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ABSTRACT--- The authors obtained a new subclass about
strongly starlike and strongly convex functions with respect to
Komatu integral transforms and the inclusion properties of these
classes such as 8,T(4,15) and UCVT(A,19) were discussed .

Furthermore, a new subclass about uniformly starlike functions
along uniformly convex functions including negative coefficients
defined by the Komatu integral transforms are introduced. The
various properties about these classes are obtained here
including (for instance) coefficient estimates, extreme points,
distortion and covering theorems.
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I. INTRODUCTION

The class of all analytic functions in the unit disk
U ={z:|z| <1}, is symbolized as A and each ¢ € 4,
asserted to be

p(2)=z+X7p az" (1)

Moreover, if each ¢ € A satisfies the condition of
univalent and normalization

i.e.,(0) = 0 and ¢ (0) = 1. Such a class is symbolized
ass.

Let T denotes the class that are analytic and univalent
inU, characterized in the pattern:

p(2)=z—-Yy,a,2", a,=20, V n=>2, )

Silverman[18] introduced the above class

Definition 1.1 When ¢ € A convince the condition

jarg (22 -y)1<38, @

for few y (0 < <1) and (0 <y < 1), then ¢(2) is
termed as strongly starlike with order g and type y in U and
it is signified as S*(B,v).

Definition 1.2 When ¢ € A convince the condition

jarg (1+%- 2 —y) | <5B, (@)

for few (0 < <1) and y(0 <y < 1), then @(z) is
termed as strongly convex of order 8 and type y in U and it
is signified as C(B,7).
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Definition 1.3 [5] A function ¢ € S act as uniformly
convex in U iff

m{1+

zw"(Z)} - lzq)”(Z)
P @) 9@
and this class is symbolized as UCV.

Renning[16] and Ramachandran et al.[13,14] were
introduced the following class of starlike functions
analogous to UCV as follows:

Definition 1.4 A function ¢ € S is termed as uniformly
starlike in U iff , B

% {w (z)} .20 @ _
¢(2) ¢ (2)

and this class is symbolized as S,,.

In [15], Renning also generalised the class S, and is
illustrated below:

Definition 1.5 A function ¢ € §,(1), 0 <1 <1, when ¢
convince the ar)alytic character@;ation

% {w (z)} 12 2@
¢(2) )

and ¢ € UCV(Q) iff zp € S, (A).

The class UCV (1) is defined in a similar manner(see[3]).

Definition 1.6 [8] The integral transform of ¢ € T for
v > —1,p > 0 is represented by 77 ¢ (z2), is defined to be

|, (z€eU)

1], (zeU)

~1], (ze)

(1+v)P 2z Av—
W) = ZVFEP) Iy (log®P~ter (et
. 1+v\P
=z _Zn:Z (ﬁ) anzn; (V > —1,p > 0),

()

is known as Komatu integral transform.

It was introduced and studied by Y. Komatu[8] and
extended by the authors

T. N.Shanmugam and C.Ramachandran [17].

For p =1, the generalized Bernardi-Libera-Livingston
integral operator 71 (z) = L, ¢(z) is given by

Loz) =2 [ e lp(ndt

1+v

=zZ—- Yo, (m) a,z", (v>-1),
(6)
is studied by Bernadi[2] and the operator £,¢(z), for
v =1, L,p(z) was investigated by Libera[9].
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For v = 1, Jung, Kim and Srivastava [7] introduced the
one parameter family of integral operator 77 ¢(z) and also
see [12]

o) = F(p) SIRCERCY:
2 p
=Z—Z (n+1> a,z", (p>0,f€A).
n=2

The operator 7° ¢ (z) is considered before by Flett [4].

Using the belief of Bharathi et al.[3] and Jung et al.[7],
consider the class $,7°(4, ;) and UCVT (4,1}) as follows:

Definition 1.7 Let ¢ € S,7(4,1)), 0 < A < 1, arise the
class of functions ¢ € T convince the condition

p ' P '
AHe@) Sm{M_l}_l_ , e

7,9 (2) 759
U. (7

Definition 1.8 Let ¢ € UCVT(4,17), 0 < A < 1 arise the
class of functions ¢ € T convince the condition

235 9 (2))" z(75<p(z))" _
et o@y @) <% { @) ’1}’ z€U.
8

Lemma 1.9 If 77 ¢ (z) € T, then
o v+ 1\
Z ( ) na, < 1.
v+n
n=2
Proof. Suppose

— v+ 1y
5 (2 o
v+n

there exits an integer N in such a way
S (Y > 14272
4 v tn Mtn ¢/

()T <z<n,

1+¢/2
we obtain
otocy =1-Y () e
p(2) = T na,z
n=2
N
v+ 1\
Sl—Z( )naz"1
v+

<1-2z""1(1+¢/2)
<0.
But (37 ¢(0)) = 1> 0.
There exits a real number z, 0 < z, < 1, such that
(%5 ¢(20)) = 0.
Hence 77 ¢ (z) is not univalent.

Remark 1.10 For v =1, Lemma 1.9 were discussed in
[10].
By taking p =1 Lemma 1.9, we can conclude the
succeeding corollary:

Corollary 1.11 Suppose ¢ € T be stated at (2). If I, € T,
then
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Y (Hl)na <1
The prime objective is to investigate some coefficient
estimates, distortion bounds, starlikeness and convexity for
$,T(4,1)) and UCVT (4, 13).

