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Abstract: Data clustering is an active topic of research as it has 

applications in various fields such as biology, management, 

statistics, pattern recognition, etc. Spectral Clustering (SC) has 

gained popularity in recent times due to its ability to handle 

complex data and ease of implementation. A crucial step in 

spectral clustering is the construction of the affinity matrix, which 

is based on a pairwise similarity measure. The varied 

characteristics of datasets affect the performance of a spectral 

clustering technique. In this paper, we have proposed an affinity 

measure based on Topological Node Features (TNFs) viz., 

Clustering Coefficient (CC) and Summation index (SI) to define 

the notion of density and local structure. It has been shown that 

these features improve the performance of SC in clustering the 

data. The experiments were conducted on synthetic datasets, UCI 

datasets, and the MNIST handwritten datasets. The results show 

that the proposed affinity metric outperforms several recent 

spectral clustering methods in terms of accuracy. 

 
Index Terms: Spectral clustering, Affinity matrix, Graph 

theory, Topological Node Features. 

I. INTRODUCTION AND RELATED WORK 

Many real-world pattern recognition applications such 

as social community detection [21], document clustering 

[17], health analytics [13], etc., require clustering technique 

as a critical step for their realization. Since the data space 

corresponding to a real-world application, in general, 

contains complex structures, traditional algorithms• such as 

k-means or single linkage fail to produce useful results. The 

reason for this is because these clustering algorithms are ideal 

only for discovering globular clusters or well-separated 

clusters. Spectral Clustering (SC) [19, 32] has become 

popular in recent times due to its advantages over the 

classical algorithms in handling complex data. The Fig. 1 

illustrates the prowess of SC. We note that SC performs well 

even in the case of non-convex datasets such as Flame and 

two moon datasets.  
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Fig. 1: First column represents the original datasets. 

The second and third columns represent the results of 

Kmeans (KM) clustering and Single Linkage (SL) 

methods respectively. The fourth column represents the 

results obtained using Spectral Clustering. 

 Instead of clustering in the original space, SC first maps 

the data points to a new space with reduced dimensionality, 

where the similarities become more apparent, and the 

clustering becomes easier. The mapping is achieved by 

projecting every data point onto an Eigenspace of the square 

kernel matrix, which essentially makes use of pairwise 

affinity among all the data points. SC is a less demanding yet 

powerful technique, as it requires only pairwise similarity or 

affinity among data points. It is entirely data-driven and easy 

to implement, thus making it suitable for a variety of 

applications [2]. 

Approaching the SC from a graph-cut point of view, the 

SC method removes inter-cluster edges which are weak and 

retains the strong intra cluster edges to form optimal clusters 

of the given data modelled as a graph. In order to obtain 

balanced and non-trivial clusters, Normalized cuts method 

[22] was proposed by Shi and Malik. The solution to the 

graph cut problem using Normalized cuts is NP-Hard. 

Spectral clustering is a solution to the relaxed versions of the 

graph cut problem [26]. The Eigen spectrum of the graph 

laplacians is utilized to arrive at the solution provided by the 

SC. Please refer to Luxburg tutorial [26] for a detailed 

explanation on the working of SC. 

 

 
Fig. 2: Schematic diagram of spectral clustering. 
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The schematic diagram of SC is displayed in Fig. 1. One of 

the crucial steps in SC is the construction of the affinity 

matrix by using an affinity metric. In SC, typically the 

affinity is defined by Gaussian kernel weighted Euclidean 

distance [19] as shown in (1).  

𝐴𝑖𝑗 = exp(
−||𝑥𝑖−𝑥𝑗 ||2

2𝜎2 )              (1) 

 

 where ||𝑥𝑖 − 𝑥𝑗 || =   𝑙
𝑘=1 |𝑥𝑖𝑘 − 𝑥𝑗𝑘 |2  is the Euclidean 

distance between 𝑙 dimensional data vectors, 𝑥𝑖 , 𝑥𝑗  and 𝜎 is 

the width of the Gaussian kernel. It is also known as standard 

deviation or Gaussian spread parameter [27]. 

In SC, the data is generally modelled as one of the three 

types of graphs viz. (i) 𝜖-graph (ii) KNN graph (iii) Fully 

connected graph. In 𝜖-graph, two data points are connected 

by an edge if the distance between them is less than 𝜖. In the 

KNN graph, all the data points are connected to their 𝐾 

nearest neighbours. In a fully connected graph, all the points 

are connected to all other points in the dataset. The given data 

is modeled as one of these three types of graphs, and the 

affinity matrix of SC is evaluated from the corresponding 

graph. In recent years, many works have been proposed to 

enhance the affinity measure. They can be categorized into 

the following three groups: 

A. Scale Estimation Based Methods 

 The methods under this category improvise on the 

definition of pairwise similarity metric by suitably estimating 

𝜎  (scale) in (1). When the data is distributed in different 

scales, the computation of the pairwise affinity often leads to 

sub-optimal results. To overcome this issue, Zelnik and 

Perona [32] proposed Self-Tuning Spectral Clustering using 

local scaling parameter in the construction of the affinity 

matrix. Extending this work, Gu and Wang [9] proposed an 

affinity using local properties such as distance between a 

point and its 𝑘  neighbours. 𝑉𝑖 is the set of 𝑘  nearest 

neighbours of 𝑥𝑖 . The local scale 𝜎𝑖  is computed as the 

average distance from a point to its k-nearest neighbours. 

Using this local sigma, an affinity between 𝑥𝑖  and 𝑥𝑗  is 

defined as  

𝐴𝑖𝑗 = exp(
−||𝑥𝑖−𝑥𝑗 ||2

𝜎𝑖𝜎𝑗
)       (2) 

B.  Density Based Estimation Methods 

 The methods in this category incorporate the density 

information into the affinity definition. For practical 

purposes, the density is defined as the number of data points 

in n-dimensional unit space. The data with varying density 

can lead to inaccuracies in clustering results. In order to 

address this issue, a density-based similarity metric for the 

construction of the affinity matrix was proposed by Yang et 

al. [30]. The authors used 𝐾𝑁𝑁 graph to model the data. If 

two nodes in this graph are connected by a path going 

through a high-density region, then they are considered to be 

similar. This method used the density of the regions between 

the corresponding points to define the similarity between 

them. In a different approach, Beauchemin [3] proposed a 

method to construct the affinity matrix employing a K-means 

based density estimator with the sub-bagging procedure. The 

method is based on the theoretical work of Wong [28], in 

which asymptotic properties of K-means were used for 

density estimation. The sub-bagging procedure is then 

employed to estimate the density more accurately. Using this 

robust density estimator, Beauchemin was able to propose a 

new density based similarity measure. 

C. Neighbourhood Based Methods 

 In these methods, the neighbourhood-based information is 

incorporated into a pairwise affinity definition. Using one 

such neighborhood-based information called Common 

Nearest Neighbours (CNN) between two nodes, Zhang et 

al.[33] proposed an affinity measure in (4) given below. For 

two nodes 𝑥𝑖 , 𝑥𝑗  of a graph, 𝐶𝑁𝑁(𝑥𝑖 , 𝑥𝑗 ) is defined to be the 

number of nodes in the intersection region of the 

𝜖-neighborhoods around 𝑥𝑖  and 𝑥𝑗 . 𝜖-neighborhood (𝑁𝑥𝑖
) of 

𝑥𝑖  is defined as follows:  

 

𝑁𝑥𝑖
= {𝑥𝑗 |𝑑(𝑥𝑖 , 𝑥𝑗 ) < 𝜖}        (3) 

 

 𝐴𝑖𝑗 =  
exp(

−𝑑(𝑥𝑖 ,𝑥𝑗 )2

2×𝜎2×(𝐶𝑁𝑁(𝑥𝑖 ,𝑥𝑗 )+1)
) 𝑖 ≠ 𝑗

0 𝑖 = 𝑗

    (4) 

  

where 𝑥𝑖 , 𝑥𝑗  ∈  S, the set of all data points. 𝜎  is the 

Gaussian scale parameter. CNN (𝑥𝑖 , 𝑥𝑗 ) is the number of 

common neighbours between the nodes 𝑥𝑖  and 𝑥𝑗  in the 

corresponding 𝜖 -graph generated from S. Thus, the CNN 

attribute brings in the notion of connectivity into the 

similarity measure. 

