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Stability of Uncertain 2-D Discrete Systems in
Presence of Generalized Overflow
Nonlinearities
Suchitra Pandeya, Siva Kumar Tadepalli, V. Krishna Rao Kandanvli, Abhilav Vishwakarma

Abstract: Stability analysis of two-dimensional (2-D)
discontinuous systems with generalized overflow nonlinear effects
is considered in this work. The 2-D models considered are the
well-known Fornasini Marchesini Second Local State-Space
(FMSLSS) model and the Roesser model. The effect of
uncertainties and interim-like variable time-delays on the system
is also examined in the study. Using reciprocally convex approach
we provide stability criteria which is organized as matrix
inequalities. Numerical illustrations are given to demonstrate the
applicability of the results.
Keywords : Delay-dependent stability criterion; Finite
wordlength effect; Lyapunov stability; Delayed system; Uncertain
system.

I. INTRODUCTION
Various physical systems can be modeled as
two-dimensional (2-D) systems. 2-D models are needed as
many times the one-dimensional (1-D) models are unable to
capture the dynamics of the system. Such systems include
image processing, monitoring and control of sensor networks,
heat diffusion system (Xu & Yu, 2009), thermal processes
(Tadepalli, Kandanvli, & Kar, 2015, 2016), iterative learning
control (Tadepalli et al., 2015) etc. The 2-D modeling of
physical systems has gained a lot of interest due to the two
popular models Roesser (Roesser, 1975) and Fornasini
Marchesini Second Local State-Space (FMSLSS) (Fornasini
& Marchesini, 1978).
During the implementation of discrete-time feedback
systems on a fixed-point digital hardware instabilities (sort of
limit cycles) might appear in the system owing to the overflow
of data. In order to avoid overflow, overflow correction
techniques such as saturation, zeroing, two’s complement and
triangular are employed. Since the finite wordlength
implementation of digital systems results in systems that are
inherently nonlinear, therefore the investigation of asymptotic
stability of such systems has attracted the attention of several
researchers (Chen, 2010a, 2010b; Dey & Kar, 2011a, 2011b;
Kandanvli & Kar, 2008, 2012; D. Liu, 1998).
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In general, practical systems involve uncertainties and
time-lags which are also sources of instabilities in systems.
Therefore, analysis of discontinuous systems subjected to
finite wordlength nonlinear effects, uncertainties and
time-lags from stability viewpoint, is a significant problem. A
globally asymptotically stable, time-lag independent
condition was reported for an uncertain discontinuous-time
system with constant state-delays and influenced by
generalized overflow nonlinear effects in (Kandanvli & Kar,
2008). In, (Kandanvli & Kar, 2012) delay-dependent theorem
has been developed for 1-D discontinuous systems involving
generalized overflow nonlinear effects, uncertainties and
variable time-lags. In (Dey & Kar, 2011a) delay-independent
condition for stability has been evaluated for 2-D systems
characterized by the FMSLSS model under the simultaneous
influence of generalized overflow nonlinear effects,
uncertainties and delays.
Motivated by the above results, this paper considers the
problem of developing time-lag dependent global asymptotic
stability criteria for uncertain discontinuous-time systems with
interim-like variable time-lag in the state with a generalized
characterization of the overflow nonlinearities. The different
sections of the paper are: In Section 2 description of the
generalized overflow nonlinearities and the lemmas used are
provided. In Section 3 we present the significant results of the
paper. Examples have been presented in Section 4 to depict
the significance of the developed criteria.
Notations used all along the paper are as follows:
ℝp x q
set of p x q real matrices
ℝp
set of p x 1 real vectors
0
null matrix or null vector of suitable dimension
I
identity matrix of appropriate dimension
In
unit matrix of order n
T
superscript ‘T’ specifies transpose
B>0
B is positive definite symmetric matrix

B

𝚩1 ⊕ B2 direct sum, i.e. B =

 B1 0 
 0 B2



II. GENERALIZED OVERFLOW NONLINEARITIES
The nonlinearity fi yi (ɤ) (i = 1,2,...,n) under consideration is
the generalized overflow characteristic given by
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(2.6c)
(2.1)
where
can observe

and

One

that

and
represents
saturation, zeroing, triangular and two’s complement
overflow arithmetic, respectively.
Generalized overflow nonlinearities occur during the limited
wordlength (or fixed-point) realization of discrete systems. In
the previous studies a time-lag dependent stability condition
for 2-D discontinuous systems involving generalized
overflow nonlinear effects has not been provided. This work
finds significance in the light that the models considered for
the purpose of study are beneficial for representing a
extensive variety of practical systems such as heat diffusion,
thermic energy processes, river pollution modeling,
seismorgraphic data processing, wireless sensor networks,
iterative learning control, etc.
To prove our main results the lemmas that play a
consequential role are:

(2.6d)
satisfies

(2.7)
We now put forward the main results of this paper.
III. MAIN RESULTS
3.1. Stability criteria for 1-D uncertain discontinuous-time
systems involving generalized overflow nonlinear effects

The system to be examined is characterized as follows

(3.8a)
Lemma 2.1:
(J. Liu & Zhang, 2012; Park, Ko, & Jeong, 2011) For any
matrices
, vectors
and real numbers
satisfying

(3.8b)

(2.2)

(3.8c)
where
is the state vector;
are the
known eternal matrices;
are the known
matrices symbolizing uncertainties in the state matrices;
is the primary state at time ɤ; f (∙) characterizes
the generalized overflow nonlinear effects; and
is a
variable time-lag satisfying

one has

(2.3)
Lemma 2.2:
(Boyd, El Ghaoui, Feron, & Balakrishnan, 1994; Xie, Fu, &
de Souza, 1992) Let
, and M be existent matrices of
suitable sizes with fulfilling
, then

(3.9)
where
and
are familiar positive integers defining the
lower and upper time-lag limits, respectively. The
uncertainties are presumed as

(2.4)
(3.10a)
if and only if there exists a scalar

such that
where
and
are known and constant and
which suffices

(2.5)
Lemma 2.3:
(Dey & Kar, 2011b) A positive definite symmetric matrix
characterized by
(2.6a)

(3.10b)
The above uncertainty structure (3.10) has widespread usage
in filtering applications and robust control for systems with
uncertainties (Dey & Kar,2011a; Kandanvli & Kar, 2012; Xie
et al., 1992).

(2.6b)
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are the matrices that
is an unknown matrix
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A time-lag dependent LMI-based stability criterion is now
presented in the form of Theorem 3.1.
Theorem 3.1:
Given two integers
and
satisfying
, the
system represented by (3.8)-(3.10) is globally asymptotically
stable
if
there
exist
matrices
, a matrix with
compatible
dimensions,
and
positive
scalars
)) such
that

Using Jensen’s Inequality for discrete-time systems, the
following relation is obtained

(3.11)
(3.21)
Further, employing Jensen’s inequality and Lemma 2.1, the
following relation can be obtained if there exists a matrix S
such that (11) holds.

where

where
(3.14)

(3.23a)

(3.15)

(3.23b
)
Note that

(3.16)
(3.17)
and is given by (2.6).
Proof
Select a LKF (Huang & Feng, 2010; Tadepalli, Kandanvli, &
Kar, 2014; Tadepalli & Kandanvli, 2016) as

(3.24
)
Utilizing expressions (3.20)-3.24), the following inequality is
obtained
(3.25)
Where
(3.26)

(3.18)
where
(3.19)

Finding the finite difference of LKF down the flight path of
the system (3.8), as follows
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(3.29)
One can observe that for the nonlinear effects given by (2.1),
the coefficient given in (3.26) is nonnegative (Kandanvli &
Kar, 2008; Dey & Kar, 2011b). So, from (3.25),
only if
Thus
together with
(3.11) are globally asymptotically stable and sufficient
conditions for the system given by (3.8)-(3.10). Using
Schur’s complement
can be explicitly written as

(3.32)

(3.33)

(3.34)
are the space coordinates forth the
horizontal and vertical directions, respectively. The state
vectors
and
disseminate
information horizontally and vertically, respectively. The
matrices

are

the

known

coefficient

matrices

and

Further, using (3.10a), and employing Lemma 2.2 one can
easily arrive at Theorem 3.1. This completes the proof of
Theorem 3.1.
Remark 3.1:
It is worth comparing the number of decision variables for
the proposed Theorem 3.1 with Theorem 3 in (Kandanvli &
Kar, 2008). For a system with order n the number of decision
variables required for Theorem 3.1 is
while
for Theorem 3 in (Kandanvli & Kar, 2008) it is
Thus, Theorem 3.1 has the advantage of
smaller number of decision variables in comparison with
Theorem 3 of (Kandanvli & Kar, 2008) while maintaining the
same level of conservativeness.
Next, we extend the one-dimensional (1-D) results to the
two-dimensional (2-D) case.
3.2 Stability criterion for 2-D discrete uncertain systems
represented by the Roesser model

are the matrices that are unknown and represent parameter
uncertainties in the state matrices.
are
variable time-lags along horizontal and vertical direction,
respectively. Referring (Chen, 2010a), Let

(3.35)
where
and
are positive integers that are constant and
represent the lower time-lag limits along horizontal and
vertical direction, respectively;
and
are positive
constant integers symbolizing the upper time-lag limits along
horizontal and vertical directions respectively,
represents the generalized overflow nonlinearities.
Let the parameter uncertainties that appear in the state
matrices take the following form

(3.36a)
(3.31a)

(3.36b)
where

(3.31b)

,

(3.31c)

(3.36c)
are constant matrices that are known and
unknown matrix which satisfies

is an

(3.36d)
,

(3.31d)

