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Hyers - Ulam Stability Results for Discrete
Antiperiodic Boundary Value Problem with

Fractional Order 2<6 <3
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Abstract: In this present work, we investigate Ulam stability for
the following nonlinear discrete antiperiodic boundary value
problem with fractional order of the form

CANV(K) =¥ (k+S -1 v(k+5-1)),
for ke[O,L+2]y ={01,..,L+2} , with boundary conditions
V(6 -3)=—-v(5+L) , AV(S5 —3) =—-Av(d + L) ,
ANV(S-3)=-AV(5+L), where W:[6-2,6+ Ly, ,xR—>R is
a continuous and SA{ is the Caputo fractional difference

operator with order 2<6<3. Finally, the main results are
illustrated by some examples.

Keywords. Boundary Value Problem, Hyers - Ulam Stability,
Caputo Fractional Derivative, Discrete Fractional Calculus.

I. INTRODUCTION

The theory of fractional calculusis one of the branches of
study which involvesintegrals and derivatives of an arbitrary
order. Moreover, students of engineering, economics,
biology and physica sciences encounter differentia

operators 4,92 etc., but only few of them debated whether

dx ? gy ?
it isrequired for the derivative to be only of an integer order.
In the past few decades, fractional calculusis one of the most
novel types of tools applied to problems in engineering,
science and technology [15]. It also played akey role for the
development of the specialized research in mathematical
modeling of several phenomena such as enzyme kinetics,
nonlinear oscillation of earthquake, blood flow problems,
aerodynamics, cancer modeling being among the popular
ones, control theory, thermodynamics, polymer rheology,
arterial and heart disease modeling, etc [13], [14]. In recent
years, the fractional difference equations (FDES) has been
developed by avery few researchers [7], [10], [12], [18] and
they obtained many important properties and interesting
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results[11].

The classical and fractional anti-periodic boundary value
problems (FABVP’s), recently have attracted great attention
asthey are useful in the mathematical modeling of adiversity
of physica processes [2], [3], [5], [6], [17]. Homotopy
analysis method and Laplace transform methods are some of
the various techniques used in solving fractional order
differential equations with Riemann - Liouville and Caputo
differential / difference operators. In the last two decades,
many researchers have focused their attention on the study of
stability of solutions, existence and uniqueness, positive and
multiplicity of solutions of fractional boundary value
problems (FBVP’s) for differential and difference equations
by using fixed point techniques such as Krasnoselskii fixed
point theorem, Brower fixed point theorem and contraction
mapping principle [4], [12], [18]. For additiona data in
discrete fractional calculus or fractional calculus, especialy
for boundary value problems refer papers or books [7], [8],
[13]. In 19th century, the study of stability analysis has
emerged with severa types of stability such as Mittage -
Leffler, exponentia, etc. The theory of stability analysis of
fractional differential equations has moved forward and in
recent years several mathematicians have published many
research articles and books in this area based on the new
concept of generalized Hyers stability for the definitions of
the Hyers— Ulam (H-U) stability and Hyers - Ulam — Rassias
(H-U-R) stability [1], [9]. Further Fulai Chen and Yong
Zhou [8] proved the Ulam and existence results for discrete
FBV Pswith Caputo derivative. Although the discrete FBV Ps
with order 0<6<1 and 1<6<2 have been studied by
researchers, very few is known in the literature about FDEs
with order 2<6<3. This present work establishes Ulam
stability for the following discrete FABVP of the form

gA‘,fv(k):‘P(k+5—l,v(k+5—1)), Q)
for ke[O,L+2], = {01,..,L+2} , subject to the

conditions
() v(6-3) =—v(5 +L), (i) Av(6 —3) =—-Av(5 + L), and

(i) AW(5 —3) = —AN(5 + L),
where ¥:[§-2,6+L],  xR—>R is a continuous, A,

)

is the Caputo fractional difference operator with order
2<6<3and LeN,.
The plan of this paper is as follows. Some preliminaries

which are useful to prove the main results are provided in
section 2.
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In section 3, solution of the given FABVP is obtained and
Ulam stability for the discrete FABVP of (1) with boundary
conditions (2) is investigated in section 4. In section 5,
suitable examples to illustrate the theoretical results are
presented and the paper ends with a conclusion.

