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Abstract: In this present work, we investigate Ulam stability for 

the following nonlinear discrete antiperiodic boundary value 
problem with fractional order of the form  

( )0 ( ) = 1, ( 1) ,C
kv k k v k    + − + −

 
for  

0
[0, 2] = 0,1,..., 2k L L + + , with boundary conditions 

( 3) = ( )v v L − − + , ( 3) = ( )v v L  − − + , 
2 2( 3) = ( )v v L  − − + , where 

2
:[ 2, ]L


 

−
 − +  →  is 

a continuous and 0
C

k
  is the Caputo fractional difference 

operator with order 2 < 3  . Finally, the main results are 
illustrated by some examples.

  
Keywords: Boundary Value Problem, Hyers - Ulam Stability, 

Caputo Fractional Derivative, Discrete Fractional Calculus.  

I. INTRODUCTION 

The theory of fractional calculus is one of the branches of 
study which involves integrals and derivatives of an arbitrary 
order. Moreover, students of engineering, economics, 
biology and physical sciences encounter differential 

operators 
2

2, ,d d
dx dx

etc., but only few of them debated whether 

it is required for the derivative to be only of an integer order. 
In the past few decades, fractional calculus is one of the most 
novel types of tools applied to problems in engineering, 
science and technology [15]. It also played a key role for the 
development of the specialized research in mathematical 
modeling of several phenomena such as enzyme kinetics, 
nonlinear oscillation of earthquake, blood flow problems, 
aerodynamics, cancer modeling being among the popular 
ones, control theory, thermodynamics, polymer rheology, 
arterial and heart disease modeling, etc [13], [14]. In recent 
years, the fractional difference equations (FDEs) has been 
developed by a very few researchers [7], [10], [12], [18] and 
they obtained many important properties and interesting 
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results [11]. 
The classical and fractional anti-periodic boundary value 

problems (FABVP’s), recently have attracted great attention 
as they are useful in the mathematical modeling of a diversity 
of physical processes [2], [3], [5], [6], [17]. Homotopy 
analysis method and Laplace transform methods are some of 
the various techniques used in solving fractional order 
differential equations with Riemann - Liouville and Caputo 
differential / difference operators. In the last two decades, 
many researchers have focused their attention on the study of 
stability of solutions, existence and uniqueness, positive and 
multiplicity of solutions of fractional boundary value 
problems (FBVP’s) for differential and difference equations 

by using fixed point techniques such as Krasnoselskii fixed 
point theorem, Brower fixed point theorem and contraction 
mapping principle [4], [12], [18]. For additional data in 
discrete fractional calculus or fractional calculus, especially 
for boundary value problems refer papers or books [7], [8], 
[13]. In 19th century, the study of stability analysis has 
emerged with several types of stability such as Mittage - 
Leffler, exponential, etc. The theory of stability analysis of 
fractional differential equations has moved forward  and in 
recent years several mathematicians have published many 
research articles and books in this area based on the new 
concept of generalized Hyers stability for the definitions of 
the Hyers – Ulam (H-U) stability and Hyers - Ulam – Rassias 
(H-U-R) stability [1], [9]. Further  Fulai Chen and Yong 
Zhou [8] proved the Ulam and existence results for discrete 
FBVPs with Caputo derivative. Although the discrete FBVPs 
with order 0 < 1   and 1< 2   have been studied by 
researchers, very few is known in the literature about FDEs 
with order 2 < 3  . This present work establishes Ulam 
stability for the following discrete FABVP of the form 

               
( )0 ( ) = 1, ( 1) ,C

kv k k v k    + − + −
             

        (1) 

for  
0

[0, 2] = 0,1,..., 2k L L + + , subject to the 

conditions

2 2

(i) ( 3) = ( ), (ii) ( 3) = ( ), and

(iii) ( 3) = ( ),

v v L v v L

v v L

   

 

− − +  − − +

 − − +  (2) 

where 
2

:[ 2, ]L


 
−

 − +  →  is a continuous, 0
C

k
  

is the Caputo fractional difference operator with order 
2 < 3   and 0L  . 
The plan of this paper is as follows. Some preliminaries 
which are useful to prove the main results are provided in 
section 2. 
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 In section 3, solution of the given FABVP is obtained and 
Ulam stability for the discrete FABVP of (1) with boundary 
conditions (2) is investigated in section 4. In section 5, 
suitable examples to illustrate the theoretical results are 
presented and the paper ends with a conclusion. 

II. PRELIMINARIES 

Now we present some useful definitions and basic lemmas of 
FDEs that are to be used throughout this paper.  
Definition 1 ([7], [8]). Let > 0 . The th  fractional sum of 
a function  , is defined as  

( 1)

=

1
( ) = ( 1) ( ),

( )

k

a

k k


 



 


−
− −  − − 


  

for all { , 1, } = ak a a   + + + +  and  

( ) ( 1)
:=

( 1 )

k
k

k




 +

 + −
.  

