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Estimation of OFDM Systems Over Frequency
Selective Fading Channels

B Sireesha, B Anuradha

Abstract: In OFDM systems we need to perfectly time
synchronize the receiver to the transmitter to maximize its BER
performance. In the absence of timing synchronization the
channel estimation can never be optimum. Both timing
synchronization and optimum channel estimation arethe essential
requirements to maximize the performance. We present an
algorithm that uses the cyclic prefix to determine the timing offset
of the system. The same algorithm can be used to determine the
number of channel taps and their variances also. Determination
of number of channel taps helpsusin minimizing thelength of the
cyclic prefix to be added and also in the channel
estimation, to minimize the variance of the estimation error. The
knowledge of the variances of the channel taps helpsusin further
reducing the estimation error. We present in this paper thetiming
offset corrected MMSE channel estimation and show by
simulations the effectiveness of the method presented.

Keywords. OFDM, MMSE channel tap estimation, timing
Offset, frequency selective channel.

I. INTRODUCTION

Orthogonal frequency division multiplexing being the most
efficient bandwidth conservative scheme, it isthe basic frame
work on which all modern communication systems are
developed. To maximize the performance of OFDM based
systems namely Orthogonal frequency division multiple
access (OFDMA) and Single carrier frequency division
multiple access (SCFDMA), we need to time synchronize the
receiver to the received signal and estimate the channel with
minimum possible error variance. Any non-zero timing offset
reduces the BER performance of the system [1]-[4]. The
determination of timing offset of the system which is
randomly sampled is important to correct the timing offset
and hence achieve timing synchronization.

Timing offset determination and elimination of inter-block
interference caused due to amultipath channel requirescyclic
prefix. But addition of cyclic prefix reduces the throughput of
the system for a given bandwidth. To maximize the
throughput of the system we need to add only the minimum
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required length which is equal to the channel delay spread.
The channel delay spread depends on the number of channel
taps. So determination of the number of channel taps in a
given system becomes important. In thiswork we present the
algorithm to determine the number of channel taps and
estimate the timing offset of the system. Any channel
estimation procedure  assumes perfect timing
synchronization. The estimated channel frequency response
gives the stipulated BER performance only if the system is
perfectly time synchronized. Any non-zero timing offset will
reduce the BER performance of the system. We present in
this work the method to determine the timing offset of the
system so that it can be corrected. In [1]-[4], the effect of
timing offset in multiuser OFDM based systems OFDMA
and SCFDMA on the signal to interference ratio and the BER
performance is presented in a detailed manner. In these
papers ultimately the interference canceller is presented to
improve the performance of the system. The interference
cancellation requires the estimate of timing offset, number of
channel taps and the channel frequency response. If the
timing offset is more than a specific value each symbol will
have interference from the other symbols of the current and
the adjacent frames which makes the channel estimation to
have more error variance. Methods present in the literature
[5]-[8] on timing synchronization and channel estimation
consider either timing synchronization or channel estimation.
In[9], both arejointly considered and ML estimation is used.
In pilot based channel estimation, knowing the number of
channel tapswe can fix the number of pilot symbolsto be put,
to reduce the error variance to the required value. More over
the knowledge of the variance of the channel taps, we can
further reduce the variance of the estimation error. In this
case, as given in [10]-[11] we can use MMSE estimation
which ismost optimum.  Therest of the work is organized
asfollows. Section |1 describesthe system considered and the
effect of timing offset, and Section Il details the proposed
algorithm to determine the number of channel taps, their
variances and the timing offset. Pilot channel estimation is
presented in Section V. Simulation results are discussed in
Section V, and conclusions are given in Section V1.
Notation: Vectors are denoted in bold-face letters. If Z isa

complex number, then Z denotesits complex conjugate. If

X isany vector with complex entries, then X" denotes the
vector with its entries being conjugates of thosein X. If X
is a random variable, then [E(X) and var (X) denote the

expectation and variance of X , respectively.
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If X and Yy are any two sequences of length N, then we
denote the N-point circular convolution of X and Yy by

X*y.
Il. SYSTEM MODEL

Consider an OFDM system with N sub-carriers,
transmitting the symbol frame independent symbols
X =[Xy, X,,---, X,_,]. Theoutput of the N -point IDFT

unit in the transmitter is
N—1 j2zKn

%KZ_OX(K)eN,

After adding the cyclic prefix of Ng samples, the

x(n) = o<n<N-1. (1)

transmitted symbol frameis
1 N—1 j27zKn

X (M =X X(K)e

In this, with the normalized average power of each symbol
X[K] to be unity, the average power of each sample x(n) is

~N_<n<N-1. (@

1
N . Since N-point IDFT is unitary transformation, the

samples of x(n) are also independent.