I1. PRELIMINARIES

Now we present some useful definitions and basic lemmas of
FDEsthat are to be used throughout this paper.

Definition 1 ([7], [8]). Let 5§ >0. The 6™ fractional sum of
afunction ¥ , isdefined as

L1 (5-1)
(l<)—1_(5)2(k S-1)Y(),

for all ke{at+od,a+5+1,..} =N, and
o .= T(k+1)
" T(k+1-0)

Definition 2 ([7], [8], [11]). Let 6>0 and set u=n-5.
The 5™ fractional Caputo difference operator is defined as

SANP(K) =A™ (A" ‘P(k))——Z(k E—1)“ DAY (&),

for al ke{a+,u,a+,u+1,...}—Na+y and n-1<6<n,
where n=[ &, [.] ceiling of number.

Lemmal ([7], [8]). Supposethat 6 >0 and ¥ isdefined
on N, . Then

CATAW(K) = P (K) - le(k‘j—?)mw\y(a),

=W(K)+ A +Ak+...+ A K",
forsome A eR,wherei=0,1,2,...,.n-1.
Lemma2([7]) Let #:N,,;xN_, > R begiven. Then

A(Zh(k,g)] = ZAkh(k,g) +h(k+1,k+1-6),
£=a £=a

foral ke{a+d,a+0+1,..} =N_,;

I11. SOLUTION FOR ANTIPERIODIC BVP

In this section, we now determine the solution of a
discrete FABVP (1) - (2), provided the solution exists.
Theorem 1: Let 2<5<3and r:[6-25+L], xR—->R

be given. A function v(k) isasolution of adiscrete FABVP
SAV(K) = h(k +5-1),

where Ak) =[(26 —3) + (L — 2Kk)] and
B(k) =[2(Lk —k?) +4k(6 —1) - 25(5 + L—2) + (5L + 3)] .
Proof: Suppose that v(k) defined on [6 3,6 + L]NH isa

solution of (3). From Lemma 1, ageneral solution for discrete
FABVP (3) isobtained in the following form

v(k) = A"ih(k+ 5-1)— A — Ak— Ak®
= @
1"(5) Z(k 5 1) h(ﬁf +6— 1) A) Alk Azk

©)
for some A0 A, A, eR.Using Lemma 2, we obtain

k-d+1

Z(k E-DCPR(E+5-1)- A -2AK,
) k=6+2 B 5-3) B B

A*v(k “Teo 2)2( —E-D)In(E+5-1)-2A,.
Inview of V(6 —3)=-V(S+L), AV(S§ —3) = —Av(5 +L)
and A’v(5-3) =-A(5+L) , thevaluesof Ay, A and A,
are asfollows:

AV(K) = r(5 1)

Ao_mZ(5+L E-DDp(E+5-1)
%f@ FL-E—1) D n(E+5-1)
AL 26 ;z:(a P11y,
A= 2r(51 1)%(5% E-1)CAp(E+5-1)
%2(5% E-1CIp(E+5-1),and
A2—4r(51 Z)f(an E-1)CIn(E+5-1).

Substituting thevaluesof A, A and A, into (5), weabtain

(4). This shows that if (3) is a solution, then it can be
represented by (4).
Conversely, every function of (4) isasolution of (3). The
proof is completed.
Lemma 3: Onehas
k=6 N
Z(k—i—l)("_l) _ r'(k+1) .
= or'(k—6+1)

Proof: For z>¢, z(eR, (>-1, z>-1,wehave[1]]

