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Abstract: The paper is motivated by the increasing interest in 

the use of high aspect ratio (HAR) wings to utilize its aerodynamic 

properties to gain better endurance. Nevertheless, the drawback of 

the issue is that with increment in the aspect ratio of the wing, the 

geometric nonlinearity gains more significance hence the linear 

solution is no longer acceptable. Even though, a number of 

nonlinear solution package are available in the market, but the 

solution is a very time consuming process. Hence, to help reduce 

the complexity of the nonlinear aeroelastic analysis, a Combined 

Model/Finite Element (CMFE) technique is employed to develop 

a Nonlinear Reduced Order Model (NROM) which describe the 

nonlinearity of the HAR wing from a solution of nonlinear static 

analysis for a range of prescribed loading cases. Three loading 

types were considered for the production of the NROM of which 

the force subjected to the wing model was normalized to follow the 

normal mode of the wing model. The three loading types are of the 

first bending mode, the first torsional mode and a combination of 

the first bending and torsional modes. The NROM equations are 

then developed utilizing the backward regression method. In order 

to verify the NROM equation accuracy with respect to the results 

obtained from the finite element analysis (FEA) software, the 

comparisons are made in terms of mean error and standard 

deviation of the error. The results indicate the NROM developed 

using a combination of the first bending mode and first torsional 

mode of the wing model has better accuracy than the NROM 

developed with the modes individually. The NROM also portrays 

greater accuracy when developed using the data due to the load 

from the first bending and the first torsional mode. 

 
Keywords: Combined Model/Finite Element (CMFE), high 

aspect ratio wing, nonlinear. 

I. INTRODUCTION 

The aviation industry has become one of the most sought 

after transportation service in recent years and this trend is 

most likely to skyrocket. By 2050, it is expected that air travel 

will be utilized by approximately 16 billion passengers [1]. 

Since, the aviation industry is to bloom, the pollution due to 

the aircrafts will increase with it as well. In order to curb this 

potential mishap, aircraft manufacturers are in favor of using 

technology to reduce the emission of the aircrafts. A potential 
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technology to enable the reduction of the emission of the 

aircraft by utilizing the aerodynamic properties of the HAR 

wing. Generally, a high aspect ratio wing is said to be efficient 

as it will have a greater lift to drag ratio. A higher lift to drag 

ratio aircrafts are more efficient since the aircrafts are able to 

generate more lift with every increment of drag and also less 

induced drag will be generated due to the shape of the wings. 

It is also known that a whopping 43% of drag is constituent of 

induced drag. By reducing the induced drag, there will be a 

better lift to drag ratio which results in better efficiency. This 

will be beneficial as the aircrafts can travel longer. However, 

the problem with high aspect ratio wings are these wings are 

susceptible to geometric nonlinearity as these wings will have 

a larger wing deformation. High aspect ratio wings with long 

spans have a higher risk to face structural nonlinearity due to 

coupling of chord bending mode, torsion mode and flap 

bending mode. The continuous action of aerodynamic forces 

and resulting large deflection promotes geometrical 

nonlinearity on the HAR wing. Due to a limited understanding 

on the geometric nonlinearity of the HAR wing, the 

implementation of the HAR wing concept is limited. 

Moreover, the wings are prone to higher deflections at same 

conditions compared to the aircraft having a lower aspect 

ratio causing drastic changes in the wing’s aeroelastic and 

dynamic behavior [2],[3],[4].  

With the significance of geometric nonlinearity in mind, a 

number of techniques have been published and discuss on the 

geometrical nonlinearity analysis. Conventionally, the 

Nonlinear Finite Element Method (FEM) is employed, 

however the high computational time is a set-back. Therefore, 

the NROM can be employed to further reduce the complexity 

of the nonlinear solution resulting which offer into significant 

reduction in computational time [5],[6]. McEwan et al. 

suggested a combined modal/Finite Element (CMFE) 

technique to describe the nonlinearity of the HAR wing modal 

[7]. In the study, the displacement results were curve-fitted 

using regression analysis to describe the nonlinear stiffness 

term. The method was further extended by Harmin et al. by 

using the CMFE technique to model the geometric 

nonlinearity of a HAR wing model. The technique was used to 

conduct static deflection analysis, limit cycle oscillation and 

gust response analysis [4]. Thinesh et al. conducted a NROM 

analysis with the CMFE approach on a wing plate to describe 

the effect of mode selection and data selection on the accuracy 

of the NROM [6]. 
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II. METHODOLOGY 

A. Flowchart 

The study starts with aerostatic analysis of the HAR wing 

model. The analysis is conducted with the angle of attack and 

velocity being the manipulated variables. The corresponding 

load vector due to the selected angle of attack and velocity is 

extracted and is implied on the HAR wing model to be used in 

the linear and nonlinear static analysis. The linear analysis 

results is verified back with the aerostatic analysis since the 

aerostatic analysis conducted is in the linear condition. The 

verification of the results instills confidence in the use of the 

load vectors in the nonlinear analysis. 