I CHARACTERIZATION THEOREM &
RESULTS

Aglan et al[1] proposed a finest method to estimate the
coefficient estimates for functions in classes S, T(4,1)) and
UCVT(A,17). The main characterization theorem
considering for the above classes are given as follows:

Theorem 2.1 Suppose ¢ € T. A function ¢ € §,7(4, 1)
iff

Sra () @rn-1-Da, <1-2, (9)

forsome 0 < A < 1and p > 0. The result is sharp for

Po()=z—— o nx2.(10
00) =2~ ¥ n2 2.0
Proof.
2T () AT (@) 2T 9(2))
e _1"“{ 7o) _1} e

v+1\P -1
2(1-32 () na.z)
<|

© v+1)p n
zZ— —_— a,z
n=2 (v+n n

3 () (- Da, |

v+n

() e

—1}S1—v

if (17) holds, we have,
ZOe@) g {z(75<p(z))'
77 ¢ (2) 77 ¢ (2)
which is equivalent to (7).
Conversely, if € $,T(4,1}),

o () (- D)a, !

© v+1\P n—1
1-20 (—) a,z

v+n
Let z — 1~ along the real line then we have,
v+1 v+1

1-3 (25) ne, 35, (—)p (n - Da,

v+n v+

>
v+1\P v+1\P -
1- n= 2 vtn an 1- n=2 an

v+n
or
v+ 1V
Z (—) a,2n—-1-1)<i-1
2

v+n

Which insthe expected result.

Since the proof of the Characterization theorem for the
class UCVT(A,10). is alike to the above theorem, it is
skipped .

Theorem 2.2 Suppose the function ¢ € T. A function
@ € UCVT (A, 1Y) iff

Yo (V“) 2n-1-Dna, <1-4,

v+n

forsome 0 <A <1 and p > 0. The result is sharp for
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the function

1-1
f]p Z)=Z— Zn
v o(2) (:f) n(@n—1-2)

Coefficient estimates for the class §,7(4, 77y and
UCVT(A,37) is a consequence of Theorems 3.1 and 3.2
respectively which is given below:

Theorem 2.3 If ¢ € §,T(4,1}), then

1-21
a, < o) nz=2.
() en-1-2)

Equality holds for ¢(z) is of the form given in (18).
Proof. Since ¢ € S,T (A, 1)) we have,

n=2. (11)

(v+1p
v+ —
< 1-2
a, <
o v+1\P
v () @n-1-2
1-2
a, < n=2.

(”“) Qn-1-2)
Hence the result

Theorem 2.4 If ¢ € UCVT(A,77), then

- 1-2 S
a, < n=2.
() nen-1-2

Equality holds for the functions of the form given in (19).

Remark 2.5 For v =1, Theorems 3.1, 3.2, 3.3 and 3.4
were discussed in [10].

By taking p = 1 in Theorems 3.1, 3.2, 3.3 and 3.4, we
can conceive the successive corollaries:

Corollary 2.6 Let the function ¢ € T. A function ¢ €
S,T (A, L) iff

S () @n—1-Da, <1-4,  (12)

for some 0 < A < 1. The result is sharp for
-1

3,f(2) =z~ (V—H);—z n>2 (13)

Corollary 2.7 Let the function ¢ € T. A function ¢ €
UCVT (A1) iff

Yoo () @n—1-Dna, <1-2, (14)

v+
for some 0 < A < 1. The result is sharp for

— 1-4 n
f]VQD(Z) =z (://1—111) (2n—1 A)Z , n=2. (15)

Corollary 2.8 If ¢ € 5,7 (4, 1,), then
1-2

a, < )
n (v+1) (2 1 _/1)
Equality holds true for the functions of the form given in
(21).
Corollary 2.9 Let the function ¢ € T. A function ¢ €
UCVT (4, 1,), then

n>2.

1-2
a, < n = 2.

(:“) en-1-21
Equality holds true for the functions the form given in
(23).

11l DISTORTION AND COVERING THEOREMS
Theorem 3.1 If ¢ € §,7(4,1)) and |z| = k < 1, the
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k-l < g < kil
T S W@ < ktz—
Equality holds true for

W) =z-=2% (16)

A

Proof. First it is evident that

a-nY (1) o=y (5a) en-1va.

If e S T (4, ), usmg the inequality in Theorem 3.1,

v+1

e (—)” a, <22 (17)

v+n

From (2) with |z| = k < 1, We get

v+1
) 2n—-1-Na, SZ( ) 2n—-1-MNa,<1-1 + 1V
" v 1% o)l 5"+Z(v+—n) ank”

v+ 1V
<k+2( ) auk
v+n

< <— 2
<k+< 3 —Ak
and
o o v+ 1\ .
ol zk- () ak
n=2
o v+ 1\
Zk—z ( ) a, k2
v+n
n=2
1-2
> k—< —Ak2
Theorem 3.2 If ¢ € UCVT (A,17) and |z| = k < 1, then
1-2 2 o< |9
< k4 1-2 2
- v+DB-1
Equality holds true for
P _ ., 1= 2
he@) =z (+1)(3-2) (18

Remark 3.3 For v =1, Theorems 3.1 and 3.2 were
discussed in [10].

By taking p = 1 in Theorems 3.1 and 3.2, we can deduce
the subsequent corollaries:

Corollary 3.4 1f ¢ € §,7(4,1,) and |z| = k < 1, then
k-2 < < K+l
sk < @) < k+i—
Equality holds true for
L@ =z-57 (19)
Corollary 3.5 If ¢ € UCVT (A, 1,) and |z| = k < 1, then
1-2
P h— AP

< k+—22
- v+1D)B-21
Equality holds true for

_ 12 2
Lo(2) =z (v+1)(3—/1)Z

2

(20).
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