V(5 —3) = —v(5 + L), AV(S —3) = —AV(S + L), ®3) I'(z+1) __ 1 { I(z+2) F(Z+1)}
where ke[O,L+2], , iff v(k) , for ke[6-3,5+L], IS
0 -3 I'(z+1) :i [(z+2) TI(z+1)
hasmeform T(z—(+1) (41 T(z—(+1) T(z—0)|
(k=& -1 Dn(E+5-1) Then,
F(g) Z S (61 _ (61
S(k=e-1" = Y (k-£-" V41 ©
Z(5+ L-&-1)“DpE+5-1) £=0 =
ZF(5) Now we obtain
AR o @
o+L-&-1 E+o-1
(o1~ Z( E-1)n(& )
Bk) & (6-3)
o+L-&-1 n&E+o-1),
TRl [JEAT
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a ACCESS
r(k+1)

OPEN
k-5-1 -1 _ 1 B
2, (k=¢-1) _E{F(k+l—5)

§=0

ro+1
r() } @

Using (7) |n(6) we get
ey 1 T'(k+1)
;(k £-Y) T 5T(k+1-5)

The following corollary is an important inference from
Lemma 3.
Corollary 1: One has

N _ @D _ 1F(5+ L+1)
1. ;(5 E+L-1) 5 L)

S 3 NG 1 T(0+L+1
2, ;(5 E+L-1) 6D T2

L2 3 N\ 1 T(0+L+1
3. ;(5 E+L-1) G- T3

IV. THEULAM STABILITY

In this section, we obtain H-U stability and H-U-R
stahility results for the discrete FABVP (1) - (2). Now we
introduce the H-U stablity and H-U-R stablity definitions for
fractional difference equation.

For our purpose, let E be the set of al real sequences

=V}, with  norm v =max)v(k) for
ke[6-3,6+ L]N&_3 . Then E isaBanach space.
Definition 3 ([8]). The nonlinear fractional difference

equation (1) is H-U sable if for every £>0, there is a
constant M >0 and for every solution uelE of

|5 Au(k) ¥ (k+5-Lu(k+5-1)| <z, k el0,L+2], ,(8)
there existsa solution ve & of (1) such that
u)-v(K)|<Ms, ke[6-3,6+L],__. ©)

Definition 4 ([8]). The nonlinear fractional difference
equation (1) is H-U-R sable if for every ¢ >0, there is a
constant M >0 and for every solution uelE of

|5 AU(K) — W (k+ 5 -Lu(k+5-1))| < e D(k+5-1),
ke[O,L+2],,

there existsa solution ve [& of (1) such that
|u(k) —v(k)| <Me®(t), ke[6-3,6+ L]N&3

We suppose that:
(H1)) There exists a constant Q>0 such that

¥ (k,u) =¥ (k)| <Qlu-V| for each k in [§-3,5+L],
andal u,vek.
(H) Let ®e[6-35+L],

function. Then there exists a constant » > 0 such that

10)

(11)

3—>R+ be an increasing

r(5)2(k E-)VD(E+5-1) < jpd(k+5-1), ke[0,L+2],, .

Theorem 2: Assume that ( H,) holds. Let ueE be a

solution of inequality (8) and let velE be a solution of a
discrete FABVP (1) and (2). Then, (1) is the Ulam-Hyers
stable provided that

Q< (s -Hr(L+1)

(12)
nT(6+L+1)
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where,

_ 3 (L+3) (L+3)
T2 5(6-0  26-1(L+1)  AL+D)(L+2) )

Proof: From inequality (8), for ke[6-3,6+ L]Na_:«; , it
follows that

‘u( )—ﬁZ(k E-DVP(E+S5-Lu(E+5-1))

(6-1)
2r(5);(5+" E-D)CVY(E+S5-1u(E+5-1))
Ak) & 6-2)
- 1)2(5 +L-E-1)CP(E+5-Lu(E+6-1)

Bk) & 5-3)
“H6-2 2);‘;(5“_ E-1)IP(E+5-Lu(E+5-1))

1) (6-1)

F(é)
£ F(k+1)
TT(5) ST(k+1-0)
< el(0+L+1)
r@e+1r(L+1)
From (4) and (13), for ke[6-3,0 + L]N(S_3 , we have

Ju(k) = v(K)|

(13)

L (5-1)
u(k) F(5)Z(k S-D)TYW(E+o-1L V(S +5-1))

x(a);(éﬂ E-DCODY(E+5-1V(E+5-1))
Ak) & 5-2)
6D 1);)(5“_ E-1)AP(E+5-1L,V(E+5-1))