As for the NROM analysis, the test-cases to be used in the 

development of the NROM are defined to cover the bending 

and twist deflections of the HAR wing during the aerostatic 

analysis. Using the CMFE technique, the NROM polynomial 

can then be uncovered. In order to optimize the equation, a 

backward regression method is implied to get the most 

simplified equation without significant lost in accuracy.  

 The load vector used to simulate the linear and nonlinear 

analysis is used as input for the NROM to predict the 

corresponding deformation. The NROM deformation and 

nonlinear static analysis deformation are verified to 

investigate the NROM accuracy by computing the mean error 

and its corresponding standard deviation. Fig. 1 summarizes 

the overall procedure that involved in this work. 

 
 

Fig. 1 Flowchart of the study 

B. HAR Wing Model 

The HAR wing simulation model consists of 16 sections 

based on Rosly N.A [8] as illustrated in Fig. 2. 17 ribs were 

equally spaced along the leading and trailing edge spars on the 

HAR wing model. The material and geometric properties of 

the beam are summarized in Table 1. 

 

 
(LS = span length, LC = plate chord length, LR = rib length) 

Fig. 2 Layout of HAR wing model  

 

 

TABLE 1 

DESIGN PARAMETERS OF THE HAR WING MODEL 

Material and geometric properties of  HAR wing 

Span length, LS 0.8 m 

Plate chord length, LC 0.025 m 

Density of spring steel-plate, ρss 7833.413 kgm-3 

Poisson’s ratio of spring steel-plate, υss 0.295 

C. Normal Mode Analysis 

    The HAR wing model described above is simulate through 

a normal mode analysis in order to obtain the normal mode 

properties which are the eigenvalue and its corresponding 

eigenvectors. The normal modes considered for the NROM 

development and for the load case are the first bending mode 

and first torsional mode which corresponds to the first mode 

and sixth mode respectively. Table 2 details the modes that 

being considered in this work. 
TABLE 2 

MODES IN THE ESTABLISHMENT OF NROM 

Mode Type of modes Eigenvalues 

1 1st bending  90.4111 

6 1st torsion 256100.6 

D. Aerostatic Analysis 

Aerostatic analysis was conducted on the HAR wing model 

with varying velocity and angle of attack to study its load 

force. The analysis was conducted for a velocity of 5 ms
-1

 to 

40 ms
-1

 with a range of angle of attack from 1
o
 to 5

o
. The 

procedure was conducted using MSC NASTRAN (SOL 144). 

The deflection of the wing model and its respective load force 

was extracted for respective angle of attacks and velocities.  

E. Finite Element Method 

Two stages are involved for this procedure. The first stage 

is to extract the load forces from the aerostatic analysis and 

run the linear and nonlinear static finite element analysis in 

MSC NASTRAN solution sequence of SOL 101 and SOL 

106 respectively. The deflection is then curve-fitted to 

analyze the nonlinearity of the HAR wing model. A limitation 

is set to a maximum tip deflection of 0.4 m which is half of the 

wingspan. The angle of attack and velocity combination 

which causes the tip deflection of the HAR wing model to 

exceed 0.4 m is neglected. The second stage is to run the 

linear and nonlinear static finite element analysis for the 

production of the NROM. Three type of load cases have been 

described to analyze the effectiveness of the NROM.  

The first load case type describes a force which acts on the 

HAR wing model is normalized to simulate the first bending 

mode. The analysis is conducted till the force selected has 

good coverage of linear and nonlinear properties. Fig. 3 

shows the distribution of the first bending normalized force 

acting on the HAR wing model. Note that, the force is applied 

only on the plate. Whereas, Fig. 4 shows the tip deflection of 

HAR wing model due to the first bending normalized force 

acting on the HAR wing model for a range of defined force 

magnitude. From the figure, it can be seen that the tip 

deflection of the first load case type is able to cover the linear 

and nonlinear region hence is suitable to be used to 

characterize the NROM. 
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Fig. 3 Distribution of the first bending normalized 

force acting on the HAR wing model. 
 