Diao et al. [8] try to capture the spatial structure about the 

neighbourhoods of the correlative points by using Local 

Projection Distance Measure (LPDM) based similarity 

metric. They define Local-Projection-Neighbourhood (LPN) 

for any two points 𝑥𝑖 , 𝑥𝑗  as the overlapped region with 

specified Euclidean radius d( 𝑥𝑖 , 𝑥𝑗 ) and consider the 

projections of all the 𝑚 points in LPN onto the line joining 

𝑥𝑖 , 𝑥𝑗 . An adjustable projection distance 𝐿 is defined between 

these projected points {𝑥1, 𝑥2, …, 𝑥𝑚}.  

 

𝐿(𝑥𝑖 , 𝑥𝑗 ) = 10𝜌𝑑 (𝑥𝑖 ,𝑥𝑗 )        (5) 

 where 𝑑(𝑥𝑖 , 𝑥𝑗 )  is the Euclidean distance between the 

projected points 𝑥𝑖  and 𝑥𝑗  and 𝜌 is the flexing factor. A novel 

similarity measure 𝑆(𝑥𝑖 , 𝑥𝑗 )  is then defined, which is 

inversely proportional to the sum of all the projection 

distances as  

𝑆(𝑥𝑖 , 𝑥𝑗 ) =
1

 𝑚
𝑙=0 𝐿(𝑥𝑙 ,𝑥𝑙+1)

       (6) 

  

where m is the number of projection points in LPN, 

𝑥0 = 𝑥𝑖  and 𝑥𝑚+1 = 𝑥𝑗 . The flexing parameter 𝜌  and the 

parameter 𝑘 used to construct K-nearest neighbour graph for 

reducing computational complexity play a crucial role in this 

method. 

Affinity matrix enhancement based on “Neighbour 

propagation" was proposed by Li and Guo [16]. In this 

method, neighbourhood information is incorporated into the 

affinity matrix to propagate the similarity. Authors construct 

the distance matrix 𝐵 = (𝑏𝑖𝑗 ) 

by computing the Euclidean 

distance between each pair of 

points, and compute the 
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similarity matrix 𝑊 = (𝑤𝑖𝑗 ), containing pairwise similarity 

between each pair of points using Gaussian weighted kernel. 

They construct the neighbour relation matrix  𝑁 = (𝑛𝑖𝑗 ) , 

using distance threshold 𝜖, that is, if 𝑏𝑖𝑗 < 𝜖, then 𝑛𝑖𝑗 =1 and 

𝑛𝑗𝑖 =1. Then the matrices N and W are updated according to 

the neighbour propagation principle: If 𝑛𝑖𝑗 =1, 𝑛𝑗𝑘 =1 and 

𝑛𝑖𝑘=0, then set 𝑛𝑖𝑘=1 and 𝑛𝑘𝑖=1, simultaneously, update 𝑤𝑖𝑘  

and 𝑤𝑘𝑖  as min(𝑤𝑖𝑗 , 𝑤𝑗𝑘 ). 

Ye and Sakurai [31] proposed a method based on shared 

neighbours for enhancing affinity matrix. In this method, the 

influence of shared neighbours is employed to define two 

types of similarities between data points: 1) Number of 

shared neighbours and 2) Closeness of shared nearest 

neighbours. 𝑁𝑖  is the set of neighborhood points of 𝑥𝑖 . The 

shared nearest neighbours is defined as:  

𝑁𝑖 ∩ 𝑁𝑗 =  
𝑁𝑖 ∩ 𝑁𝑗 ∪ {𝑥𝑖𝑗 ′}, 𝑖𝑓𝑥1 ↔ 𝑥2

𝑁𝑖 ∩ 𝑁𝑗 , 𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
    (7) 

 where 𝑥𝑖𝑗 ′ is a virtual point that represents 𝑥𝑖  as a nearest 

neighbour of 𝑥𝑗  and vice versa. The first type similarity 

defined by them is  

𝐴𝑖𝑗 =
|𝑁𝑖∩𝑁𝑗 |

𝑘
        (8) 

 

where |𝑁𝑖 ∩ 𝑁𝑗 |  is the number of shared nearest 

neighbours between 𝑋𝑖  and 𝑋𝑗 , and 𝑘  is the maximum 

number of nearest neighbours shared between points 𝑥𝑖  and 

𝑥𝑗  in the directed KNN graph. Second similarity they 

proposed is based on the closeness among the shared nearest 

neighbours. The shared nearest neighbours in 𝑁𝑖 ∩ 𝑁𝑗  are 

weighed according to their orders relative to the data 

points 𝑥𝑖 , 𝑥𝑗 . Let 𝑤𝑖𝑗  denote the weight of the shared nearest 

neighbours in  𝑁𝑖 ∩ 𝑁𝑗 . If 𝑥𝑟 ∈ 𝑁𝑖 ∩ 𝑁𝑗  and 𝑥𝑟  is 𝑙𝑟
𝑡  

neighbour of 𝑥𝑖  and 𝑜𝑟
𝑡  nearest neighbour of  𝑥𝑗 , then the 

weight is calculated as  

 

𝑤𝑖𝑗 =  𝑥𝑟∈𝑁𝑖∩𝑁𝑗
(𝑘 − 𝑙𝑟 + 1)(𝑘 − 𝑜𝑟 + 1)  (9) 

  

using these weights, pairwise similarity SC-cSNN is 

calculated as  

𝐴𝑖𝑗 =
𝑤𝑖𝑗

𝑤𝑚𝑎𝑥
                  (10) 

 𝑤𝑚𝑎𝑥  is the maximum of all the weights 𝑤𝑖𝑗  between 𝑥𝑖  

and 𝑥𝑗 . This work utilizes the nearest neighbours and their 

similarities, thereby accounting for the “closeness and local 

structure" of the data points. However, they do not 

incorporate density information effectively. Because of this, 

the method fails to cluster some of the datasets such as Aggre 

and Pathbased [15] accurately, as demonstrated in the results 

(section 4). 

Arais et al.[1] proposed a spectral clustering algorithm 

based on features from local Principal Component Analysis 

(PCA). The algorithm uses local covariance matrices for 

enhancing the affinity measure. It is derived as follows: Let a 

set of points 𝑆 = {𝑥1 ,… , 𝑥𝑛 }  in 𝑅𝑙  and the parameters: 

neighborhood radius 𝑟 > 0, spatial scale 𝜖 > 0, projection 

scale 휂 > 0, intrinsic dimension 𝑑, number of clusters 𝐾 be 

given. A set of 𝑛0 centers {𝑦1 ,… , 𝑦𝑛0
}, are selected from the 

given data as explained below. Each time a 𝑦𝑗  is picked 

randomly from the dataset such that, it is not contained in the 

neighborhoods 𝑁𝑟(𝑦𝑖) of previously chosen 𝑦𝑖s. 

For each i = 1, ..., 𝑛0, the covariance matrix 𝐶𝑖  of 𝑁𝑟(𝑦𝑖) is 

computed. Let 𝑄𝑖  denote the orthogonal projection of 𝑦𝑖  onto 

the space spanned by the top 𝑑 eigenvectors of 𝐶𝑖 . Affinity 

between center pairs is defined as follows: 

 

 𝐴𝑖𝑗 = exp(
||𝑦𝑖−𝑦𝑗 ||2

𝜖2 ) × exp(
||𝑄𝑖−𝑄𝑗 ||2

휂2 )   (11) 

 After applying spectral graph partitioning to 𝐴, the data 

points are clustered according to the closest center with 

respect to the Euclidean distance. Again, the main motive of 

this method is to capture the local structure into the 

construction of affinity matrix.  