B(k) & 5-3)
- 2)2(5 +L-&E-1)CY(E+5-1L(E+0-1))

u(k)—ﬁZ(k E-DOVY(E+5-1Lu(E+5-1)

(6-1)
21_(5);(5+L E-DDP(E+S-Lu(E+6-1)

Ak) & 5-2)
G- ;(5+ L-&-D)A¥(E+5-1Lu(l+5-1))

B(k) <& )
802 2);(5+L E-DCIP(E+5-1Lu(E+5-1))

1)@
F(&)Z( -&-1)
X|W(E+5-LU(E+5-1)-Y(E+S5-LVE+S-1))

(6-1)
2r(5)2(5+L £-1)

><|‘P(§+5—1,u(§+5—1))—‘P(§+5—1,V(§+5—1))|
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|A(k)| < (5-2)
Tare- 1)2(5 tLoe-D)

XW(E+S-LU(E+5-1)) - (E+5-LV(E+S-1))|

|B(k)| L+2 -3
+8F(5 2)2(5 +L-&-1)

X[P(E+S-LUE+5-1) - W(E+5-LV(E+5 1))

: el(6+L+1)
L) —vI< L D rG D
Q k-5

(6-1)
r(5)z(k E-DCPuE+S5-1)-V(E+5-1)

21_(5);(5+L E-D)PNU(E+5-1)-V(E+5-1)|

Q|A(k)| L+l
Ar(5-1) &
Q|B(k)| L+2
8F(5 24

u(k)—v(K)| < eT(5+L+1) Q||u—v|| r'(k+1)
F(6+1)F(L+1) () [OT(k+1-7)

er(s-2 &

From (4) and (14), for ke[ -3,0 + L]NH
Ju(k) —v(k)|
s‘ (k)——Z(k E-DCVY(E+S-LUE+5-1)

Z(§+L E-DC2u(E+5-1)-v(E+5-1)|

2(5 +L-¢-D)Nu(E+5-1)-v(E+5-1)

LQu-v[r@+L+1) |, Qu-v[[AK) T(5+L+1)
20(5) | ST(L+1) Aar(s-1) | (6-Dr(L+2)
+Q||u—v|||B(k)| r(o+L+1)
8r(6-2) |(5-2(L+3)
|u(k)—v(k)|< e(6+L+1) L0 Ar(G+L+1)
CT(+1)r(L+1) 2r(5+1)(L+1)
(L+3)ro+ L+1)+(L+3)F(5+ L+1) ||u—v||
AT(S)I(L+2)  8I(s-1I(L+3) '

Then
||u(k)—v(k)|| < l:sl"(5+ L+1) +Q{ A(6+L+1)
(0+1)r(L+1) r(6+1)(L+1)
(L+3)I'(6+L+1) N (L+3)r'(6+L+1) ||u _V"
ATSN(L+2)  8O(S-LI(L+3) ’
From the above inequality, we have
(0 +L+1) .
Ju-vi< 56 -2/ G -r(L+D)-Qr(E+L+1)(n)]”
n)]
where,
B 3 (L+3) (L+3)
"‘[5(5—1) * 2(5-1)(L+1) * 4(|_+1)(|_+2)janOI

r(6+L+1) 20
5@ -1[ 20(5-DI(L+1)-QI(s +L+1)(7) ]
Thus equation (1) is Ulam-Hyers stable.

Theorem 3: Assumptions (H,) and (H,) hold. Let ueE

be a solution of inequality (10) and let veE be asolution of
the discrete FABVP (1) and (2). Then, (1) is the Ulam —

Hyers - Rassias stable provided that (12) holds.
Proof: From inequality (10), for ke[6-3,6+ L]NH

follows that
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1R (5-1)
U0~ s S -6~ + 5L +5-1)

2r(5) Z(5+ L-&-1)YP(E+5-1u(c+5-1))
£=0

A(k) L+l
Ar(- )& Z(

B(k) Lf(m L-&-)Cd¥(E+5-Lu(E+5-1)