Definition 2 ([7], [8], [11]). Let > 0  and set = n − . 

The th  fractional Caputo difference operator is defined as  

( ) ( 1)
0

=

1
( ) = ( ) = ( 1) ( ),

( )

k
C n n

k
a

k k k


  



 


−
− −     − −  


  

 for all { , 1, } = ak a a   + + + +  and 1<n n−  , 

where =n    , .    ceiling of number.  
Lemma 1 ([7], [8]). Suppose that > 0  and   is defined 
on a . Then  

( )1

0
=0

( 1)
0 1 1

( )
( ) = ( ) ( ),

!

= ( ) ... ,

jn
C j

k
j

n
n

k a
k k a

j

k A A k A k

 
−

−

−

−

−
    −  

 + + + +

  

 for some iA  , where = 0,1,2,..., 1i n − .  
Lemma 2 ([7]) Let : a a+  →  be given. Then  

= =

( , ) = ( , ) ( 1, 1 ),
k k

k
a a

k k k k
 

 

  
− − 

  + + + − 
 
   

for all { , 1, } = ak a a   + + + + . 

III. SOLUTION FOR ANTIPERIODIC BVP 

In this section, we now determine the solution of a 
discrete FABVP (1) - (2), provided the solution exists.  
Theorem 1:  Let 2 < 3   and 

2
:[ 2, ]L


 

−
− +  →  

be given. A function ( )v k  is a solution of a discrete FABVP  

       

0

2 2

( ) = ( 1),

( 3) = ( ), ( 3) = ( ),

( 3) = ( ),

C
k v k k

v v L v v L

v v L

 

   

 

  + −


− − +  − − +


 − − +         

(3) 

where 
0

[0, 2]Nk L + , iff ( )v k , for 
3

[ 3, ]k L


 
−

 − +  

has the form  

  

( 1)

=0

( 1)

=0

1
( 2)

=0

2
( 3)

=0

1
( ) = ( 1) ( 1)

( )

1
( 1) ( 1)

2 ( )

( )
( 1) ( 1)

4 ( 1)

( )
( 1) ( 1),

8 ( 2)

k

L

L

L

v k k

L

A k
L

B k
L


















  


   


   


   


−
−

−

+
−

+
−

− − + −


− + − − + −


+ + − − + −
 −

+ + − − + −
 −









       (4) 

 where ( ) = [(2 3) ( 2 )]A k L k − + −  and 
2( ) = [2( ) 4 ( 1) 2 ( 2) (5 3)]B k Lk k k L L  − + − − + − + + . 

Proof: Suppose that ( )v k  defined on 
3

[ 3, ]L


 
−

− +  is a 

solution of (3). From Lemma 1, a general solution for discrete 
FABVP (3) is obtained in the following form  

(2)
0 1 2

( 1) (2)
0 1 2

=0

( ) ( 1)

1
( 1) ( 1) ,

( )

k

v k k A A k A k

k A A k A k










  


−

−
−

=  + − − − −

= − − + − − − −



 

                                                                           (5) 
 for some 0A , 1A , 2A  . Using Lemma 2, we obtain  

1
( 2)

1 2
=0

2
2 ( 3)

2
=0

1
( ) ( 1) ( 1) 2 ,

( 1)

1
( ) ( 1) ( 1) 2 .

( 2)

k

k

v k k A A k

v k k A











  


  


− +
−

− +
−

 = − − + − − −
 −

 = − − + − −
 −




 

In view of ( 3) = ( )v v L − − + , ( 3) = ( )v v L  − − +  

and 2 2( 3) = ( )v v L  − − + , the values of 0A , 1A  and 2A  

are as follows:  
( 1)

0
=0

1
( 2)

=0

2
( 3)

=0

1
( 2)

1
=0

2

=0

1
( 1) ( 1)

2 ( )

(2 3)
( 1) ( 1)

4 ( 1)

[2 ( 2) (5 3)]
( 1) ( 1),

8 ( 2)

1
( 1) ( 1)

2 ( 1)

(2 3)

4 ( 2)

L

L

L

L

L

A L

L
L

L L
L

A L

L



















   



   



 
   



   






−

+
−

+
−

+
−

+

= + − − + −


+ −
− + − − + −

 −

+ − − +
+ + − − + −

 −

= + − − + −
 −

+ −
−

 −









 ( 3)

2
( 3)

2
=0

( 1) ( 1), and

1
( 1) ( 1).

4 ( 2)

L

L

A L







   

   


−

+
−

+ − − + −

= + − − + −
 −



 

Substituting the values of 0A , 1A  and 2A  into (5), we obtain 

(4). This shows that if (3) is a solution, then it can be 
represented by (4).  

