                                                                       

  vi,j,k ← Pendent vertices  of σ v0 .  

                                                               σ  vi,j,k =  li , mj , nj,k  

                                                         (v0,  vi,j,k)  ←

 Pendent edges of σ v0 .  

                                                             μ   v0 , vi,j,k =

 pi , qj , rj,k  . 

               pi =  l0 − nj,k  

             qj =  mj − m0  

              rj,k =  n0 − li   
 

                                                   } 

                                      } 

                           } 

 

           end procedure. 

Example 3.1.3:      
      

The triangular fuzzy  bistar graph Bn,n   at most (n<226) edges 

is shown in the following  

   Figure (1),(2), and (3) . 

   If  i=1 with σ u1 = σ u1,1,1 =  a1, b1 , c1,1 =

(8.3,8.4,8.5) ,   

                        σ v1 = σ v1,1,1 =  l1, m, n1,1 =

(5.3,5.4,5.5)    

       then    Bn,n   has  atmost   3 edges which  is shown in 

Figure (1) 

 

                                          

 
 

 

           if  i=2  with   σ u1 = σ u2,2,1 =  a2, b2, c2,1 =

 8.2,8.3,8.4 , σ u2 = σ u2,2,2 =  a2, b2, c2,2 =  8.2,8.3,8.5 , 

                                          σ u3 = σ u22,3 =  a2, b2, c2,3 =

 8.2,8.3,8.6 ,     

                               σ v1 = σ v2,2,1 =  l2 , m2 , n2,1 =

 5.2,5.3,5.4 ,  σ v2 = σ v2,2,2 =  l2 , m2, n2,2 =  5.2,5.3,5.5 ,          

                                        σ v3 = σ v2,2,3 =  l2 , m2, n2,3 =

 5.2,5.3,5.6  

            then    Bn,n   has  atmost   7 edges which  is shown in 

Figure (2)     
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If i=15 with      σ u1 = σ u15,15,1 =  a15 , b15 , c15,1 =

 6.9,7.0, 7.1 ,    

  σ u2 = σ u15,15,2 =  a15 , b15 , c15,2 

=  6.9,7.0, 7.2 , … …… . . σ u29 

= σ u15,15,15,29 =  a15 , b15 , c15,9 

=  6.9,7.0, 9.9  

                      σ v1 = σ v15,15,1 =  l15 , m15 , n15,1 =

 3.9,4.0, 4.1 ,    

σ v2 = σ v15,15,2 =  l15 , m15 , n15,2 

=  3.9,4.0, 4.2 , …… … . . σ v29 

= σ v15,15,15,29 =  l15 , m15 , n15,29 

=  3.9,4.0, 6.9  

             then    Bn,n   has  atmost   59  edges which  is shown in 

Figure (3)     

 

 

 

 

 

 

Figure(1) ,(2) and (3) Triangular Fuzzy  bistar graph  Bn,n. 
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Theorem 3.1.4:  

 

          The triangular fuzzy bi star graph  Bn,n with (n < 226)  admits triangular fuzzy  labeling. 

 

          Proof: 

                  Let  Bn,n with (n < 226)  be the bistar graph with  '2n+2' vertices and  '2n+1' edges.  

To prove Bn,n admits triangular fuzzy  labeling. We have to prove that triangular fuzzy bistar graph satisfies 

            μ   u0 , w0  < )( 0u  and μ   u0 , v0 < )( 0v  

            𝜇 𝑢0 , 𝑢𝑖,𝑗 ,𝑘  < 𝜎(𝑢0)   𝑎𝑛𝑑    𝜇 𝑢0 , 𝑢𝑖,𝑗 ,𝑘  < 𝜎(𝑢𝑖 ,𝑗 ,𝑘) ,                

           𝜇 𝑣0 , 𝑣𝑖 ,𝑗 ,𝑘  < 𝜎(𝑣0)   𝑎𝑛𝑑    𝜇 𝑣0 , 𝑣𝑖 ,𝑗 ,𝑘  < 𝜎(𝑣𝑖 ,𝑗 ,𝑘) ,    

            i = 1 to 15 ,    j = 1 to 15,   k =  1  to    30-(2-i)   

      From Algorithm 3.1.1,  membership functions of  the apex  vertices , apex edge ,pendent  vertices    

      and  the pendent  edges are defined as  follows.    