+L—E-)PP(E+S-Lu(E+5-1))

F(5)
g;/g(l)(k+5—1). (14)
, we have

r(0)4

(6-1)
zr(ﬁ);w“' E-D)CDY(E+5-1V(E+5-1))

Ak) & 6-2)
T 1);(5 +L-E-D)P(E+5-LVU(E+0-1))

Bk) & 5-3)
e 2);(5“_ E-D)IP(E+5-1LV(E+5-1))

u(k)—%i(k E-D)ODW(E+S-Lu(E +5-1))
_£_1)6D _ _
2r(5)z( +L-&-D)CP(E+5-1Lu(l+5-1))
A(k) L+1

- _£_1)¢-2 _ _

B(k) & (-3
s 2)2(5 +L--D)CP(E+5-Lu(E+5-1))

1 k=6 PN
1"(5)2( -¢-1

x[W(E+S-LU(E+5-1)-W(E+5-LW(E+5-1))

(6-1)
2r(5)z( ¢-1)
|[P(E+5-LU(E+5-1))—P(E+5-1U(E+5-1))|
|A(k)| L1 e
T ar - 1)2( tl=¢-D)
X[P(E+S-LUE+5-1) - W(E+5-LVE+5 1))
|B( )l L2 s
Yoozt ey

X|W(E+5-LU(E+5-1)-Y(E+S-LV(E+S 1))

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication


http://www.ijeat.org/

OPENaﬂCCESS

lu(k) —v(k)| <yed(k+5-1)

(6-1)
r(a)z(k E-DPu(E+5-1)-v(E+5-1)|

21"(5)%(5“‘ E-D)P(E+5-1)-V(E+5-1)|
Q|AK)| -
- 1)2(5 +L-E-D)CA|u(E+5-1) -V +5-D)|

Q|B(K)| 2 e
80 2)2(5 +L-E-D)COUE+S-1) - V(E+5-1)|

|u(k)—v(k)|37sd>(k+5—l)+ F((S) g( £-1)

Q”U Vi< (61
OR 2(5 +L-¢&-1)

Qfu-V||AK)| &2
" ”;r(\a/"llg DY
£=0
Qfu—v|[[B(K)| &3 A
" t]r(;'ﬂ 2§ )|Z(5 +L-g-1°?
£=0
Qu-v]| _Ik+1)
() | ST(k+1-6)
LOu-M[rE+L+n | Qu-vIAKI[ T@+L+1)
20(5) | ST(L+1) ar(s-1) | (6-)r(L+2)
L Qu-v[BE|[ r@E+L+1)
8r(6-2) | (5-2)r(L+3)

|u(k) —v(k)| Syedk+5-1)+

A(6+L+1)
r(6+1)(L+1)

(L+3N(@+L+1)  (L+3I(5+ L+1)}"u_v||

u(k) —v(Kk)| s;/gd)(k+5—1)+Q{

Then
AO0+L+1
-0+ FOTLD

(L+3I'(6+L+1) . (L+3)T'(6+L+1) ||u —v||
ArSN(L+2)  8O(S-1I(L+3) '
From the above inequality, we have
U -Yr(L+1) e d(k+6-1)
Ju—v<

"Tar@-)rL+1-ar@+L+1)(n)]
where,
(L+3) (L+3) Jand

3
77_[6(5—1)+2(5—1)(L+1) HL+1)(L+2)
2I'(5 - (L+1) -0
[2r(5 DO(L+D)-QT(5+L+1)(n)]
Thus equation (1) attains Ulam — Hyers - Rassias stable.