 Conversely, every function of  (4) is a solution of (3). The 
proof is completed. 
Lemma 3:  One has  

( )
( 1)

=0

( 1)
1 = .

( 1)

k k
k

k







 

−
−  +

− −
 − +

  

Proof: For >z , ,z  , > 1− , > 1z − , we have [11]  
( 1) 1 ( 2) ( 1)

= .
( 1) ( 1 ) ( 2) ( 1 ) ( )

z z z

z z z

  +  +  +
− 

 +  + −  +  + −  −   
That is,

 ( 1) 1 ( 2) ( 1)
= .

( 1) 1 ( 1) ( )

z z z

z z z

  +  +  +
− 

 − + +  − +  − 
 

Then,  

            

( ) ( )
1

( 1) ( 1)

=0 =0

1 = 1 ( ).
k k

k k
 

 

 

  
− − −

− −
− − − − +  

       

(6) 

 Now we obtain  
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( )
1

( 1)

=0

1 ( 1) ( 1)
1 = .

( 1 ) (1)

k k
k

k









 

− −
−   +  +

− − − 
 + −  


     

(7)

 
 
Using (7) in (6), we get  

( )
( 1)

=0

1 ( 1)
1 = .

( 1 )

k k
k

k







 

−
−  +

− −
 + −

  

The following corollary is an important inference from 
Lemma 3.  
Corollary 1: One has   

1.  ( )
( 1)

=0

1 ( 1)
1 =

( 1)

L L
L

L





 



−  + +
− + −

 +
 .  

2.  ( )
1

( 2)

=0

1 ( 1)
1 =

( 1) ( 2)

L L
L

L





 



+
−  + +

− + −
−  +

 . 

3.  ( )
2

( 3)

=0

1 ( 1)
1 =

( 2) ( 3)

L L
L

L





 



+
−  + +

− + −
−  +

 .  

IV. THE ULAM STABILITY 

 In this section, we obtain H-U stability and H-U-R 
stability results for the discrete FABVP (1) - (2). Now we 
introduce the H-U stablity and H-U-R stablity definitions for 
fractional difference equation.  

For our purpose, let  be the set of all real sequences 

  = 3
= ( )

L

k
v v k





+

−
 with norm = max ( )v v k for 

3
[ 3, ]k L


 

−
 − + . Then  is a Banach space. 

Definition 3 ([8]). The nonlinear fractional difference 
equation (1) is H-U stable if for every > 0 , there is a 
constant > 0M  and for every solution u  of  

0 0
( ) ( 1, ( 1)) , [0, 2] ,C

k u k k u k k L    −  + − + −   + (8)
 

there exists a solution v  of (1) such that  

              3
( ) ( ) , [ 3, ] .u k v k M k L


  

−
−   − +

             
(9)

 
Definition 4 ([8]). The nonlinear fractional difference 
equation (1) is H-U-R stable if for every > 0 , there is a 
constant > 0M  and for every solution u  of  

0

0

( ) ( 1, ( 1)) ( 1),

[0, 2] ,

C
ku k k u k k

k L

     −  + − + −   + −

 +
(10) 

 there exists a solution v  of (1) such that  

        3
( ) ( ) ( ), [ 3, ] .u k v k M t k L


  

−
−    − +

        
(11)

 
We suppose that:   
(H1) There exists a constant > 0  such that 

( , ) ( , )k u k v u v −    −  for each k  in 
3

[ 3, ]L


 
−

− +  

and all ,u v  . 
(H2) Let 

3
[ 3, ]L


  +

−
 − + → be an increasing 

function. Then there exists a constant > 0  such that  

( 1)

0
=0

( 1) ( 1) ( 1), [0, 2] .
( )

k

k k k L







    



−
−− −  + −   + −  +




Theorem 2: Assume that ( 1H ) holds. Let u  be a 

solution of inequality (8) and let v  be a solution of a 
discrete FABVP (1) and (2). Then, (1) is the Ulam-Hyers 
stable provided that 

                    

2 ( 1) ( 1)
< ,

( 1)

L

L



 

 −  +


 + +

                              

(12) 

 

where, 

 3 ( 3) ( 3)

( 1) 2( 1)( 1) 4( 1)( 2)

L L

L L L


  

 + +
= + + 

− − + + + 
. 

Proof: From inequality (8), for
3

[ 3, ]k L


 
−

 − + , it 

follows that  

( 1)

=0

( 1)

=0

1
( 2)

=0

2
( 3)

=0

=0

1
( ) ( 1) ( 1, ( 1))

( )

1
( 1) ( 1, ( 1))

2 ( )

( )
( 1) ( 1, ( 1))

4 ( 1)

( )
( 1) ( 1, ( 1))

8 ( 2)

( )

k

L

L

L

k

u k k u

L u

A k
L u

B k
L u




















    


     


     


     






−
−

−

+
−

+
−

−

− − −  + − + −


+ + − −  + − + −


− + − −  + − + −
 −

− + − −  + − + −
 −












( )

( 1)( 1)

( 1)
.