D. Other Recent Methods 

 In other recent methods, Yang and Wu [29] proposed a 

robust prototype clustering method. The authors propose the 

similarity based on modified Gaussian similarity function 

between the data points 𝑥𝑖 , and the cluster centers 𝑧𝑗  as:  

 

 𝑆(𝑥𝑖 , 𝑧𝑗 ) = (exp(
−||𝑥𝑖−𝑧𝑗 ||2

𝛽
))𝛾          (12) 

𝑖 = 1,… ,𝑛,    𝑗 = 1,… , 𝑐, 
where 𝛽 is a normalized term used to control the size of the 

neighborhood and 𝛾(> 0) is the power parameter. Yang and 

Wu also proposed correlation comparison algorithm (CCA) 

for estimating 𝛾 . The intuition behind using the powered 

version is to minimize the sensitivity of 𝛽, so that it can be 

assigned a global value of the sample variance:  

 

 𝛽 =
 𝑛
𝑖=1 ||𝑥𝑖−𝑥 ||

𝑛
, with    𝑥 =

 𝑛
𝑖=1 𝑥𝑖

𝑛
     (13) 

  

Inspired by this formulation of similarity, powered spectral 

clustering has been proposed by Nataliani et al. [18]. In this 

method, the similarity measure is given as:  

 

 𝐴𝑖𝑗 = exp(
−||𝑥𝑖−𝑥𝑗 ||2

𝛽
)𝛾  for i ≠ j and 0 otherwise (14) 

  

where 𝛽  represents neighborhood size, and 𝛾 > 0 is the 

power parameter. In order to estimate optimal 𝛽 the authors 

use the maximum value among all minimum distances 

between data points, viz: 

𝛽 = max𝑖(min𝑗≠𝑖||𝑥𝑖 − 𝑥𝑗 ||)  for all 𝑥𝑖  and 𝑥𝑗  in the 

dataset. 

Challa et al.[4] proposed spectral clustering using Power 

Ratio cut or PRcut. They aimed to come up with an efficient 

implementable algorithm which is faster than traditional 

spectral clustering and also preserves the accuracy. The data 

is pre-processed using Minimum Spanning Tree (MST) to 

reduce the size substantially and thereby saving on 

computing time. This faster alternative to the spectral 

clustering algorithm is obtained by considering the Γ-limit of 

spectral clustering methods. For this purpose, a discretization 

scheme was used for calculating the Γ -limit. The actual 

dividends of PRcut can be observed as the data size grows.  

E. Topological Node Features based Spectral Clustering 

(SC-TNF) 

 All the techniques that are 

presented above from the 
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literature show that the local information plays a vital role in 

enhancing the affinity matrix to improve clustering results. 

To capture the local properties effectively, the Topological 

Node Features (TNFs) [7] have been utilized from the graph 

representation of the data. A TNF is mainly defined as 

topological information when viewed from any particular 

node of a graph. As an example, the degree of a node can be 

considered as a TNF. 

TNFs are typically employed in solving graph 

isomorphism problems in the literature. The goal of graph 

isomorphism problem is to find a subgraph inside a larger 

graph. Cordella et al. [6] have used the degree of a vertex, for 

identifying a subgraph isomorphism. TNFs have been used in 

Sorlin and Solnon [23] to solve the subgraph isomorphism 

problem, as they capture the local structure in the data 

effectively. Dahm et al. [7] used novel TNFs for speeding up 

subgraph isomorphism detection. The work of Dahm et al. [7] 

has been used for building the affinity measure that 

effectively captures local information. The main TNFs used 

in the proposed affinity measure are degree, Clustering 

Coefficient (CC), and Summation Index (SI). 

We have successfully strengthened the notion of affinity 

by combining Gaussian kernel function and TNFs. Most of 

the methods in literature use only one of the following 

features, viz. common neighbours, density, and local 

structure. In the case of the proposed algorithm, affinity 

measure is defined using multiple local features, thereby 

enhancing the affinity matrix construction. In the following 

sections, we show how these features have improved the 

clustering results.  

F. Contributions 

      • Affinity measure has been redefined to include a 

broad spectrum of local characteristics such as local density, 

spatial nearness, and structural similarity. 

    • The local characteristics of the data are mapped to the 

TNFs of the corresponding graph appropriately. For example, 

the clustering coefficient TNF is used for estimating the local 

density measure.  

If a method is based on only connectivity or density, it is 

limited by that feature’s ability to distinguish the data points. 

Since the proposed method uses a combination of multiple 

features, the datasets with more than one characteristic can be 

clustered effectively. From the results obtained in section 4, it 

has been shown how different types of data are clustered with 

improved accuracy. 

The outline of the paper is as follows: In section 2, the 

necessary background is briefly presented, wherein the 

traditional SC algorithm by Ng et al. [19] (referred as NJW) 

and the theory associated with SC and TNFs are described. In 

section 3, the proposed algorithm for affinity matrix creation 

using TNFs is presented. The results obtained in comparison 

with the state of the art techniques in SC are discussed in 

Section 4. In section 5, we conclude the paper and suggest 

possible future extensions.  

II. BACKGROUND 

 In this section, we briefly present the required technical 

details of SC method and also the spectral clustering 

procedure proposed by Ng et al. [19].   

A. Spectral Clustering Approach 

  Let 𝑋 = {𝑥1 , . . . , 𝑥𝑛 } in 𝑅𝑙  be the set of data points under 

consideration. The undirected 휀-graph G = (V, E), where 

𝑉 = {𝑣1, . . . , 𝑣𝑛 } the set of nodes and E is the set of edges, is 

constructed from X as follows. If the distance between any 

two data points 𝑥𝑖  and 𝑥𝑗  is less than a given parameter 

휀 > 0, then the corresponding nodes 𝑣𝑖 , 𝑣𝑗  in the graph G are 

connected via an edge, denoted as (𝑣𝑖 , 𝑣𝑗 ) i.e. E = {(𝑣𝑖 , 𝑣𝑗 )| 

𝑑𝑥𝑖𝑥𝑗 < 휀    ∀𝑣𝑖 , 𝑣𝑗 ∈ 𝑉}, where 𝑑𝑥𝑖𝑥𝑗  is the distance between 

the data points 𝑥𝑖  and 𝑥𝑗 . Let each edge (𝑣𝑖 , 𝑣𝑗 ) be weighted 

by 𝑠𝑖𝑗 ≥ 0 which denotes the similarity specified by the user 

(1) between the data points 𝑥𝑖  and 𝑥𝑗 . 

The critical idea in spectral clustering is to find the optimal 

embedding of the data in low dimensional space. The main 

ingredient for spectral clustering is the graph Laplacian 

matrix whose eigenvectors are used to find k-dimensional 

embedding of the data. In the work of Ng et al.[19], we note 

that the top 𝑘 eigenvectors of graph Laplacian are used to 

find the embedding of the data. The process of evaluating the 

Laplacian matrix is as follows: The affinity matrix which 

captures the pairwise affinity between all the points is defined 

as 𝐴 = (𝑠𝑖𝑗 ). From the affinity matrix 𝐴 and Degree matrix 

𝐷  ( 𝐷𝑖𝑖 =  𝑗 𝑊𝑖𝑗 ), a normalized Laplacian matrix is 

constructed as:  𝐿 = 𝐷−1/2𝐴𝐷−1/2 . The eigenvectors 

obtained from the Laplacian 𝐿 are used to find 𝑘-dimensional 

embedding of the data. 

The spectral clustering procedure proposed by Ng et al. 

[19] is described in Algorithm 1. As mentioned in the 

algorithm the input parameters of 𝑘 and 𝜎 are provided by 

the user along with the data points. In step 1, the affinity 

matrix is constructed using the Gaussian kernel. From the 

definition, it can be seen that affinity is inversely proportional 

to the distance between points. In steps 1 and 2, the pairwise 

similarity between points is captured, and the graph 

Laplacian matrix (L) is constructed. After performing 

eigenvalue decomposition of the Laplacian matrix (L), all the 

eigenvectors are sorted in descending order according to their 

corresponding eigenvalues. The first 𝑘 eigenvectors are then 

arranged as columns to form the matrix X. Next, row-wise 

normalization is carried out on X to produce Y. Now, the 

rows of Y can be considered as k-dimensional tuples, which 

represent the data points. In steps 5 and 6, the 𝑘 dimensional 

points are clustered using a simple clustering algorithm such 

as K-means. 