 
Fig. 4 Tip deflection due to normalized force with respect 

to first bending mode 

 

The second type of load case described is to simulate a 

torsional effect on the HAR wing model. A force distribution 

is characterized with respect to the first torsional mode. The 

tip rotation of the forces are plotted to analyze the 

nonlinearity of the HAR wing model. Fig. 5 shows the 

distribution of the first torsional normalized force acting on 

the HAR wing model. Whereas Fig. 6 shows the tip rotation of 

the HAR wing model due to the first torsional normalized 

force in a range of defined force magnitude. 

 
Fig. 5 Distribution of the first torsional normalized force 

acting on the HAR wing model 

 

 
Fig. 6 Tip rotation for normalized force with respect to 

first torsional mode 

 

The third type of load case described is to simulate a 

combination of bending and torsional effect on the HAR wing 

model. A force distribution is normalized with respect to the 

combination of first bending and first torsional modes to 

characterize a combination of bending and twist deflection on 

the wing model. The tip deflection and tip rotation of the 

forces are plotted to analyze the degree of nonlinearity that 

involved in this case. Fig. 7 shows the distribution of the 

combination of first bending and first torsional normalized 

force acting on the HAR wing model. Whereas Fig. 8 and  

Fig. 9 show the results of tip deflection and the tip rotation 

respectively for a range of defined force magnitude. 

 

 
Fig. 7  Distribution of the first bending and first torsional 

normalized force acting on the leading edge of the HAR wing 

model 

 

 
Fig. 8 Tip deflection for normalized force with respect to 

first bending and first torsional mode 

 

 
Fig. 9 Tip rotation for normalized force with respect to 

first bending and first torsional mode 

 

F. Nonlinear Reduced Order Model (NROM) 

 NROM are developed using the aforementioned load 

cases via the CMFE technique and a backward regression 

analysis. After conducting the normal mode analysis and the 

verification of the nonlinearity of the HAR wing plate model, 

the force-displacement relationship is utilized to determine 

the nonlinear stiffness terms through curve fitting. The 

NROM equation undergoes a backward elimination process 

to optimize the equation without compromising on its 

accuracy. With the NROM equation characterized with the 

nonlinear stiffness term, the force input in modal space can be 

inserted to obtain the corresponding modal displacement 

value. The modal displacement value then can be converted 

into physical displacement by utilizing the eigenvector of the 

mode used to characterize the equation. The output is then 

verified with the FEA data to calculate its accuracy in terms of 

mean error and standard deviation of the error. 
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The mathematical modelling used by Harmin et al. [4] for 

the static system equation, where [𝜠𝐋] is assembled linear 

stiffness matrices of size NR × NR; {𝑭} is the NR × 1 applied 

modal force; {𝜠𝐍𝐋(𝑝)} is a polynomial form as the product of 

N
th

 order modal displacements multiplied by the yet to be 

defined nonlinear stiffness coefficients and p is the modal 

displacement. 

      [𝜠𝐋]{𝑝} + {𝜠𝐍L(𝑝)} = {𝑭}         (2) 

The left-hand side of the equation consists of the restoring 

stiffness force for both linear stiffness as well as nonlinear 

stiffness. By rearranging equation (2): 

                 {𝑭} − [𝜠𝐋]{𝑝} = {𝜠𝐍𝐋(𝑝)}                     (3) 

From the equation above, let: 

              [𝐷] = [{𝑭} − [𝜠𝐋]{𝑝}]                  (4) 

 

where D is 1 × NL vector; NL is the number of load cases 

considered for the investigation. Since {𝜠𝐍L(𝑝)} is a 

polynomial function hence the matrix is split into: 

{𝜠𝐍𝐋(𝑝)} = [𝑝2
   𝑝3

    ⋯]              (5) 

where A1 and A2 are the constants in the polynomial equation. 

The polynomial constants can be determined by: 

                            = [𝐷] [p2 p3 ]inv                        (6) 

where [p
2 

 p
3 ⋯]

inv
 is the pseudo-inverse of the [𝑝2

  𝑝3
 ⋯] 

matrix. Once the coefficients of the polynomial are 

determined, the NROM equations can then be formed. In 

order to optimize the equation, a backward elimination 

procedure is carried out.  

