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ABSTRACT--- The authors obtained a new subclass about 

strongly starlike and strongly convex functions with respect to 

Komatu integral transforms and the inclusion properties of these 

classes such as 𝓢𝒑𝑻(𝝀, 𝑰𝝂
𝝆

) and 𝓤𝓒𝓥𝓣(𝝀, 𝑰𝝂
𝝆

) were discussed . 

Furthermore, a new subclass about uniformly starlike functions 

along uniformly convex functions including negative coefficients 

defined by the Komatu integral transforms are introduced. The 

various properties about these classes are obtained here 

including (for instance) coefficient estimates, extreme points, 

distortion and covering theorems.  

Mathematics Subject Classification: Primary 30C45 

 

Keywords: Univalent function, Komatu integral transforms, 

starlike function and extreme points. 

I. INTRODUCTION 

The class of all analytic functions in the unit disk 

𝕌 = {𝑧: |𝑧| < 1}, is symbolized as 𝐴 and each 𝜑 ∈ 𝐴, 

asserted to be  

𝜑(𝑧) = 𝑧 +  ∞
𝑛=2 𝑎𝑛𝑧𝑛         (1) 

Moreover, if each 𝜑 ∈ 𝐴 satisfies the condition of 

univalent and normalization  

i.e.,𝜑(0) = 0 and 𝜑′(0) = 1. Such a class is symbolized 

as 𝑆. 

Let 𝑇 denotes the class that are analytic and univalent 

in𝕌, characterized in the pattern:  

𝜑(𝑧) = 𝑧 −  ∞
𝑛=2 𝑎𝑛𝑧𝑛 ,    𝑎𝑛 ≥ 0,    ∀    𝑛 ≥ 2,  (2) 

Silverman[18] introduced the above class 

Definition 1.1 When 𝜑 ∈ 𝐴 convince the condition  

|𝑎𝑟𝑔  
𝑧𝜑 ′ (𝑧)

𝜑(𝑧)
− 𝛾 | <

𝜋

2
𝛽, (3) 

 for few 𝛾  (0 < 𝛽 ≤ 1) and (0 ≤ 𝛾 < 1), then 𝜑(𝑧) is 

termed as strongly starlike with order 𝛽 and type 𝛾 in 𝕌 and 

it is signified as 𝑆∗(𝛽, 𝛾).  

Definition 1.2 When 𝜑 ∈ 𝐴 convince the condition  

|𝑎𝑟𝑔  1 +
𝑧𝜑 ′ ′ (𝑧)

𝜑 ′ (𝑧)
− 𝛾 | <

𝜋

2
𝛽, (4) 

 for few (0 < 𝛽 ≤ 1) and 𝛾(0 ≤ 𝛾 < 1), then 𝜑(𝑧) is 

termed as strongly convex of order 𝛽 and type 𝛾 in 𝕌 and it 

is signified as 𝐶(𝛽, 𝛾). 

 

 

 

 

 

 

 

 

 

Definition 1.3 [5] A function 𝜑 ∈ 𝑆 act as uniformly 

convex in 𝕌 iff  

ℜ  1 +
𝑧𝜑′ ′(𝑧)

𝜑′(𝑧)
 ≥ |

𝑧𝜑′ ′(𝑧)

𝜑′ (𝑧)
|,    (𝑧 ∈ 𝕌) 

 and this class is symbolized as 𝑈𝐶𝑉.  
Rønning[16] and Ramachandran et al.[13,14] were 

introduced the following class of starlike functions 

analogous to 𝑈𝐶𝑉 as follows:  

Definition 1.4 A function 𝜑 ∈ 𝑆 is termed as uniformly 

starlike in 𝕌 iff  

ℜ  
𝑧𝜑′(𝑧)

𝜑(𝑧)
 ≥ |

𝑧𝜑′ ′(𝑧)

𝜑′(𝑧)
− 1|,    (𝑧 ∈ 𝕌) 

 and this class is symbolized as 𝒮𝑝 . 

In [15], Rønning also generalised the class 𝒮𝑝  and is 

illustrated below:  

Definition 1.5 A function 𝜑 ∈ 𝒮𝑝(𝜆), 0 ≤ 𝜆 ≤ 1, when 𝜑 

convince the analytic characterization  

ℜ  
𝑧𝜑′(𝑧)

𝜑(𝑧)
 − 𝜆 ≥ |

𝑧𝜑′ ′(𝑧)

𝜑′(𝑧)
− 1|,    (𝑧 ∈ 𝕌) 

 and 𝜑 ∈ 𝑈𝐶𝑉(𝜆) iff 𝑧𝜑′ ∈ 𝒮𝑝(𝜆).  