 

 

Algorithm 1: Simple spectral clustering 

 

Input:  A set of points 𝑆 = {𝑥1 , . . . , 𝑥𝑛 } in 𝑅𝑙 , parameters 

𝑘, 𝜎 

Output:  k clusters of the given data   

1. Form the affinity matrix 𝐴 ∈ 𝑅𝑛×𝑛  defined by 

𝐴𝑖𝑗 = exp(−||𝑥𝑖 − 𝑥𝑗 ||/2𝜎2)  

2. Define D to be the diagonal matrix whose (𝑖, 𝑖)- 

element is the sum of i-th row of A, and 

construct the 

matrix 𝐿 =

𝐷−1/2𝐴𝐷−1/2.  

3. Find 𝑒1, 𝑒2,… , 𝑒𝑘 , 
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the k largest eigenvectors of 𝐿  (chosen to be 

orthogonal to each other in the case of repeated 

eigenvalues), and form the matrix 𝑋 =

[𝑒1     𝑒2     …     𝑒𝑘 ] ∈ 𝑅𝑛×𝑘  by considering the 

eigenvectors as columns of the matrix.  

4. Form the matrix 𝑌  from 𝑋  by re-normalizing 

each of X’s rows to have unit length (i.e. 

𝑌𝑖𝑗 = 𝑋𝑖𝑗 /( 𝑗 𝑋𝑖𝑗
2 )1/2).  

5. Treating each row of Y as a point in 𝑅𝑘 , cluster 

them into 𝑘 clusters via K-means or any other 

algorithm (that attempts to minimize distortion).  

6. Finally, assign the original point 𝑠𝑖  to cluster j if 

and only if row i of the matrix 𝑌 was assigned to 

cluster j.  

  

B.  Proposed Affinity Measure 

  In this section, the TNF based framework is presented 

and the novel affinity metric is proposed. The following 

subsection describes the three TNFs used in this work.  

C. TNF Based Framework 

 A TNF is essentially defined as topological information, 

when viewed from any particular node of the graph. Let G = 

(V, E) be the given graph where, V denotes the set of nodes: 

𝑉 = {𝑥1 , 𝑥2,… , 𝑥𝑁}  and E is the set of edges. The 

following are the TNFs used in the proposed algorithm:   

    1.  The degree of a node 𝑥  of G: This is given 

by 𝑑𝑒𝑔𝑟𝑒𝑒(𝑥) = |{𝑦 ∈ 𝑉|(𝑥, 𝑦) ∈ 𝐸}| , where |. |  is the 

cardinality of the set.  

    2.  Clustering Coefficient (𝜙𝑥 ) of node 𝑥: This is the 

number of edges that exist among the vertices in 𝑁(𝑥), i.e. 

𝜙𝑥= |{(𝑙,𝑚) ∈ 𝐸|𝑙,𝑚 ∈ 𝑁(𝑥)}|, where |. | is the cardinality 

of the set. We observe that 𝜙𝑥  gives an intuitive 

understanding of local density at 𝑥.  

    3.  The Summation Index (𝑆𝐼): This is used to capture 

the structural information. 𝑆𝐼 is a way of summarizing TNF 

of a graph. Thus, it gives the power to encode neighboring 

structural characteristics into one value.  

 Dahm et al. [7] in their work define 𝑆𝐼𝑖  recursively as a 

sum of node degrees of neighboring nodes as:  

 

𝑆𝐼𝑖 𝑥 =  
degree 𝑥                     𝑖𝑓 𝑖 = 0

 𝑦∈𝑁 𝑥 𝑆𝐼𝑖−1 𝑦        𝑖𝑓𝑖 > 0
   (15) 

  

Fig. 2 shows the computation of 𝑆𝐼1  from 𝑆𝐼0  in one 

iteration and computation of 𝑆𝐼2 from 𝑆𝐼1 .  

     
 

Fig. 3: (a) Initial TNF values 𝑺𝑰𝟎 (b) 𝑺𝑰𝟏 after Iteration 

1 of (15). (c) 𝑺𝑰𝟐 after iteration 2 of (15). 

   For every node 𝑥 in G, let 𝒱𝑥  denote the vector in ℛ3 

obtained by applying the (15) for 𝑖 = 0, 1 and 2, i.e.  

 

 𝒱𝑥 = (𝑆𝐼0 , 𝑆𝐼1 , 𝑆𝐼2)         (16) 

 The vector 𝒱𝑥  captures local structure, as additive 

information at various levels. For any 𝑥𝑖 , 𝑥𝑗  in G, let 휁𝑖𝑗  

denotes the Euclidean distance between 𝒱𝑥𝑖  and 𝒱𝑥𝑗 : 

휁𝑖𝑗 = ||𝒱𝑥𝑖 − 𝒱𝑥𝑗 ||, where ||. || is the Euclidean norm. Thus, 

휁𝑖𝑗  quantifies how much 𝑥𝑖  structurally differs from 𝑥𝑗 . In 

addition to these TNFs, the proposed affinities utilize another 

feature ( 휂𝑖𝑗 ), the number of common points in the 

neighborhoods of 𝑥𝑖 , 𝑥𝑗 , that is 휂𝑖𝑗 = |𝑁(𝑥𝑖) ∩ 𝑁(𝑥𝑗 )| . 

Intuitively, a higher value of 휂𝑖𝑗  indicates that 𝑥𝑖  and 𝑥𝑗  

belong to the same cluster [33]. 

Based on the TNFs defined above, two algorithms, 

SC-TNF1 and SC-TNF2 are proposed to construct the 

affinity matrix. In the algorithm SC-TNF1, the affinity metric 

incorporates the local density and the number of common 

nearest neighbours. The algorithm SC-TNF2 improves over 

SC-TNF1 by considering structural information (SI) in 

addition to the local density and the number of common 

nearest neighbours. The output of SC-TNF1 or SC-TNF2 is 

used in step 1 of Algorithm 1 for performing clustering. 

 

 Algorithm 2: The proposed SC-TNF1 

 

Input: A set of points 𝑆 = 𝑥1 , . . . , 𝑥𝑛  in 𝑅𝑙 , 𝜎 

Output:  Affinity matrix A   

1. Model the data points as a graph G (as shown in 

Sec 2.1).  

2. At each node 𝑥, calculate the following TNFs:   

a. Degree of node (𝑑𝑒𝑔𝑟𝑒𝑒(𝑥))  

b. Clustering coefficient (𝜙𝑥)  

3. Compute the similarity 𝛼𝑖𝑗  between any two nodes 

𝑥𝑖 , 𝑥𝑗  as:  

𝛼𝑖𝑗 = exp(
−||𝑥𝑖−𝑥𝑗 ||2𝛿𝑖𝑗

2𝜎2 )휂𝑖𝑗       (17) 

 

where 𝛿𝑖𝑗 = |(𝜙𝑖 − 𝜙𝑗 )|, 휂𝑖𝑗  is the number of 

common points between 𝑁 𝑥𝑖 ,𝑁(𝑥𝑗 ), and 𝜎 

is the scale parameter of the Gaussian 

function.  

4. Output affinity matrix 𝐴 = (𝛼𝑖𝑗 )  

____________________________________________  

 

 

 

 

 Algorithm 3: The proposed SC-TNF2 

Input:   A set of points 𝑆 = 𝑥1 , . . . , 𝑥𝑛  in 𝑅𝑙 , 𝜎  

Output: Affinity matrix A   

1. Model the data points as a graph G (as shown in 

Sec 2.1).  

2. At each node 𝑥, calculate the following TNFs:   

a. Degree of node (𝑑𝑒𝑔𝑟𝑒𝑒(𝑥))  

b. Clustering coefficient (𝜙𝑥)  

c. SI vector 𝒱𝑥  = (𝑆𝐼0 , 𝑆𝐼1, 𝑆𝐼2)  

3. Compute the 

similarity 𝛼𝑖𝑗  between 

any two nodes 𝑥𝑖 , 𝑥𝑗  
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as:  

𝛼𝑖𝑗 = exp(
−||𝑥𝑖−𝑥𝑗 ||2𝛿𝑖𝑗

2𝜎2 )휂𝑖𝑗       (18) 

 

where 𝛿𝑖𝑗 = |(𝜙𝑖 − 𝜙𝑗 )| , 휂𝑖𝑗  is the number of 

common points between 𝑁(𝑥𝑖),𝑁(𝑥𝑗 ) , and 𝜎  is 

the scale parameter of the Gaussian function.  