Let h=[hy,h,....,n ;] be the L -tap Rayleigh fading
channel impulse response, with each channel tap being i.i.d
complex Gaussian with zero mean. Assuming perfect timing
and frequency synchronization, the received signal after
dropping the cyclic prefix can be represented asthe N -point
circular convolution of X and h, given by

y=X*h+z, ©)

Where* indicatesthe N -point circular convolution and z
isthei.i.d additive white Gaussian noise (AWGN) with each

entry having zero mean and variance O',i . At thereceiver, the

K -th element of the N -point DFT unit is
Y(K)=X(K)H(K)+Z(K), K=1..,N, @@
where H(K) and X(K) are K -th elements of the

N -point DFT of channel impulse response h and the data
vector X , respectively. Further, Z(K) isthe K -th element

of the N -point From DFT of the noise vector Z . From (4),
it

can be seen that, the symbol on each sub-carrier experiences
flat fading, even though the channel is frequency selective.
To achieve good BER performance, it isrequired to know the
frequency response H =[H (2),..., H(N)] and detect the
symbols using the matched filter detector. The output of the
matched filter detector is

R(K)=Y(K)H (K)VK =1,...,N. (5
If the channel frequency response is known perfectly, the

systems using BPSK, QPSK and 16-QAM modulation for
different SNRs give standard maximum performances.

A. Effect of Timing Offset
If there is a timing offset in the system due to which the
frame of samples selected are from —nN0 to —NO0+ N -1

as shown in Fig. 1 corresponding to the frame arriving at the
receiver through the first path provided the minimum length

of cyclic prefix is L—1+TO the received signal frame is
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either just the circularly shifted version or the circularly
shifted version with interference from the adjacent frames
[1]-[4]. The DFT output in that caseis given by

j27Kny

Y[K]=X[K]e N H[K]+I1+Z (6)

If we multiply Y[K] with H [K], the output contains phase

rotated symbols added with noise and interference. If thisis
given as the input to the decision making device, the
probability of error will be very high. So we should achieve
perfect timing synchronization. Timing synchronization is
achieved in two stages, first we determine the number of
channel taps, adjust the cyclic prefix and time synchronize
the system.

I11. DETERMINATION OF NUMBER OF CHANNEL TAPS

Case 1. In this case we consider the system in which the
number of channel taps L and the length of cyclic prefix NC
are such that L< N +1. When a frame of N+ N,
samples is transmitted through an L tap multi-path channel,
the received sequence consists of N+ N+ L samples as
shown in the figure 1. In this the first and last N, +L -1

samples obtained by linearly convolving the cyclic prefix
with the channel impulse response are correlated. For
example assuming the channel output is sampled from the

first sample in the cyclic prefix, for the system with N_ =3
asthe cyclic prefix and 3 channel taps, with

S(0) = h(0)x(N —3)

S(D) = h()x(N —3) + h(0)x(N — 2)

S(2) = h(2)x(N —3) + h()X(N — 2) + h(0)x(N —1)
S(3) = h(2)x(N —2) + h(@)x(N 1)

S(4) = h(2)x(N -1) @)
Thefirst 5 samples of the received sequencey(n) are
y(0)=3S(0) +1,(0)+Z(0)

y@Q=SQ+I1,@0+2Z@Q)

¥(2)=S(2)+Z(2)

y@)=SQ)+1:.3+Z(3

y(4) =S(4) +1:(4)+Z(4), ®
and the last 5 samples are

y(N - Nc) =3(0) + IC(N - Nc)+Z(N - Nc)
Y(N=N_+1) = S@) + 1. (N-N_+2)+Z(N-N_+1)
Y(N=N_+2)=S(2)+Z(N-N_+2)

YIN-N, +3)=S@3)+1,(N-N,+3)+Z(N-N,+3)
Y(N-N,+4)=5(4)+1 (N-N,+4)+Z(N-N.+4), (9
The values of these samples show the way in which the
samples of y(n) are correlated through S(n). Using this
correlation the number of channel taps can be determined,
following the procedure given below.

Step-1: Initidize all zero

vector of length N given by
C and i=0.
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Step-2: Starting at any random sample, y(n,) compute i"

Transmitted frame sequence

Previous frame § x(61) | x(62) | x(63)] x(0) ana asnsss x(61) | x(62) | x(63) Next frame

eeeevncecnwewene  Current frame with cyclic prefix CTTTIITT IR =
ho) | h©) | ho) | hio) I O ECR D .
x(61) | x(62) | x(63) | x(0) | 'e®) | 1 x(61)| x(62) | x(63)|"W(6") |IW(62) | Path-0
1563) | o) | xled) | Xm| Ko} | 1) [ =mmmmmmmene Jicto0) | 6, | 62 | Xlohy| ED Path

h(2) 1 h(2) | h(2) | h(2 h2) | h©) | h(2
1562) | 163) | (@ | £(@) | XEn)| 53} | =emmmnmmee | 1c50)] 1ct60)| 3E) |5 | Ry | Path-2

Received signal due to current frame
Fig.1 Received signal in the case of an OFDM system in Rayleigh fading channel,
with N =64, N, =3, L =3, and BPSK modulation.
. C (N +3 =R (or D +07(2)
-correlated frame of N samples C(i) )
C(n+4)=PRo; (2 (13)

¢ () =y, +iN+n)xy (n +i(N+1)+n)¥0<n<N-1, (10)
where * represents complex conjugation and N is the number
of sub carriersin the system.