The class 𝑈𝐶𝑉(𝜆) is defined in a similar manner(see[3]). 

Definition 1.6 [8] The integral transform of 𝜑 ∈ 𝑇 for 

𝜈 > −1, 𝜌 > 0 is represented by ℐ𝜈
𝜌
𝜑(𝑧), is defined to be  

ℐ𝜈
𝜌
𝜑(𝑧) =

(1+𝜈)𝜌

𝑧𝜈Γ(𝜌)
 

𝑧

0
(𝑙𝑜𝑔

𝑧

𝑡
)𝜌−1𝑡𝜈−1𝜑(𝑡)𝑑𝑡

= 𝑧 −  ∞
𝑛=2  

1+𝜈

𝑛+𝜈
 

𝜌

𝑎𝑛𝑧𝑛 ,    (𝜈 > −1, 𝜌 > 0),
           

                                                                            (5) 

is known as Komatu integral transform. 

It was introduced and studied by Y. Komatu[8] and 

extended by the authors  

T. N.Shanmugam and C.Ramachandran [17]. 

For 𝜌 = 1, the generalized Bernardi-Libera-Livingston 

integral operator ℐ𝜈
1𝜑(𝑧) = ℒ𝜈𝜑(𝑧) is given by  

ℒ𝜈𝜑(𝑧) =
(1+𝜈)

𝑧𝜈  
𝑧

0
𝑡𝜈−1𝜑(𝑡)𝑑𝑡

= 𝑧 −  ∞
𝑛=2  

1+𝜈

𝑛+𝜈
 𝑎𝑛𝑧𝑛 ,    (𝜈 > −1),

                   

                                                                            (6) 

is studied by Bernadi[2] and the operator ℒ𝜈𝜑(𝑧), for 

𝜈 = 1, ℒ1𝜑(𝑧) was investigated by Libera[9]. 
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For 𝜈 = 1, Jung, Kim and Srivastava [7] introduced the 

one parameter family of integral operator ℐ1
𝜌
𝜑(𝑧) and also 

see [12]  

ℐ𝜌𝜑(𝑧) =
2𝜌

𝑧Γ(𝜌)
 

𝑧

0

(𝑙𝑜𝑔
𝑧

𝑡
)𝜌−1𝜑(𝑡)𝑑𝑡

= 𝑧 −  

∞

𝑛=2

 
2

𝑛 + 1
 

𝜌

𝑎𝑛𝑧𝑛 ,    (𝜌 > 0, 𝑓 ∈ 𝐴).

 

 The operator ℐ𝜌𝜑(𝑧) is considered before by Flett [4]. 

Using the belief of Bharathi et al.[3] and Jung et al.[7], 

consider the class 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

) and 𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈
𝜌

) as follows:  

Definition 1.7 Let 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

), 0 ≤ 𝜆 < 1, arise the 

class of functions 𝜑 ∈ 𝑇 convince the condition  

 
𝑧 ℐ𝜈

𝜌
𝜑 𝑧  

′

ℐ𝜈
𝜌
𝜑 𝑧 

− 1 ≤ ℜ  
𝑧 ℐ𝜈

𝜌
𝜑 𝑧  

′

ℐ𝜈
𝜌
𝜑 𝑧 

− 1 − 𝜆,    𝑧 ∈

𝕌.                 (7 

Definition 1.8 Let 𝜑 ∈ 𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈
𝜌

), 0 ≤ 𝜆 < 1 arise the 

class of functions 𝜑 ∈ 𝑇 convince the condition  

|
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′′

(ℐ𝜈
𝜌
𝜑(𝑧))′

| ≤ ℜ  1 +
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′′

(ℐ𝜈
𝜌
𝜑(𝑧))′

− 𝜆 ,    𝑧 ∈ 𝕌.            

                                  (8) 

Lemma 1.9  If ℐ𝜈
𝜌
𝜑(𝑧) ∈ 𝑇, then   

 

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛 ≤ 1. 

  

Proof.  Suppose  

 

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛 > 1, 

 there exits an integer N in such a way  

 

𝑁

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛 > 1 + 𝜀/2 

  
1

1+𝜀/2
 

1

𝑁−1
< 𝑧 < 1, 

we obtain  

(ℐ𝜈
𝜌
𝜑(𝑧))′ = 1 −  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛𝑧𝑛−1

≤ 1 −  

𝑁

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛𝑧𝑛−1

≤ 1 − 𝑧𝑁−1  

𝑁

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑛𝑎𝑛

≤ 1 − 𝑧𝑁−1 1 + 𝜀/2 

< 0.

 

But (ℐ𝜈
𝜌
𝜑(0))′ = 1 > 0. 

There exits a real number 𝑧0 , 0 < 𝑧0 < 1, such that  

(ℐ𝜈
𝜌
𝜑(𝑧0)) = 0. 

 Hence ℐ𝜈
𝜌
𝜑(𝑧) is not univalent.  

  

Remark 1.10 For 𝜈 = 1, Lemma 1.9 were discussed in 

[10].  

      By taking 𝜌 = 1 Lemma 1.9, we can conclude the 

succeeding corollary:  

 

Corollary 1.11 Suppose 𝜑 ∈ 𝑇 be stated at (2). If 𝐼𝜈 ∈ 𝑇, 
then  

  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 𝑛𝑎𝑛 ≤ 1. 

The prime objective is to investigate some coefficient 

estimates, distortion bounds, starlikeness and convexity for 

𝒮𝑝𝑇(𝜆, 𝐼𝜈
𝜌

) and 𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈
𝜌

). 

II  CHARACTERIZATION THEOREM & 

RESULTS 

Aqlan 𝑒𝑡  𝑎𝑙[1] proposed a finest method to estimate the 

coefficient estimates for functions in classes 𝒮𝑝𝑇(𝜆, 𝐼𝜈
𝜌

) and 

𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈
𝜌

). The main characterization theorem 

considering for the above classes are given as follows:  

Theorem 2.1 Suppose 𝜑 ∈ 𝑇. A function 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

) 

iff  

 ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

(2𝑛 − 1 − 𝜆)𝑎𝑛 ≤ 1 − 𝜆, (9) 

 for some 0 ≤ 𝜆 < 1 and 𝜌 > 0. The result is sharp for  

ℐ𝜈
𝜌
𝜑(𝑧) = 𝑧 −

1−𝜆

 
𝜈+1

𝜈+𝑛
 
𝜌
 2𝑛−1−𝜆 

𝑧𝑛 ,    𝑛 ≥ 2. (10) 

Proof.  

|
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′

ℐ𝜈
𝜌
𝜑(𝑧)

− 1| − ℜ 
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′

ℐ𝜈
𝜌
𝜑(𝑧)

− 1 ≤ 2|
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′

ℐ𝜈
𝜌
𝜑(𝑧)

− 1|

≤ |
𝑧  1 −  ∞

𝑛=2  
𝜈+1

𝜈+𝑛
 

𝜌

𝑛𝑎𝑛𝑧𝑛−1 

𝑧 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛𝑧𝑛
− 1|

≤
 ∞

𝑛=2  
𝜈+1

𝜈+𝑛
 

𝜌

(𝑛 − 1)𝑎𝑛

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛

.

 

 if (17) holds, we have,  

|
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′

ℐ𝜈
𝜌
𝜑(𝑧)

− 1| − ℜ  
𝑧(ℐ𝜈

𝜌
𝜑(𝑧))′

ℐ𝜈
𝜌
𝜑(𝑧)

− 1 ≤ 1 − 𝜈 

 which is equivalent to (7). 

Conversely, if 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

),  

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑛𝑎𝑛𝑧𝑛−1

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛𝑧𝑛
− 𝜆

≥
 ∞

𝑛=2  
𝜈+1

𝜈+𝑛
 

𝜌

(𝑛 − 1))𝑎𝑛𝑧𝑛−1

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛𝑧𝑛−1
. 

 Let 𝑧 → 1− along the real line then we have,  

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑛𝑎𝑛

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛

−
 ∞

𝑛=2  
𝜈+1

𝜈+𝑛
 

𝜌

(𝑛 − 1)𝑎𝑛

1 −  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛

≥ 𝜆 

 or  

 

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛 2𝑛 − 1 − 𝜆 ≤ 𝜆 − 1 

 Which is the expected result.  