4. Define the similarity 𝛽𝑖𝑗  between any two nodes 

𝑥𝑖 , 𝑥𝑗  as:  

 

𝛽𝑖𝑗 = 𝛼𝑖𝑗 (1 +
1

1+log (1+휁𝑖𝑗 )
)      (19) 

 

where 휁𝑖𝑗  is the Euclidean distance between local 

structural information of 𝑥𝑖  and 𝑥𝑗 .  

5. Output affinity matrix 𝐴 = ((𝛽𝑖𝑗 ) depending on the 

choice of user.  

 

In step 3 of SC-TNF1, 𝛿𝑖𝑗  is defined as the difference 

between clustering coefficients, 𝜙𝑖  and 𝜙𝑗 . Since clustering 

coefficient (𝜙) denotes the local density, if two points 𝑥𝑖 , 𝑥𝑗  

are from neighborhoods of similar density then, 𝛿𝑖𝑗 = |(𝜙𝑖 −

𝜙𝑗 )| is less. Thus, for the points with similar local density, 

the computed affinity will be higher. SC-TNF1 also 

incorporates spatial nearness through 휂𝑖𝑗 . If 휂𝑖𝑗  is high, then 

it signifies that the 휀  neighborhoods of 𝑥𝑖  and 𝑥𝑗  are 

overlapping. The 휀-neighborhood of 𝑥𝑖  represents the set of 

neighbourhood points of  𝑥𝑖 . This gives a measure of the 

nearness of the corresponding data points and further 

strengthens their affinity measure. From step 4 of SC-TNF2, 

we note that affinity is inversely proportional to  휁𝑖𝑗 . A 

smaller value of 휁𝑖𝑗  implies that 𝑥𝑖  and 𝑥𝑗  are structurally 

closer and thus will have higher affinity. Both the proposed 

affinity measures, SC-TNF1 and SC-TNF2, strengthen or 

penalize the affinity according to local topological graph 

properties. Because of this, SC-TNF1 or SC-TNF2 based 

spectral clustering algorithm is found to perform better across 

different types of datasets. 

In the following subsection, the effectiveness of the 

proposed affinity measures in comparison with standard 

Gaussian kernel weighted similarity (1) on a synthetic dataset 

is demonstrated. A comprehensive set of results, comparing 

the proposed methods with the state of the art SC techniques, 

is presented in Section 4.  

D. TNF Based Affinity Measure versus Gaussian Kernel 

Distance 

 In this section, the proposed TNF based methods are 

compared with Gaussian Kernel-based similarity, as 

described in NJW [19] (1). The Compound dataset [15] is 

considered for the experiment, a part of which is shown in 

Fig. 3. This part of the dataset has two clusters, an outer 

cluster, which is sparsely spread and a central cluster which is 

dense. Consider the points 𝑎, 𝑏, 𝑐, 𝑑 and 𝑒 from the figure. 

According to the ground truth, point 𝑎 belongs to the sparse 

outer cluster. The NJW [19] wrongly assigns point 𝑎  to 

center cluster, whereas the proposed techniques clusters it 

correctly (Fig. 2) by assigning it to the outer cluster. All the 

three affinities between 𝑎 and surrounding points𝑏,𝑐, 𝑑, 𝑒 are 

shown in Table 4. From the Table 4, it is evident that in the 

case of NJW, the affinity between 𝑎 and 𝑏 is higher than the 

affinities between 𝑎 and its other neighbours, namely 𝑐 , 𝑑 

and 𝑒. Whereas, in the case of both SC-TNF1 and SC-TNF2, 

the affinity between 𝑎  and 𝑒  is more than the affinities 

between 𝑎 and its other neighbours, namely 𝑐, 𝑑 and 𝑏. This 

led to the correct clustering of point 𝑎. 

The two variations of affinity, namely SC-TNF1 and 

SC-TNF2, are compared in Table 4 using a synthetic dataset, 

Compound [15]. A comparison of SC-TNF1 and SC-TNF2 

with the state of the art techniques is presented in Section 4. 

From the results, it has been observed that the SC-TNF2 is 

better than SC-TNF1 in all the datasets except Glass, E-coli, 

and BC. Since for the majority of cases, SC-TNF2 is better 

than SC-TNF1, the affinity considered for performing 

experiments is SC-TNF2. We believe that due to the 

incorporation of additional structural information in 

SC-TNF2, it is better than SC-TNF1.  

 
Fig. 4: Dataset 1 

   Table 1: Affinities between various points in Fig. 4 

    

 Affinity   NJW   SC-TNF1   SC-TNF2 

(a,b)   2.62e-73   4.85e-44   2.82e-42 

(a,c)   4.15e-96   1.14e-44   3.92e-58 

(a,d)   6.55e-90   5.92e-53   1.91e-51  

(a,e)   3.86e-91   6.75e-39   3.36e-37 

III.    RESULTS AND ANALYSIS 

  This section presents the results of the proposed method 

on three different types of datasets, namely synthetic 

datasets, real datasets [15] and MNIST handwritten dataset 

[14]. The experimental results show that, in most of the cases, 

the proposed method performs better than the state of the art 

methods. The proposed techniques are compared with the 

following methods: spectral clustering algorithm (NJW) by 

Ng et al. [19] (2002), Neighbour Propagation (NP) (2012) 

proposed by Li and Guo [16], Shared Nearest Neighbours 

(SNN) (2016) proposed by Ye and Sakurai. [31], Powered 

Gaussian (PG) (2017) by Nataliani et al. [18], Spectral 

clustering using Local PCA (LPCA) [1] (2017), Powered 

Ratio Cut (PRCUT) [4] (2018). In the experiments 

conducted, three metrics were used for comparison: Adjusted 

Rand Index (ARI) [20], Normalized Mutual Information 

(NMI) [24] and Clustering 

Error (CE) [11]. A detailed 

explanation of these metrics is 
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given in the Appendix. The values of NMI and ARI approach 

unity when the result is closer to the ground truth. The metric 

CE tends to null as the clustering accuracy increases. 

A comprehensive set of experiments with SC-TNF1 and 

SC-TNF2 on all the datasets have been conducted. The 

comparative results are presented in Table 3 to Table 11. The 

results show that SC-TNF2 performs better than all the 

methods, including SC-TNF1, in the majority of the cases. 

While SC-TNF1 is comparable in its performance with the 

other methods, in our opinion SC-TNF2 performs better than 

SC-TNF1 as it takes into account, the additional local 

structural information through Summation Index. 

The computational complexity: 

Let the number of data points be 𝑛 . The asymptotic 

computational complexity for calculating the TNFs in step 2 

of the Algorithm 3 is 𝑂(𝑛3). For finding the affinity matrix in 

steps 3 and 4, the complexity is 𝑂(𝑛2). Thus, the overall 

complexity of the proposed algorithm is 𝑂(𝑛3). The 

complexity is arrived at by calculating the number of unit 

calculations done in the algorithm. The complexity of 

SC-TNF2 is similar to the computational complexities of the 

Powered Gaussian proposed by Nataliani et al., 2017 [3] and 

LPCA proposed by Castro et al., 2017 [4]. Besides, the 

proposed method uses sparse matrices for Laplacian matrix 

calculation, making it time and space efficient.  

A. Experimental Setup 

 There are two main parameters in the proposed methods, 

namely 휀 and 𝜎. The 휀 parameter is used for mapping given 

data points into the vicinity graph. TNFs are highly 

dependent on 휀 parameter. The 𝜎 parameter is the Gaussian 

kernel width used in the definition of affinity. To estimate the 

휀, the following approach has been taken: 

The data is normalized (Appendix), and the pairwise 

Euclidean distances are calculated for all the data points. The 

variable 𝑑𝑖𝑠𝑡_𝑚𝑎𝑥  is assigned the maximum of these 

pairwise distances. The ranges for 휀 and 𝜎 are fixed as [0, 

𝑑𝑖𝑠𝑡_𝑚𝑎𝑥 ] and [0, 1] respectively. The parameter space 

spanned by ranges of 휀  and 𝜎  is searched for the optimal 

combination using the following method. The clustering 

outputs of the proposed algorithm for all the values of 휀 and 

𝜎 parameters in their respective ranges were obtained. The 

Silhouette Index metric [12] was then used to evaluate each 

of these clusterings. The optimal 휀 is selected based on the 

maximum value of the Silhouette Index metric (Appendix). 