( ) ( 1 )

( 1)
.

( 1) (
3

1)
1

k

k

k

L

L






  

 



−− −

 +


  + −

 + +


 +  +


 

From (4) and (13), for 
3

[ 3, ]k L


 
−

 − + , we have  

( 1)

=0

( 1)

=0

1
( 2)

=0

2
( 3)

=0

( ) ( )

1
( ) ( 1) ( 1, ( 1))

( )

1
( 1) ( 1, ( 1))

2 ( )

( )
( 1) ( 1, ( 1))

4 ( 1)

( )
( 1) ( 1, ( 1))

8 ( 2)

k

L

L

L

u k v k

u k k v

L v

A k
L v

B k
L v


















    


     


     


     


−
−

−

+
−

+
−

−

 − − −  + − + −


+ + − −  + − + −


− + − −  + − + −
 −

− + − −  + − + −
 −








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Thus equation (1) attains Ulam – Hyers - Rassias stable. 

V. APPLICATIONS 

Example 1:  Consider the fractional difference antiperiodic 
boundary value problem  
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By a simple computation, we can obtain the exact solution of 
(15) as 
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where ( ) = [(2 3) ( 2 )]A k L k − + −  and 
2( ) = [2( ) 4 ( 1) 2 ( 2) (5 3)]B k Lk k k L L  − + − − + − + + .  

Set 0L = with different fractional orders such as = 2.4 , 
= 2.42 , = 2.44 , = 2.46 , = 2.48  and = 2.5 . Also, 

set 1L = with different values of = 0k , = 1k , = 2k  and 
= 3k . The numerical solutions for various values of   and 

k are represented by Figures 1 and 2 & Tables 1 and 2. 

 

 
Fig. 1: Exact solutions for various values of    

of Example 1. 
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        Table - I: Exact solutions for various values of   of Example 1. 

k  =2.4( )v k   =2.42( )v k   =2.44( )v k   =2.46( )v k   =2.48( )v k   =2.5( )v k   

0 2.9054 2.8831 2.8565 2.8254 2.7895 2.7486 

0.4 4.4566 4.5034 4.5486 4.5919 4.6332 4.6724 

0.8 5.1945 5.2924 5.3908 5.4895 5.5885 5.6877 

1.2 5.1204 5.2510 5.3836 5.5183 5.6552 5.7940 

1.6 4.2838 4.4280 4.5754 4.7262 4.8804 5.0379 

2 2.7920 2.9304 3.0727 3.2192 3.3698 3.5247 

 

 

 

 

 
   Fig. 2: Exact solutions for various values of k   

of Example 1. 
 

Table - II: Exact solutions for various values of k                    
of Example 1. 

  0( )kv k =  1( )kv k =  2( )kv k =  3( )kv k =  

2 9.0000 11.0000 7.0000 -1.0000 

2.2 9.9327 13.8229 10.1225 0.8316 

2.4 10.4396 17.1266 14.1798 3.5991 

2.6 10.1076 20.8704 19.3718 7.6118 

2.8 8.2909 24.9221 25.9101 13.2549 

3 4.0000 29.0000 34.0000 21.0000 

Example 2: Suppose that 
5

=
2

  and = 1L  with 

( )2

( )
( , ) =

39

v k
k v

k


+
. Then discrete fractional antiperiodic 

boundary value problem (1) - (2) becomes  

             

5

2
0 2

3
2

( ) = , [0,3],
3

39
2

C
k

v k
v k k

k

 
+ 

  
  

+ +  
   

       

            (17) 
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with the boundary conditions  

          

2 2

1 7 1 7
= , = ,

2 2 2 2

1 7
= .

2 2

v v v v

v v

       
− −  − −       

       

   
 − −   

   

               

(18) 

Since  
2 ( 1) ( 1)

0.0933.
( 1)

L

L



 

 −  +


 + +
 

If 0.0256 < 0.0933 =  and the inequality  
5

2
0 0

3 3
( ) , , [0,3] ,

2 2
C

k u k k u k k
  

 −  + +    
  

 

hold, then (17) is the Ulam-Hyers stable by Theorem 2. 

VI.  CONCLUSION 

Hyers - Ulam stable and Hyers - Ulam - Rassias stability for 
the fractional order difference equations in the presence of 
antiperiodic boundary value problem are established. In order 
to illustrate the efficiency of theoretical results, suitable 
examples with numerical solutions for different values of  
fractional order (2,3]   and k  in the interval [0,3]   are 

provided. 
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