Step-3: Using C(i), compute

C =C+C() (11)

Increment i and repeat the steps 2 and 3, I-1 timeswhere | is
large.

Step-4: Compute ¢ — C

|
In each of C;, only N +L—1 samples have non zero

mean and all the other samples are of zero mean. depending
on where we start sampling the channel (with or without
timing offset), the samples with non-zero mean in addition
contain noise term only or noise plus interference from the
samples of previous or present or next frame as shown in the
figure, for the example considered, given the received signal

is sampled from a sample N, —1 samples before the first
sample of aframe the valuesof C (n,) are

Ye(n) = X(N=3)h(0) P +1,+2Z,

Yo (N +2) = X(N=2)h(0) ' +[X(N-3h@D) [ +1,+Z,

Y, (n, +2) =/ X(N=Dh(0)  +| x(N=2h@) [ +|x(N-3h(2) [ +1,+Z,
Ye(n +3) = X(N—=2)h(2) P + [ x(N -Dh(@) P +1,+Z,
y.(n +4) = x(N-Dh(Q P +l,+2Z, (12

With P, as the average power of the samples of x(n) and
o7 (i) asthe variance of i" channel tap, the means of the
samplesof Y.(N), which are the non-zero valuesof C, are
C. (n) =R} (0)

C,(n,+1) =B (o7 (0) + o, (1)

C,(n,+2) =R(0:(0) + 0, (D) + 03 (2)
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Simulations presented in this work support this, using which
we can determine the number of channel taps.

Case 2: Consider the number of channel taps L > N, +1,
then the number of correlated samples will reman at
N.,+L-1. In this case among the first and last
N, +L-1 correlated samples, L—1-N_, middle
samples are of same maximum mean, the simulations aso
show this.

Case 3: If the number of channel taps is less than the N,

N, —1- L middle samples are of same correlation. In any

case looking at the samples of C, it is possible to determine

the number of channel taps. It is aso possible to
approximately determine the variances of the channel taps.

A. Variancesof channel taps

Let the first L average correlation samples corresponding
to the first N, +L—1inthecase of L< N, be C,.(n,)

to C. (n, +L—1), from (13), we can see that the variance

of i™ channel tap is calculated using

P

C,(n +i)—C,(n +i—1)
P

X

of() = vi<i<L-1
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The number of nonzero samplesin thisisequal to N, + L,

B. Timing Offset Estimation

In any frame, the correlation of the samplewith index n=-1is
maximum. lrrespective of where we start samplingin agiven
frame, if we compute the vector C, , in which

Ci=C (1D ad C,@1)=C.(1I)-C (1-DVi>1
In this the sample at which C,, is negative corresponds to

thefirst sample of theframe and the index of the sample gives
the timing offset.

IV. PILOT BASED CHANNEL TAPESTIMATION

Consider a multi path frequency selective channel with L
channel taps. With L tap channel, the number of pilot
symbols M should atleast be L. In this paper the channel taps
arefirst estimated and by taking the DFT of the channel taps
the frequency response coefficients are determined. Here
given thetiming offset of the system isknown, if it issmall so
that the frequency response coefficients are only phase
rotated with no interference term | in (6), the estimation is
carried out after phase equalization. If the timing offset is
more so that even the | term is present, then the timing offset
is corrected and the channel taps are estimated.

Case 1. Perfectly time synchronized system with variances of
the channel taps unknown: In this case from (4), with

X(K)=1 on the set of pilot sub carriers, with indices Q. for

0<i <M, the DFT outputs after phase equalization or
timing offset correction are

Y(Q)=H(Q)+Z(Q), (15)
where, with H(K) is the N point DFT of the channel
impulse response, H(Q) are frequency responses of the
channel for the sub carriers with index Q. . Considering
M > L pilot sub carriers, with YQ as the vector of noise

corrupted channel frequency responsesand h as the channel
impulse response, we model it as

Yo =Dph+7Z,
where Z is the partial noise vector and D, is the partia

—j2zQn
DFT matrix of order M x L in which i" rowise N

(16)

N .
for 0<N<L-1.Herewith M an integer, the indices of

the pilot carriers are selected as

Q :KO+%L 17)