The NROM polynomial expression was evaluated up to the 

third order of the defined mode, r;  

 
 

 
              

The nonlinear restoring force is fitted to determine the 

unknown nonlinear modal stiffness coefficients. The 

nonlinear restoring force a mode of r can be illustrated as; 

 

 

 
 

 
 

Equation (8) can be also represented as; 

 

   

 

where  is the NT × 1 vector of fitted values of nonlinear 

modal stiffness restoring forces,  is NT × NA design 

matrix and is NA × 1 vector containing the yet to be 

defined nonlinear stiffness figure. The nonlinear stiffness 

coefficient was evaluated using the singular value 

decomposition (SVD) technique. After such, the backward 

elimination method was utilized to remove the less significant 

nonlinear polynomial terms which don’t impact the accuracy 

the overall solution with great significance. 

In order to calculate the modal displacement for a defined 

force, the Newton Raphson method analysis is deployed on 

the NROM equation. The modal force can be obtained by 

referring to (10) where the 𝜓 is the N × NR matrix of the 

linear mode shapes of the selected mode while the physical 

displacement, 𝑥 can be obtained by referring to (11). 

{𝑭} = [𝜓] {𝔽}                 (10) 

 

         [𝑥] = [𝜓]𝑣  [𝑝]            (11) 

 

The accuracy of the NROM is verified with the 

conventional FEA analysis. The accuracy is evaluated by 

calculating the mean and standard deviation of the error for 

each case and is displayed graphically. The aforementioned 

error is the differences between the solution obtained by 

NROM and FEA of the nonlinear static solution. 

III. RESULTS AND DISCUSSION  

A. Prediction of nonlinear aerostatic deflection using 

combination of load case type 1 and load case type 2  

(CASE 1). 

 The NROM is described using the data collected from the 

first bending and first torsional mode normalized force, 

characterized by the first torsional and bending mode. Figure 

10 and Figure 11 shows the mean error and standard deviation 

of the error for bending and twist deflection of NROM-CASE 

1 for different angle of attacks respectively. Table 3 and Table 

4 displays the maximum mean error of NROM-CASE 1 for 

bending and twist deflection respectively. From the results, it 

can be noted that the maximum mean error increases as the 

deflection is higher in magnitude which results from the 

increment of airspeed as well as angle of attack. Nevertheless, 

the maximum mean error indicates the value is insignificant in 

comparison to the deflection of the wing for both bending and 

twist.  

  
(a) AOA = 1 (b) AOA = 2 
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(c) AOA = 3 (d) AOA = 4 

 
(e) AOA = 5 

Fig 10. Mean error and standard deviation of 

NROM-CASE 1 prediction of bending deflection 

of wing 

 

  

  
(a) AOA = 1 (b) AOA = 2 

  
(c) AOA = 3 (d) AOA = 4 

 
(e) AOA = 5 

Fig 11. Mean error and standard deviation of 

NROM-CASE 1 prediction of twist deflection of 

wing 

 
Table 3 

Maximum Mean Error For Bending Deflection (Mm)  

AOA 
Velocity (ms-1) 

5 10 15 20 25 30 35 40 

1o 0.1 0 0.3 0.6 1.6 4.7 7.8 12.9 

2o 0.1 0.2 0.7 2.1 6.0 7.9 15.1 44.5 

3o 0 0.4 1.3 4.7 8.0 11.9 31.8 78.5 

4o 0 0.5 2.3 7.0 8.7 20.1 50.3 110.5 

5o 0.1 0.7 3.6 8.1 11.6 30.1 68.8 425.9 

*Note: The shaded section has nonlinear deflections above 

the constraints hence the results weren’t included in the study. 

Table 4 

Maximum Mean Error For Twist Deflection (Rad) 

AOA 
Velocity (ms-1) 

5 10 15 20 25 30 35 40 

1o 0 0 0.1 0.1 0.3 0.6 2.4 9.3 

2o 0 0.1 0.2 0.3 1.0 3.5 11.1 30.8 

3o 0 0.1 0.3 0.7 2.6 8.6 22.6 55.3 

4o 0 0.1 0.4 1.4 5.2 14.8 35.4 81.0 

5o 0 0.2 0.6 2.3 8.3 21.7 49.0 133.4 

*Note: The shaded section has nonlinear deflections above 

the constraints hence the results weren’t included in the study. 