In the experimental studies, it was found that, for all the 

datasets, the search between 0.01 and 0.60 (with step size .01) 

was sufficient to find the optimal 𝜎 value. The robustness of 

the SC-TNF2 with respect to the 𝜎  parameter has been 

analyzed, and the results are presented in Section 4.5.  

B. Synthetic Datasets 

 In the 2D synthetic datasets, five datasets were considered 

for the experiments, namely Compound, Aggre, Flame, Jain, 

and Pathbased [15]. The datasets present challenges such as 

varying density, connectedness, etc. For example, the Flame 

dataset does not have clear cut boundaries for the clusters. 

The Compound dataset has convex and concave clusters with 

some connectivity amongst them. In the Aggre dataset, there 

are clusters within clusters and clusters of different densities. 

In the Pathbased dataset, there are clusters with two different 

types of properties: connectivity among the data points and 

the varied shapes of clusters. A clustering algorithm needs to 

account for different types of data characteristics to 

effectively cluster them. 

In Fig. 2, the results are displayed for different methods 

applied to various datasets. The first column in the figure 

represents the original datasets. The second and third 

columns represent the results of SNN and PG methods on the 

datasets, respectively. The fourth column represents the 

results obtained based on the proposed SC-TNF2 algorithm. 

For the sake of brevity, plots for only two methods are 

displayed, namely SNN and PG. The comparative results of 

SC-TNF2 with the other recent methods are displayed in 

Table 2. The columns of the Table 2 are the different methods 

in the literature of SC. The rows are the different synthetic 

datasets considered for experiments. From the results, it can 

be seen that the SC-TNF2 is better than the other methods in 

the case of Compound, Pathbased datasets. It is the same as 

other methods in Jain dataset and is not the best result in the 

case of Flame and Aggre datasets. In Flame dataset, the result 

is the same as in PG and NP methods, which is the second 

best result. The result of Aggre is the third best after LPCA 

and PRCUT. 

In Table 3, the comparative results between SC-TNF2 and 

the other methods using the NMI metric are displayed. 

SC-TNF2 is better than other methods for the case of Jain and 

Pathbased datasets. The NMI value is lesser than the other 

methods in the case of Flame, Compound, and Aggre 

datasets. It is noted that the SC-TNF2 method has produced 

second best result for these three datasets. The results of the 

comparison of SC-TNF2 with the other methods using CE 

metric are displayed in Table 4. It is observed that the results 

of SC-TNF2 are better than the other methods in the case of 

Compound, Jain, and Pathbased datasets. SC-TNF2 method 

is the second best when compared to other methods with 

regard to Flame and Aggre datasets. 

Thus, from the results, it is concluded that SC-TNF2 gives 

best results in almost half the cases under consideration using 

the three metrics under consideration. It is noted that the 

value of 𝜖 plays a significant role in the construction of the 

vicinity graph, and hence, the clustering outcome. In all the 

experiments conducted, the 𝜖 value is determined using the 

Silhouette Index method. The optimal value of parameter 𝜖 

corresponds to the highest possible ARI metric value for the 

dataset under consideration. We have employed Silhouette 

Index (SI) metric for arriving at the 𝜖 value, which may not 

give us the optimal 𝜖.  

Further studies are required for improving the estimation 

of the optimal 𝜖.  

C. Real World datasets 

 The second type of datasets considered for the 

experimentation is the UCI real datasets [15]. These datasets 

are collected from real scenarios and have varied number of 

features and distributions. The number of clusters varies from 

2 to 8. The number of data points varies from 13 to 699. The 

characteristics of five datasets considered are displayed in 

Table 5. Results of SC-TNF2 in comparison with other 

methods are given in Tables 6, 7, 

and 8. The comparison of 

SC-TNF2 with other methods 



 

Enhanced Affinity for Spectral Clustering using Topological Node Features (TNFS) 

981 

Published By: 

Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: A9450109119/2019©BEIESP 

DOI: 10.35940/ijeat.A9450.109119 

using the ARI metric is displayed in Table 6. From Table 6, it 

can be observed that SC-TNF2 is better than the other 

methods in the majority of the cases, except the five datasets 

of Glass, E-coli, Iris, Ion, and BC. SC-TNF1 gives the best 

result in the case of Glass dataset. However, for most of these 

datasets, SC-TNF2 is the second best result. The comparative 

results between SC-TNF2 and the other methods using NMI 

metric are presented in Table 7. In this table, SC-TNF2 

obtained the best result in five datasets, namely Flea, Seeds, 

Soy, Wine, and Sonar. The results of the comparison of 

SC-TNF2 with other methods using CE metric are presented 

in Table 8. In this table, SC-TNF2 outperforms other methods 

in most cases except for the last five. 

After compiling the results of three different metrics on 

UCI real datasets, it can be concluded that SC-TNF2 

performs similar or better than other methods in the majority 

of the cases. 

 

  

 

Fig. 5: First column represents the clusters in the original datasets. The second and third columns represent the 

clusters obtained through SNN and PG methods respectively and finally the last column shows the clusters obtained by 

proposed algorithm (SC-TNF2). 
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Table 2: Results of ARI metric on the synthetic datasets 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flame   1.0000   0.9666   0.9501   0.9666  0.9833 0.9666  0.5731   0.9666  

Compound   0.9405   0.9450   0.5494   0.8955  0.8077 0.7810 0.7696  0.9561 

Aggre   0.9869   0.8792   0.9840   0.9869  0.9978 0.9920  0.9869  0.9913 

Jain   1.0000   0.6835   1.0000   1.0000  1.0000 1.0000 1.0000  1.0000 

Pathbased   0.7143   0.6835   0.5434   0.6835 0.6346 0.6835 0.6954 0.7275 

 

Table 3: Results of NMI metric on the synthetic datasets 

 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flame   1.0000   0.9355   0.8991   0.9269 0.8716 0.9355  0.5015   0.9355  

Compound   0.9171   0.9401   0.7694   0.9119  0.8676 0.8109  0.7996   0.9395 

Aggre   0.9824   0.9342   0.9799   0.9824  0.9958 0.9884  0.9824  0.9869 

Jain   1.0000   0.7664   1.0000   1.0000 1.0000 1.0000 1.0000   1.0000 

Pathbased   0.7825   0.7664   0.6082   0.7664  0.6059 0.7664 0.7726 0.7895 

 

Table 4: Results of CE metric on the synthetic datasets 

 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flame   0.0000  0.0083   0.0125   0.0083  0.0167 0.0083 0.1208  0.0083 

Compound   0.0526   0.1429   0.3308   0.0702  0.1153 0.2331 0.2331  0.0276 

Aggre   0.0063   0.1320   0.0076   0.0063  0.0013 0.0038 0.0063  0.0051 

Jain   0.0000   0.1300   0.0000   0.0000 0.0027 0.0027 0.0777   0.0000 

Pathbased   0.1133   0.1300   0.1933   0.1300 0.1967 0.1300 0.1233   0.1067 

 

Table 5: Attributes of real UCI datasets 

 

 Data set   Wine   Glass   Iris   Ion   Sonar 

No of instances   178   214   150   351   208 

No of attributes   13   9   4   34   60 

No of clusters   3   6   3   2   2 

 

Table 6: Results of ARI metric on the UCI real datasets 

 

        Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flea   0.7448   0.8610   0.6531   0.7191   0.8615 0.6352 1.0000 1.0000 