This ensures that the columns of D, are orthogonal, which

is essential for the optimum estimation of the channel
impulse response. With this given that the covariance matrix

of complex Gaussian noise vector Z isC  , the most
efficient estimate of the channel impulse response given
0"

the Hermitian operation, is[10]
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N HA-1 H g HeA-D
h=(DyC™'Dy)"H"C™Y,
and the variances of the estimation error, given o-f as the

variance of each noise sample, arethe diagonal elements of
2

DiC'D, =20
P P M

(18)

MxM (19)

This says that knowing the number of channel tapsL, alows
us to select M, and increasing M reduces the variance of
estimation error. The channel frequency response, given

Dy.n the N-point DFT matrix is
H =Dh (20)
2

and the variance of estimation error of each H (K) is —"

Case 2. Perfectly time synchronized system with the
knowledge of variances of the channel taps Given the

variances of the channel taps o (i) , the channel tap
co-variance matrix is

R, =E(hh™), (21)
the noise co-variance matrix
R =E(ZZ"), (22)
the MM SE estimate of the channel tapsisas given in [11]
h=RDF[R +D.RDIT™Y,, (23)
this gives the minimum mean square error with
MMSE = [F?;1 + DE Rz_lDF'j ]‘1. (24)

if of is the variance of each channel tap and of the

variance of noise samples, the mean square error in
2 2

n which is less than —"

estimation becomes >

M + G—g
Oy,
which is achieved if only the number of channel taps is
known. In this case we can see that the required variance of
the estimation error can be obtained using lesser number of
pilots, if we know the variance of the channel taps also.

V. RESULTSAND DISCUSSION

This section presents the simulation results to determine the
number of channel taps, the amount of timing offset and the
channel tap estimation in the presence of noise. In these
simulations we consider 64 sub carrier OFDM with N, =6
and BPSK modulation. In all the simulations we took a
timing offset of 35 samples. In each case we considered the
channel tapsto be of equal variance and the sum of variances
of all the channel tapsisequal toone.  Figure (2) givesthe
average correlation of the samples of the received OFDM
signal with 6 tap Rayleigh fading channel with each channel

1
tap of variance E With variance of each sample of x(n)

being — , as
64
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expected the mean correlation of the first sample in cyclic

prefix is =26x10° and the next sample 01 . ! . , , :
correlations are integfr multiples of this value, reaching the . %
value of 6x 5 =15.6x107° ., laer they are §
X g 0
decreasing. It can be observed that, the average correlation §
has N, + L —1=11 significant valuesin this case. § 005
Figure (3) gives the graph of variances of the channel tapsin §
the system with N_ =6 and L=2 . The samples are =
computed using (15). It can be seen that each channel tap is of L= i i i i i i

variance is close to 0.5, which we considered. In this case E "

agmpk‘m:o 80 70
timing offset is the index of first sample that becomes . . .
negative which is 35 here. Fig 4.Channel tap variance of thean OFDM system in

Rayleigh fading channel, with
N=64, N_c=6, L=12, timing offset of 35 samplesand
L =12. The samples are computed using (15). In this case BPSK
we can see that it does not give the variances of al the taps modulation, for SNR 20 dB

Figure (4) gives the variance plot with N, =6 and

1
but it saysthat the variance of each tap iscloseto E . Inthis

| | | | | +
case timing offset isthe index of first sample that becomes &e\ -—;ﬂl“lnkm'
zero which isalso 35 here. \ [ e i 28K
“ : ] 7 —l:i=ﬂ,5ll|knwni
* RN '

XA

&

g L’-;il."KMln‘
\ \ ;| 75 (Unknowa)
i : i { [ o< 750mewn)

L N0 \\ -o—ci:l (Lsknown)

- «:i:lixmnl

=3

=

=
Ay
L

Variance of estimation error
= =
1=
.
.
.
i 4
. ‘
v
.
N

c

3

3

:

0 . o, N : H i

g 8 "_x“ \ ‘m ..\‘"\

g § ! A

a 0

g 0t v

i 2 N 1

<l 4 6 0 n it 16 3 »

Number of pilotsiM)
R Sampltlndnw Fig 5.Variance of estimation error for 4 tap channel

Fig 2._Average correlation qf thean OFDM g/st_em in VI. CONCLUSIONS

Rayleigh fading channel, with N=64, cyclic prefix of 6

samples, L=6, timing offset of 35 samples and BPSK We presented an algorithm to determine the number of
modulation, for SNR 20 dB channel taps, their variances and the timing offset of the

system, with no assumptions made. Used this information to
estimate the channel taps using the most optimum MMSE
estimation. Most importantly we showed that even when the
interference on the pilot symbols is more, the method
presented gives the method to estimate the channel taps with
less error variance, so that this can be used in interference
cancellation algorithms also.
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