B. Prediction of nonlinear aerostatic deflection using 

NROM from load case type 3 (CASE 2). 

 The NROM is described using the data collected from the 

first bending and first torsional mode normalized force, 

characterized by the first torsional and bending mode. Figure 

12 and 13 shows the mean error and standard deviation of the 

error of bending and twist deflection for NROM-CASE 2 for 

different angle of attacks. Table 5 and Table 6 displays the 

maximum mean error of NROM-CASE 1 for bending and 

twist deflection respectively. From the obtained results, the 

NROM-CASE 2 was able to predict the deflection of the wing 

with significant accuracy. The maximum mean error increases 

with higher deflection in magnitude of the wing model. The 

maximum mean error for NROM-CASE 2 also shows good 

accuracy. Although, both NROMs have similar maximum 

mean error for bending deflection, the NROM-CASE 1 has a 

better accuracy in predicting the twist deflection of the wing 

model.  

  
(a) AOA = 1 (b) AOA = 2 

  
(c) AOA = 3 (d) AOA = 4 

 
(e) AOA = 5 

Fig 12. Mean error and standard deviation of 

NROM-CASE 2 prediction of bending deflection of 

wing 
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(a) AOA = 1 (b) AOA = 2 

  
(c) AOA = 3 (d) AOA = 4 

 
(e) AOA = 5 

Fig 13. Mean error and standard deviation of 

NROM-CASE 2 prediction of twist deflection of 

wing 

 

 
TABLE 5 

MAXIMUM MEAN ERROR FOR BENDING DEFLECTION 

(mm)  

AOA 
Velocity (ms-1) 

5 10 15 20 25 30 35 40 

1o 0.1 0 0.3 0.6 1.6 4.4 7.0 12.9 

2o 0.1 0.2 0.7 2.0 5.6 7.4 15.1 44.5 

3o 0 0.5 2.2 6.5 8.5 11.9 31.8 78.5 

4o 0 0.5 2.3 7.0 8.7 20.1 50.3 
110.

5 

5o 0.1 0.7 3.4 7.3 11.6 30.1 68.8 
425.

9 

*Note: The shaded section has nonlinear deflections above 

the constraints hence the results weren’t included in the study. 

 
Table 6 

Maximum Mean Error For Twist Deflection (Rad) 

AOA 
Velocity (ms-1) 

5 10 15 20 25 30 35 40 

1o 0 0 
0.

1 

0.

2 

0.

3 
0.9 3.5 9.3 

2o 0 
0.

1 

0.

2 

0.

4 

1.

4 
5.0 

11.

1 
30.8 

3o 0 
0.

1 

0.

3 

1.

0 

3.

8 
8.6 

22.

6 
55.3 

4o 0 
0.

1 

0.

5 

1.

9 

7.

4 

14.

8 

35.

4 
81.0 

5o 0 
0.

2 

0.

7 

3.

3 

8.

3 

21.

7 

49.

0 

133.

4 

*Note: The shaded section has nonlinear deflections above 

the constraints hence the results weren’t included in the study. 

IV. CONCLUSIONS 

 The NROM produced from the two types of cases 

described to characterize the nonlinearity of the HAR wing 

model has been demonstrated. The three load types described 

to capture the bending deflection based on first bending mode 

profile, twist deflection based on the first torsional mode and 

a combination of both bending and twist deflection to produce 

NROMs can be summarized to sufficiently significant. The 

NROM based on case 1 where load case 1 and load case 2 

were implemented was able to predict the nonlinear static 

deformation with more accuracy in comparison to the NROM 

based on case 2. The NROM based on case 1 has been 

developed with higher twist deflection properties in 

comparison to the other NROM hence explaining the higher 

accuracy when predicting the nonlinear twist deflection. It is 

also noted that the accuracy of the NROM is subjected to the 

maximum deflection of the wing model in the load case 

defined. The NROM fails to predict any deformation 

exceeding the maximum input deflection during the 

production of the NROM. Table 7 summarize the maximum 

mean error of each NROM. 
TABLE 7 

MAXIMUM MEAN ERROR OF NROM 

NROM Bending deflection (m) Twist deflection (rad) 

1 0.0087 0.052 

2 0.0087 0.074 
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