Seeds   0.7481   0.6645   0.7651   0.7031  0.7669  0.7145 0.7641 0.8089 

Soy   0.8045   0.0528   0.9366   0.7477   0.7707 0.6610 1.0000 1.0000 

Pima   0.0804   0.1338   0.0241   0.0472   0.0196 0.0320  0.1591 0.1611 

Bupa   -0.0016   0.0122   0.0244   -0.0035 0.0045  0.0281  0.0008 0.0391 

Wine   0.4127   0.9326   0.4058  0.3177  0.3454  0.1868 0.8804  0.9471 

Sonar   0.0903   0.0111   0.0788   0.0085 0.0443 0.0088 0.0444 0.1156 

Glass  0.2876   0.2630   0.2118   0.2262 0.2798  0.1804 0.2978  0.2671 

E-coli   0.7636   0.7353   0.4156   0.7388 0.7188  0.3482 0.7474  0.7326 

Iris   0.8161  0.9222   0.8512   0.7726 0.7880  0.8015 0.5638  0.8858 

Ion   0.6647   0.7120   0.1636   0.1681 0.7412  0.0677 0.6438  0.6438 

BC   0.8770   0.8716   0.8934   0.8824 0.8825  0.8283 0.8880  0.8878 
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Table 7: Results of NMI metric on the UCI real datasets 

 

        Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flea   0.7172   0.8363   0.6736   0.6950 0.8360  0.6427 1.0000 1.0000 

Seeds   0.7110   0.6409   0.7397   0.6812  0.7457  0.6893 0.7266 0.7676  

Soy   0.8635   0.2677   0.9439   0.8479   0.8479 0.8301 1.0000 1.0000  

Pima   0.0337   0.1258   0.0244   0.0182 0.0187 0.0528 0.1219   0.1219 

Bupa   0.0140   0.0324   0.0324   0.0081 0.0324  0.0412  0.0307  0.0307 

Wine   0.4554   0.9120   0.4462   0.4391   0.4598 0.3427 0.8694 0.9276 

Sonar   0.1011   0.0749   0.1022   0.0105   0.0337 0.0679 0.1075 0.1104 

Glass   0.4670  0.4320   0.3723   0.3993 0.4464 0.3769 0.4537  0.4347 

E-coli   0.7389   0.6991   0.6175   0.6871 0.6954 0.4346 0.7197  0.6986 

Iris   0.8058   0.9011   0.8449   0.7941 0.8224  0.7900 0.7355  0.8705 

Ion   0.5463   0.6053   0.1286   0.1292 0.6650  0.1281 0.5573  0.5573 

BC   0.7917   0.7830   0.8246   0.7984 0.8074  0.7256 0.8238  0.8074 

 

Table 8: Results of CE metric on the UCI real datasets 

 

        Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

Flea   0.0946   0.0541   0.1622   0.1081 0.0541   0.1622 0.0135 0.0000 

Seeds   0.0905   0.1286   0.0857   0.1095 0.0857  0.1048 0.0857 0.0667 

Soy   0.0851   0.5532   0.0213   0.1064 0.0851  0.1915 0.0000  0.0000 

Pima   0.3385   0.3073   0.3385   0.3424 0.3411  0.3398 0.3464  0.2982 

Bupa   0.4232   0.4116   0.4145   0.4290 0.4145  0.4029 0.4232  0.3855 

Wine   0.2809   0.0225   0.2697   0.3820 0.3539  0.4157 0.0506  0.0169 

Sonar   0.3462   0.4375   0.3558   0.4423 0.3894  0.4423 0.4615  0.3269 

Glass   0.4533   0.4953   0.5327   0.4953 0.4346  0.5327 0.4953 0.4987 

E-coli   0.1696   0.1667   0.4196   0.1964 0.2351  0.3899 0.1845  0.1747 

Iris   0.0667   0.0267   0.0533   0.0867  0.0800  0.0733 0.3200  0.0400 

Ion   0.0912  0.0769   0.2963   0.2934 0.0684  0.3191 0.0969  0.0969 

BC   0.0315   0.0329   0.0272   0.0300 0.0300  0.0443 0.0286  0.0286 

D. Handwritten Data Sets 

 The third type of dataset considered is the MNIST dataset. 

It is a handwritten digits database given by Lecun et al. [14]. 

It has a training set of 60,000 examples and a test set of 

10,000 samples. For each of the ten digits, there is a test set of 

1000 samples. All the samples are images of size 28x28. 

Since the proposed method is unsupervised, we have 

considered the images from test dataset of the MNIST 

dataset. For the experiments, 200 samples of each digit were 

considered. The proposed methods were tested on some of 

the challenging test cases such as {0, 8}, {3, 5, 8}, {1, 2, 3, 

4}. Tables 9, 10, 11 show the comparison between  

SC-TNF2, NJW, NP, SNN, PG, LPCA and PRCUT methods. 

Tables 9, 10, 11 display the results of ARI, NMI and CE 

metrics on the test cases respectively. From the tables, we 

note that, for the case of {0, 8} dataset, almost all the methods 

perform well in clustering. However, in the case of {3, 5, 8} 

dataset, the SC-TNF2 performs considerably better than 

other methods. In the case of {1, 2, 3, 4} dataset, the accuracy 

values obtained by the SC-TNF2 are much higher than the 

other methods with respect to all the metrics. The following 

subsection discusses the robustness of the SC-TNF2 with 

respect to the 𝜎 parameter. 

 

 

Table 9: Results of ARI metric on MNIST 

 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

{0,8} 1.0000 0.9601  0.9799 1.0000 0.9899 0.9799  1.0000 1.0000 

{3,5,8}   0.6190   0.5664   0.5664   0.6498  0.5657  0.5621 0.5827 0.7956 

{1,2,3,4}  0.3431   0.3349   0.3349   0.4220  0.3310  0.3512  0.5886 0.5947 
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Table 10: Results of NMI metric on MNIST 

 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

{0,8}  1.0000 0.9288 0.9594  1.0000 0.9772 0.9594 1.0000  1.0000 

{3,5,8} 0.7502 0.7367 0.7367 0.7502 0.7502 0.7418 0.7502   0.7811 

{1,2,3,4}  0.6282   0.5327   0.5234   0.5897  0.6325 0.6282  0.6454  0.6635 

 

Table 11: Results of CE metric on MNIST 

 

         Methods          

Data sets   NJW   NP   SNN   PG   LPCA   PRCUT   SC-TNF1   SC-TNF2 

{0,8}  0.0000   0.0100   0.0050  0.0000 0.0025 0.0050  0.0000  0.0000 

{3,5,8}   0.1633   0.3283   0.3283   0.1433  0.3367 0.3367  0.1767  0.0747 

{1,2,3,4}   0.4313   0.4637   0.4637   0.3675  0.5012 0.4425  0.2737  0.1825 

 

E. Parameter Sensitivity 

  In this section, the robustness of SC-TNF2 with respect to 

the change in 𝜎 parameter is evaluated. Three methods, NJW, 

NP and SC-TNF2, which have 𝜎 as a parameter, are 

compared in this section. The change in clustering accuracy 

is analyzed for the various methods, when the 𝜎  value is 

changed from .01 to 2 with a step size of 0.01. The metric for 

estimating the accuracy of the clustering is ARI. Sample plots 

of ARI versus sigma are shown in Fig. 6 to Fig. 11. From the 

Fig. 6 and 7, it is noted that SC-TNF2 is consistently better 

than other methods for the majority of sigma values. Fig. 8 

shows that SC-TNF2 is better than other methods in the range 

of sigma values (.05-0.38). From the sensitivity plots for real 

datasets in Fig. 9, 10, 11 it can be observed that the proposed 

method gives better result than the other methods over the 

range of 0.01 to 0.70 but, falls in accuracy after a threshold. 

This reduction in accuracy could be attributed to the 

challenging nature of the real datasets. Additionally, Fig. 12 

shows the average plot of ARI versus sigma with ARI values 

obtained from four synthetic datasets, namely Flame, Aggre, 

Compound, and Pathbased. From this plot, we can see that 

the TNF method is better and more robust than NP and NJW 

techniques. From the plots, it is evident that SC-TNF2 

method is robust to change in sigma parameter. 

 

Fig. 6: ARI versus sigma plot for Aggre dataset 

 

 

 

 

 

 
Fig. 7: ARI versus sigma plot for Flame dataset 

  
    Fig. 8:  ARI versus sigma plot for Compound dataset 

 

 
Fig. 9: ARI versus sigma plot for Flea dataset 
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Fig. 10: ARI versus sigma plot for Seeds dataset  

 
 

  Fig. 11: ARI versus sigma plot for Wine dataset  

 

 
  Fig. 12: ARI versus sigma plot on an average of four 

datasets 

IV.   CONCLUSION 

  In a spectral clustering algorithm, the pairwise similarity 

between data points plays a crucial role. In this work, a novel 

way to approach similarity measure for spectral clustering is 

proposed making use of Topological Node Features (TNF). 