   10,9,8,,)(]1,0[: 00000  cbauu     

         9,7,5,,)(]1,0[: 00000  nmlvv                       

                             μ:  u0 × v0 →  0,1  , μ   u0 , v0 =   a0 − no  ,  b0 − m0 ,  c0 − l0  =(1,2,5)  

Hence apex edge satisfies  

μ   u0 , v0  < )( 0u  and μ   u0 , v0 < )( 0v .....................................................(1)
 

 

)4.....(....................
10

10

)3(..............................
10

10

)2....(....................
10

1210

)12(301

151

,151,)(]1,0[:

,

0

,,,,,,,

kb
c

ja
b

ia
awhere

itok

toj

toicbauu

j

kj

i
j

i

kjjikjikji





















  

       

 

)7......(....................
10

10

)6(..............................
10

10

)5....(....................
10

1210

)12(301

151

,151,)(]1,0[:

,

0

,,,,,,,

km
n

jl
m

il
lwhere

itok

toj

toinmlvv

j
kj

i
j

i

kjjikjikji





















                

 

)10(..............................

)9..(..............................

)8.......(....................

)12(301

,151

,151,),(]1,0[:

,

,

,,,,,,0,,0

iokj

joj

kjoi

kjjikjikji

acz

bby

caxwhere

itok

toj

toizyxuuuu











 
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                         Now,    kjoi cax ,   

                                     







 


10

10 kb
a

j
o

                                            

                                               


























 


10

10

10
10 k

ja

a

i

o
 

                                   







 


10

)10( kja
a i

o
 

                                                


























 


10

10

1210
10 0 kj

ia

ao
 

                                               







 


10

1210 0 kjia
ao

 

                                             

)11.(..................................................
10

12







 


kji
xi

 

                  

                                                
joj bby 

 
 

                                     







 


10

)10( ja
b i

o
 

                                     


























 


10

)
10

1210
10 0 j

ia

bo
 

                                    







 


10

)1210 0 jia
bo

 

                                    

)12(..............................
10

)121010 00







 


jiab
y j  

                  

                                                  iokj acz ,  
 

                                






 


10

1210 0 ia
co

 

                              

)13.....(..............................
10

121010 00
, 







 


iac
z kj

 
 

             From (11),(12) and (13)  ,pendent edges of 𝜎(𝑢0)  satisfies  

            𝜇 𝑢0 , 𝑢𝑖,𝑗 ,𝑘  < 𝜎(𝑢0)   𝑎𝑛𝑑    𝜇 𝑢0 , 𝑢𝑖,𝑗 ,𝑘  < 𝜎(𝑢𝑖 ,𝑗 ,𝑘) , for all  i, j and k.........................(14) 

similarly, 
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 

)17(..............................

)16..(..............................

)15.......(....................

)12(301

,151

,151,),(]1,0[:

,

,

,,,,,0,,0

iokj

joj

kjoi

kjjikjikji

lnr

mmq

nlpwhere

itok

toj

toirqpvvvv











 

                                          

 

                         Now,    kjoi nlp ,   
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)10( kjl
l i
o

 

                                                


























 


10

10

1210
10 0 kj
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1210 0 kjil
lo

 

                                             

)18.......(..................................................
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)20.....(..............................
10

121010 00
, 







 


iln
r kj  

     Therefore , from (18),(19) and (20) , pendent edges of 𝜎(𝑣0)  satisfies 

      we have   𝜇 𝑣0 , 𝑣𝑖 ,𝑗 ,𝑘  < 𝜎(𝑣0)   𝑎𝑛𝑑    𝜇 𝑣0 , 𝑣𝑖 ,𝑗 ,𝑘  < 𝜎(𝑣𝑖 ,𝑗 ,𝑘), for all  i, j and k..................(21) 

Hence  by (1),(14) and  (21)  triangular fuzzy bi star graph  Bn,n with (n < 226)  admits triangular fuzzy  labeling. 

 

        Theorem 3.1.5:  

          The triangular fuzzy  bistar  graph  Bn,n with (n < 226)  satisfies triangular fuzzy  graceful labeling. 

 

          Proof: 

                       Let  Bn,n with (n < 226)  be the bistar graph with  '2n+2' vertices and  '2n+1' edges..  

To prove  Bn,n admits triangular fuzzy graceful  labeling. We have to prove that edges of  triangular fuzzy star graph  have  the 

distinct values.    