Since the proof of the Characterization theorem for the 

class 𝑈𝐶𝑉𝑇(𝜆, 𝐼𝜈
𝜌

). is alike to the above theorem, it is 

skipped . 

Theorem 2.2 Suppose the function 𝜑 ∈ 𝑇. A function 

𝜑 ∈ 𝑈𝐶𝑉𝑇(𝜆, 𝐼𝜈
𝜌

) iff  

  ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

(2𝑛 − 1 − 𝜆)𝑛𝑎𝑛 ≤ 1 − 𝜆, 

 for some 0 ≤ 𝜆 < 1  and  𝜌 > 0. The result is sharp for  

  



International Journal of Engineering and Advanced Technology (IJEAT) 

ISSN: 2249 – 8958, Volume-9 Issue-1, October 2019 

6818 

Published By: 

Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: A2982109119/2019©BEIESP 

DOI: 10.35940/ijeat.A2982.109119 

the function  

ℐ𝜈
𝜌
𝜑(𝑧) = 𝑧 −

1−𝜆

 
𝜈+1

𝜈+𝑛
 
𝜌
𝑛 2𝑛−1−𝜆 

𝑧𝑛 ,    𝑛 ≥ 2. (11) 

 Coefficient estimates for the class 𝒮𝑝𝒯(𝜆, ℐ𝜈
𝜌

) and 

𝒰𝒞𝒱𝒯(𝜆, ℐ𝜈
𝜌

) is a consequence of Theorems 3.1 and 3.2 

respectively which is given below:  

Theorem 2.3 If 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

), then  

𝑎𝑛 ≤
1 − 𝜆

 
𝜈+1

𝜈+𝑛
 

𝜌
 2𝑛 − 1 − 𝜆 

,    𝑛 ≥ 2. 

Equality holds for 𝜑(𝑧) is of the form given in (18).  

Proof. Since 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

) we have,  

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

 2𝑛 − 1 − 𝜆 𝑎𝑛 ≤  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

 2𝑛 − 1 − 𝜆 𝑎𝑛 ≤ 1 − 𝜆

                                              𝑎𝑛 ≤
1 − 𝜆

 ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌
 2𝑛 − 1 − 𝜆 

                                              𝑎𝑛 ≤
1 − 𝜆

 
𝜈+1

𝜈+𝑛
 

𝜌
 2𝑛 − 1 − 𝜆 

,    𝑛 ≥ 2.

 

Hence the result  

Theorem 2.4 If 𝜑 ∈ 𝒰𝒞𝒱𝒯(𝜆, ℐ𝜈
𝜌

), then  

𝑎𝑛 ≤
1 − 𝜆

 
𝜈+1

𝜈+𝑛
 

𝜌

𝑛 2𝑛 − 1 − 𝜆 
,    𝑛 ≥ 2. 

 Equality holds for the functions of the form given in (19).  

Remark 2.5 For 𝜈 = 1, Theorems 3.1, 3.2, 3.3 and 3.4 

were discussed in [10].  

By taking 𝜌 = 1 in Theorems 3.1, 3.2, 3.3 and 3.4, we 

can conceive the successive corollaries: 

Corollary 2.6 Let the function 𝜑 ∈ 𝑇. A function 𝜑 ∈
𝒮𝑝𝒯(𝜆, 𝐼𝜈 ) iff  

 ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 (2𝑛 − 1 − 𝜆)𝑎𝑛 ≤ 1 − 𝜆, (12) 

 for some 0 ≤ 𝜆 < 1. The result is sharp for  

ℐ𝜈𝑓(𝑧) = 𝑧 −
1−𝜆

 
𝜈+1

𝜈+𝑛
  2𝑛−1−𝜆 

𝑧𝑛 ,    𝑛 ≥ 2. (13) 

Corollary 2.7 Let the function 𝜑 ∈ 𝑇. A function 𝜑 ∈
𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈 ) iff  

 ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 (2𝑛 − 1 − 𝜆)𝑛𝑎𝑛 ≤ 1 − 𝜆, (14) 

 for some 0 ≤ 𝜆 < 1. The result is sharp for  

ℐ𝜈𝜑(𝑧) = 𝑧 −
1−𝜆

 
𝜈+1

𝜈+𝑛
 𝑛 2𝑛−1−𝜆 

𝑧𝑛 ,    𝑛 ≥ 2. (15) 

Corollary 2.8 If 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈 ), then  

𝑎𝑛 ≤
1 − 𝜆

 
𝜈+1

𝜈+𝑛
  2𝑛 − 1 − 𝜆 

,    𝑛 ≥ 2. 