As part of this work, two algorithms, SC-TNF1 and 

SC-TNF2, have been proposed. Characteristics such as local 

density and local structure were estimated using TNFs and 

were incorporated into the construction of pairwise affinity. 

Using topological graph properties, we were able to enhance 

or penalize the pairwise similarity. The experiments on 

synthetic, real and handwriting datasets show that proposed 

TNF based techniques improved the effectiveness of 

clustering. In our future work, we would like to adopt this 

metric for different applications such as image segmentation, 

motion segmentation, etc. The metric can also be 

strengthened by assimilating additional TNFs such as Listing 

Index and Tree Index [7].  

APPENDIX 

   In this section, the various metrics which were used in 

this work, namely: ARI, NMI, CE, will be defined.  

A. Adjusted Rand Index (ARI) 

 Hubert and Arabie [10] define ARI using the Contingency 

table. The Contingency table is constructed using the 

following steps: 

Given a set 𝐷  of p elements, and two groupings or 

partitions (e.g. clusterings) of these points, namely 𝐼 =
{𝐼1 , 𝐼2 ,… , 𝐼𝑟}  and  𝐽 = {𝐽1, 𝐽2,… , 𝐽𝑠} , the overlap between 𝐼 

and 𝐽 can be summarized in a contingency table  𝑝𝑡𝑖𝑗   where 

each entry 𝑝𝑡𝑖𝑗  denotes the number of objects in common 

between 𝐼𝑖  and 𝐽𝑗 : 𝑝𝑡𝑖𝑗 = |𝐼𝑖 ∩ 𝐽𝑗 | 

  𝐼\𝐽   𝐽1   𝐽2   …   𝐽𝑠   𝑆𝑢𝑚𝑠  

𝐼1   𝑝𝑡11    𝑝𝑡12    …  𝑝𝑡1𝑠   𝑡1 

𝐼2   𝑝𝑡21   𝑝𝑡22   …  𝑝𝑡2𝑠   𝑡2 

⋮   ⋮   ⋮   ⋱   ⋮   ⋮  

𝐼𝑟    𝑝𝑡𝑟1   𝑝𝑡𝑟2   …   𝑝𝑡𝑟𝑠    𝑡𝑟  

𝑆𝑢𝑚𝑠   𝑙1   𝑙2   …   𝑙𝑠    

  

 The adjusted form of the Rand Index, the Adjusted Rand 

Index, is  

 AdjustedIndex =
Index −ExpectedIndex

MaxIndex −ExpectedIndex
  (20) 

 , more specifically  

 

 𝐴𝑅𝐼 =
 𝑖𝑗  

𝑝𝑡𝑖𝑗
2

 −[ 𝑖  
𝑡𝑖
2
  𝑗  

𝑙𝑗
2
 ]/ 

𝑝
2
 

1

2
[ 𝑖  

𝑡𝑖
2
 + 𝑗  

𝑙𝑗
2
 ]−[ 𝑖  

𝑡𝑖
2
  𝑗  

𝑙𝑗
2
 ]/ 

𝑝
2
 
   (21) 

  

where 𝑝𝑡𝑖𝑗 , 𝑡𝑖 , 𝑙𝑗  are values from the contingency table. 

B. Normalized Mutual Information (NMI) 

 Normalized Mutual Information (NMI) is defined as in 

Strehl and Ghosh [24]: 

 

𝑁𝑀𝐼 =
 𝑚
𝑘=1  

𝑞
𝑙=1 (𝑛𝑢𝑚𝑘 ,𝑙×𝑙𝑜𝑔 (

𝑛×𝑛𝑢 𝑚𝑘 ,𝑙
𝑛𝑢 𝑚𝑘×𝑛 𝑢𝑚 𝑙

))

 ( 𝑚
𝑘=1 𝑛𝑢𝑚𝑘×𝑙𝑜𝑔 (

𝑛𝑢 𝑚𝑘
𝑛

))×( 
𝑞
𝑙=1 𝑛 𝑢𝑚 𝑙×𝑙𝑜𝑔 (

𝑛 𝑢𝑚 𝑙
𝑛

))

   

                  (22) 

 where n is the total number of points in the data, 𝑛𝑢𝑚𝑘  

denotes the number of datapoints contained in the cluster 

𝐶𝑘(1 ≤ 𝑘 ≤ 𝑚), 𝑛 𝑖  is the number of data belonging to the 𝑙𝑡  

class (1 ≤ 𝑙 ≤ 𝑞) and 𝑛𝑖 ,𝑗  denotes the number of data points 

that are in the intersection between 𝐶𝑖  and the 𝑗𝑡  class. 

C. Clustering error 

 If 𝐶𝑜𝑛𝑓  is defined as the confusion matrix of two 

clusterings.  

 𝐶𝑜𝑛𝑓(𝑙𝑡𝑟𝑢𝑒 , 𝑙) = |𝐷𝑙𝑡𝑟𝑢𝑒
𝑡𝑟𝑢𝑒 ∩ 𝐷𝑙 |      (23) 

 Confusion (𝐶𝑜𝑛𝑓 ) is the number of common points 

between clustering produced (𝑙) and true clustering (𝑙𝑡𝑟𝑢𝑒 ). 

According to Verma and Meila [25], clustering error (CE) is 

defined as:  

 𝐶𝐸 𝐷,𝐷𝑡𝑟𝑢𝑒  =
 𝑙𝑡𝑟𝑢𝑒

 𝑙≠𝑙𝑡𝑟𝑢𝑒
𝐶𝑜𝑛𝑓  𝑙𝑡𝑟𝑢𝑒 ,𝑙 

𝑛
        (24) 

 where n is the total number of points. 

Due to the possibility of renumbering in the output 

clustering, cluster label 2 could be allocated cluster 1 by the 

algorithm and so on. Hence, 

CE is considered as a 

minimum value of all possible 

combinations of numberings. 
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This method has large number of computations. A maximum 

weighted bipartite matching problem based modelling is 

applied and its solution is found using linear programming, in 

order to reduce computation.  

D. Silhouette Index 

 The definition of Silhouette index as given in Chen et al 

[5] and Kaufman and Rousseeuw (1987) [12] is given as 

follows: Silhouette index is a composite index reflecting the 

compactness and separation of the clusters, and can be 

applied to different distance metrics. For each point i, its 

silhouette index 𝑠𝑖(𝑖) is defined as  

 

𝑠𝑖(𝑖) =
𝑏(𝑖)−𝑎(𝑖)

𝑚𝑎𝑥 (𝑎(𝑖),𝑏(𝑖))
           (25) 

 

 where 𝑎(𝑖) is the average distance of point 𝑖  to all the 

other points in the same cluster, 𝑏(𝑖) is the average distance 

of point 𝑖  to its nearest neighbours. The average of 𝑠(𝑖) 

across all points is calculated to reflect the overall quality of 

the clustering result. A larger averaged silhouette index 

indicates a better overall quality of the clustering result. 

E. Normalization 

 Given the Data, the normalized data ( 𝑁𝐷𝑎𝑡𝑎 ) is 

calculated as follows: 

Initialize the variables: a = 0, b = 1. 

The variable 𝑚𝑖𝑛𝐷𝑎𝑡𝑎 is assigned the minimum value of 

the data. The variable 𝑚𝑎𝑥𝐷𝑎𝑡𝑎 is assigned the maximum 

value of the data. 

Define the following two values:  

𝑟 = (𝑎 − 𝑏)/(𝑚𝑖𝑛𝐷𝑎𝑡𝑎 − 𝑚𝑎𝑥𝐷𝑎𝑡𝑎)   (26) 

  

 𝑠 = (𝑎 − 𝑟) ∗ 𝑚𝑖𝑛𝐷𝑎𝑡𝑎.      (27) 

 Using the above variables, the normalized data 𝑁𝑑𝑎𝑡𝑎 is 

obtained as:  

 𝑁𝐷𝑎𝑡𝑎 = 𝑟 ∗ 𝐷𝑎𝑡𝑎 + 𝑠      (28) 
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