 Using theorem 3.1.4, we have 
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 Therefore  , for any  d,e,f,g,s and t є i ,j and k    with   (d,e,f)≠(g,s,t)                                                

                                                    𝜇 𝑢0 , 𝑢𝑑,𝑒,𝑓 ≠ 𝜇  𝑢0 , 𝑢𝑔,𝑠,𝑡        .......................................(22) 

 

Also
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 hence for any  d, e, f, g, s and t є i ,j and k    with   

(d,e,f)≠(g,s,t)                                                

                                                    𝜇 𝑣0 , 𝑣𝑑,𝑒,𝑓 ≠ 𝜇  𝑣0 , 𝑣𝑔,𝑠,𝑡         

.......................................(23) 

   Also we have, for any  i,j,k,  

                        𝜇 𝑢0 , 𝑣0 ≠ 𝜇  𝑢0 , 𝑢𝑖,𝑗 ,𝑘   and     𝜇 𝑢0 , 𝑣0 ≠

𝜇  𝑣0 , 𝑣𝑖 ,𝑗 ,𝑘  ..................(24) 

 

  Hence  by (22),(23)and (24) the triangular fuzzy bi star 

graph  Bn,n with (n < 226)  satisfies triangular fuzzy  graceful 

labelling. 
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S.No

. 

Membership function 

of apex vertices of Bn,n  

σ u0 =  a0, b0 , c0  

 σ v0 =  l0, m0 , n0  

Membership function of  
pendent  vertices of Bn,n  

 σ u0  and  σ v0  are 

σ  ui,j,k =  ai , bj , cj,k  

σ  vi,j,k =  li , mj , nj,k  

No of .Edges with  
                      μ   u0 , ui,j,k =  xi , yj , zj,k  . 

 xi =  a0 − cj,k  , yj =  bj − b0    zj,k =  c0 − ai  , 

                  μ   v0 , vi,j,k =  pi , qj , rj,k   

pi =  l0 − nj,k    qj =  mj − m0   rj,k =  n0 − li   

  and   μ   u0 , v0 =   a0 − no ,  b0 − m0 ,  c0 − l0   

(a0, b0, c0)  l0, m0 , n0  (ai, bj, cj,k)        li , mj , nj,k  
Pendent edges 

Apex edge 

μ   u0 , v0  μ   u0 , ui,j,k  μ   v0 , vi,j,k  

1 (8,9,10) (5,7,9) 8.3,8.4,8.5 5.3,5.4,5.5 1 1 

1 

2 (8,9,10) (5,7,9) 
8.2,8.3, 

 8.4 to 8.6 

5.2,5.3 

5.4 to 5.6 
3 3 

3 (8,9,10) (5,7,9) 
8.1,8.2, 

 8.3 to 8.7 

5.1,5.2 

5.3 to 5.7 
5 5 

4 (8,9,10) (5,7,9) 
8.0,8.1, 

 8.2 to 8.8 

5.0,5.2 

5.2 to 5.8 
7 7 

5 (8,9,10) (5,7,9) 
7.9,8.0, 

 8.1 to 8.9 

4.9,5.0 

5.1 to 5.9 
9 9 

6 (8,9,10) (5,7,9) 
7.8,7.9, 

 8.0 to 9.0 

4.8,4.9 

5.0 to 6.0 
11 11 

7 (8,9,10) (5,7,9) 
7.7,7.8, 

 7.9 to 9.1 

4.7,4.8 

4.9 to 6.1 
13 13 

8 (8,9,10) (5,7,9) 
7.6,7.7, 

 7.8 to 9.2 

4.6,4.7 

4.8 to 6.2 
15 15 

9 (8,9,10) (5,7,9) 
7.5,7.6, 

7.7 to 9.3  

4.5,4.6 

4.7 to 6.3 
17 17 

10 (8,9,10) (5,7,9) 
7.4,7.5, 

7.6 to 9.4  

4.4,4.5 

4.6 to 6.4 
19 19 

11 (8,9,10) (5,7,9) 
7.3,7.4, 

7.5 to 9.5  

4.3,4.4 

4.5 to 6.5 
21 21 

12 (8,9,10) (5,7,9) 
7.2,7.3, 

7.4 to 9.6  

4.2,4.3 

4.4 to 6.6 
23 23 

13 (8,9,10) (5,7,9) 
7.1,7.2, 

7.3 to 9.7  

4.1,4.2 

4.3 to 6.7 
25 25 

14 (8,9,10) (5,7,9) 
7.0,7.1, 

7.2 to 9.8 

4.0,4.1 

4.2 to 6.8 
27 27 

15 (8,9,10) (5,7,9) 
6.9,7.0, 

7.1 to 9.9 

3.9,4.0 

4.1 to 6.9 
29 29 

Total no of edges of Bn,n 

     225 225 1 

   451 

 

IV. CONCLUSION 

We discussed triangular fuzzy bistar graph Bn,n  at most 

451 edges. It has been  proved  that triangular fuzzy 

bistar graph  admits triangular fuzzy  labeling  . Also we 

shown that triangular fuzzy bistar graph Bn,n    satisfies   

triangular fuzzy graceful  labeling . Further research 

work to be extended  on some special fuzzy graphs. 
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