 Equality holds true for the functions of the form given in 

(21).  

Corollary 2.9 Let the function 𝜑 ∈ 𝑇. A function 𝜑 ∈
𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈 ), then  

𝑎𝑛 ≤
1 − 𝜆

 
𝜈+1

𝜈+𝑛
 𝑛 2𝑛 − 1 − 𝜆 

,    𝑛 ≥ 2. 

 Equality holds true for the functions the form given in 

(23). 

III  DISTORTION AND COVERING THEOREMS 

Theorem 3.1 If 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

) and |𝑧| = 𝑘 < 1, the 

𝑘 −
1 − 𝜆

3 − 𝜆
𝑘2     ≤     |ℐ𝜈

𝜌
𝑓(𝑧)|     ≤     𝑘 +

1 − 𝜆

3 − 𝜆
𝑘2. 

 Equality holds true for  

ℐ𝜈
𝜌
𝜑(𝑧) = 𝑧 −

1−𝜆

3−𝜆
𝑧2 . (16) 

  

Proof.  First, it is evident that  

(3 − 𝜆)  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛 ≤  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

 2𝑛 − 1 − 𝜆 𝑎𝑛 . 

 If 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈
𝜌

), using the inequality in Theorem 3.1,  

 ∞
𝑛=2  

𝜈+1

𝜈+𝑛
 

𝜌

𝑎𝑛 ≤
1−𝜆

3−𝜆
. (17) 

 From (2) with |𝑧| = 𝑘 < 1, we get  

|ℐ𝜈
𝜌
𝜑(𝑧)| ≤ 𝑘 +  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛𝑘𝑛

≤ 𝑘 +  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛𝑘2

≤ 𝑘+≤
1 − 𝜆

3 − 𝜆
𝑘2

 

 and  

|ℐ𝜈
𝜌
𝜑(𝑧)| ≥ 𝑘 −  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛𝑘𝑛

≥ 𝑘 −  

∞

𝑛=2

 
𝜈 + 1

𝜈 + 𝑛
 

𝜌

𝑎𝑛𝑘2

≥ 𝑘−≤
1 − 𝜆

3 − 𝜆
𝑘2

 

Theorem 3.2 If 𝜑 ∈ 𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈
𝜌

) and |𝑧| = 𝑘 < 1, then 

𝑘 −
1 − 𝜆

(𝜈 + 1)(3 − 𝜆)
𝑘2     ≤     |ℐ𝜈

𝜌
𝜑(𝑧)|     

≤     𝑘 +
1 − 𝜆

(𝜈 + 1)(3 − 𝜆)
𝑘2. 

 Equality holds true for  

ℐ𝜈
𝜌
𝜑(𝑧) = 𝑧 −

1−𝜆

(𝜈+1)(3−𝜆)
𝑧2 . (18 

Remark 3.3 For 𝜈 = 1, Theorems 3.1 and 3.2 were 

discussed in [10].  

By taking 𝜌 = 1 in Theorems 3.1 and 3.2, we can deduce 

the subsequent corollaries: 

Corollary 3.4 If 𝜑 ∈ 𝒮𝑝𝒯(𝜆, 𝐼𝜈 ) and |𝑧| = 𝑘 < 1, then 

𝑘 −
1 − 𝜆

3 − 𝜆
𝑘2     ≤     |ℐ𝜈 (𝜑(𝑧))|     ≤     𝑘 +

1 − 𝜆

3 − 𝜆
𝑘2 . 

 Equality holds true for  

ℐ𝜈𝜑(𝑧) = 𝑧 −
1−𝜆

3−𝜆
𝑧2 . (19) 

Corollary 3.5 If 𝜑 ∈ 𝒰𝒞𝒱𝒯(𝜆, 𝐼𝜈 ) and |𝑧| = 𝑘 < 1, then 

𝑘 −
1 − 𝜆

(𝜈 + 1)(3 − 𝜆)
𝑘2     ≤     |ℐ𝜈𝜑(𝑧)|     

≤     𝑘 +
1 − 𝜆

(𝜈 + 1)(3 − 𝜆)
𝑘2. 

 Equality holds true for  

ℐ𝜈𝜑(𝑧) = 𝑧 −
1−𝜆

(𝜈+1)(3−𝜆)
𝑧2. (20).  
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