V. APPLICATIONS

Example 1: Consider the fractiona difference antiperiodic
boundary value problem

SAN(K) = (k+5-1)7 ke[0,L+2],, ,
V(6-3)=-v(5+L),Av(6-3)=-Av(5+L), (15)
AN(5-3)=-AN(5+L).
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By asimple computation, we can obtain the exact solution of
(15) as

v(k) =

r@) [rk+9s) r@e) [ res+u)
F(3+5)L"(k—2) ]_ 2r(3+5){r(5+ L—Z)}

. A(k)r(s{ (25 +L) } B(k)['(3) {r(zm L)}

Ar(2+8)| T(5+L-1) | 8C(1+8)| T(5+L)
where A(k) =[(26 —3) +(L—2k)] and
B(k) =[2(Lk —k?) +4k(6 -1) - 26(5 + L—2) + (5L +3)] .
Set L =0 with different fractional orders such asé =24,
6=242,6=244, 5§=246, §=248 ando =25. Also,
set L=1with different values of k=0, k=1,k=2 and
k =3. The numerical solutions for various values of 5 and
k are represented by Figures1 and 2 & Tables 1 and 2.
55 . . . . .

16)

45+ B

v{K)

—_—3 =242

v{K)

5=24
5=242
4r —5=244
5 =246
35} —_—3 = 2.48
—35=25

1 1 1 1 1 1 1 1 1
0 02 04 06 08 1 12 14 16 18 2
k

Fig. 1. Exact solutionsfor variousvaluesof §
of Example 1.
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Table - I: Exact solutionsfor variousvaluesof 5 of Example 1.

k V(k)(‘)‘:2_4 V(k)5:2.42 V(k)5:2.44 V(k)5:2.46 V(k)5:2.48 V(k)(‘i:2_5
0 2.9054 2.8831 2.8565 2.8254 2.7895 2.7486
0.4 4.4566 45034 4.5486 45919 4.6332 4.6724
0.8 5.1945 5.2924 5.3908 5.4895 5.5885 5.6877
12 5.1204 5.2510 5.3836 5.5183 5.6552 5.7940
1.6 4.2838 4.4280 45754 47262 4.8804 5.0379
2 2.7920 2.9304 3.0727 3.2192 3.3698 3.5247
1" ¥ 25 T T T T T T T T T
—k=0 — k=3
10+ al
200 d
9 -
15} 1
8+ 2]
i 7+ 4 3 10} -
ﬁ . -
5 K -
5 - -
n L - : : ; I ; : : . _
Y24 22 23 24 25 26 27 28 29 3 2 24 22 23 24 25 26 27 28 29 3
3
30 Fig. 2: Exact solutionsfor variousvaluesof k
—_ k=1 of Example 1.
28+ 4
2| . Table- 11: Exact solutionsfor various valuesof k
szl | of Example 1.
| _ 5| VMo | V0G| VR | VK)G
g 20} . 2 9.0000 11.0000 7.0000 -1.0000
i ] 2.2 9.9327 13.8229 10.1225 0.8316
16 B
i 24 | 10.4396 17.1266 14.1798 3.5991
12l i 2.6 | 10.1076 20.8704 19.3718 7.6118
W SRR e e oM OF SO v Sk 9 28 | 82000 | 249221 | 259101 | 13.2549
35 r
—_—=2 3 4.,0000 29.0000 34.0000 21.0000
30 T Example 2: Suppose that 5:2 and L=1 with
v(k) . . L
251 ] W(k,v) = ———=5 . Then discrete fractiona antiperiodic
(39+K?)
§ i | boundary value problem (1) - (2) becomes
[+
5 \ k+5
#l ] Sazv(K) = ————=— . ke[0,3], (17)
{39 + (k + j }
2
10} .
2 2.I1 2:2 2:3 24 2:5 2:8 2.I7 2:8 2:9 3
3
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with the boundary conditions

T .
SRR

(18)

Since

r(6-Hr(L+1)
nrC(@0+L+1)

~ 0.0933.

If Q=0.0256<0.0933 and the inequality

<e, ke[0,3,,,

> 3 3
CAzu(k)—| k+=,ul k+=
o AZu(k) ( +2u[ +2D

hold, then (17) is the Ulam-Hyers stable by Theorem 2.

VI. CONCLUSION

Hyers - Ulam stable and Hyers - Ulam - Rassias stability for
the fractional order difference equations in the presence of
antiperiodic boundary value problem are established. In order

to

illustrate the efficiency of theoretical results, suitable

examples with numerical solutions for different values of

fractional order s €(2,3] and k in the interva [0,3]

are

provided.
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