κ
(3.31e)
where
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It is assumed (Chen, 2010a; Xu, Nan, Zhang, Ou, & Ni, 2013)
that system in question has a
limited
set
of boundary
conditions, i.e., there exist two
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nonnegative integers

such that

(3.37)
Theorem 3.2:
For given positive integers

satisfying
the zero solution of the
system described by (3.31)-(3.37) is globally asymptotically
stable if there exist positive definite symmetric matrices

, matrices

and

and

with appropriate dimensions, scalars

(3.48)

satisfying the LMIs

(3.38)

(3.39)
(3.49)
and

(3.50a)

(3.50b)

(3.40)
where

Now, finding the finite difference of the LKF (3.47) along the
system trajectories (3.31)-(3.37) and if one follows the steps
similar to (3.21)-(3.30), can easily arrive at Theorem 3.2.

(3.41)

Remark 3.2:
Note that a time-lag dependent stability condition for 2-D
systems characterized by the Roesser model involving
generalized overflow nonlinear effects has not been
previously
studied.
For

(3.42)
(3.43)
(3.44)
(3.45)

the cumulative count of scalar decision variables for
Theorem 3.2 is given by
.

(3.46)
and

3.3. Stability criterion for 2-D systems defined by FMSLSS
model

Proof
Consider a 2-D quardratic Lyapunov function (Tadepalli et al.
2015)

Let the system characteristics be defined by
,
(3.51a)

(3.47)
where
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(3.51b)
where
represents the generalized overflow
nonlinearities,
are horizontal and vertical
coordinates, respectively;
is the state local
vector;
are the known constant
matrices;
are the known
matrices that represent parametric uncertainties in the state
matrices that are of norm-bounded type and satisfy

are variable time-lags in horizontal and vertical direction,
respectively. Suppose
and
satisfy
,
(3.51c)
where
and are positive constant integers symbolizing
the lower time-lag limits in horizontal and vertical directions,
respectively;
and
are positive invariant integers
symbolizing the upper time-lag limits in horizontal and
vertical directions, respectively. It is presumed (Chen, 2010b;
Tadepalli et al., 2016; Xu & Yu, 2009) that system (3.51) has
limited set of boundary conditions, that is
and
two
nonnegative integers exist such that

(3.54)

where
(3.55)
(3.56)
(3.57)
(3.56)
(3.59)
(3.60)
(3.61)
Proof
Consider a 2-D Lyapunov functional (Tadepalli et al., 2016)

(3.52)

(3.62)

Theorem 3.3:
Given
positive

integers
satisfying
the system represented by
(3.51)-(3.52) is globally asymptotically stable if there exist
matrices
, matrices
with compatible
dimensions,
scalars
and

such that the following

hold
(3.63)

(3.53)
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(Kandanvli & Kar, 2008) is also able to evaluate the stability
of the system under consideration for the same time-lag range.
Example 4.2 Consider an iterative control technique for
batch procedures (Tadepalli et al., 2015). As shown in
(Tadepalli et al., 2015) under a suitable control law and finite
wordlength implementation a batch process can be expressed
in the from of (3.31)-(3.37) with

(4.69a)
(3.64)
and
(4.69b)
(3.65a)
(4.69c)

(4.69d)

(3.65b)
Taking the finite difference of LKF along the flight path of the
system (3.51)-(3.52) and following the steps similar to
(3.21)-(3.30) along the horizontal and vertical directions one
can easily derive Theorem 3.3.
Remark 3.3:
The number of decision variables for Theorem 3.3 is given by
. It may be noted that as all the criteria
presented are delay-dependent. And it is well known that the
criteria depending on time-lag are less restrictive but have a
computational overhead. So, the count of decision variables
is an important issue.
IV. EXAMPLES
Example 4.1
For the purpose of comparative analysis consider the system
(3.8)-(3.10b) with the following parameters (Kandanvli &
Kar, 2008).

Now, our objective is to evaluate the stability of the above
system (which is under the influence of saturation finite word
length nonlinearities) by iteratively solving for . With the
help of Theorem 3.2 we find that the system mentioned above
is
stable
all
through
the
time-lag
range
Similarly, when
i.e. the system employs two’s
complement overflow correction the system is found to be
stable
over
the
time-lag
range

Next, we demonstrate the applicability of Theorem 3.3.
Example 4.3 Consider a class of systems described by
Darboux equation. Darboux equation can be used to
characterize thermic reactions in chemical processes, heat
exchange process in car radiators, pipeline furnaces etc. As
shown in (Tadepalli et al., 2016) the system described by
Darboux equation can be modeled in the form of
(3.51)-(3.52). Now, for the following parameters.

(4.66)

(4.70a)

(4.67)

(4.68)
Our intent is to test the global asymptotic stability of the
system described by (3.8)-(3.10). To achieve this we fix the
lower delay bound and iteratively solve for the upper delay
bound
using Theorem 3.1.
Using MATLAB, SeDuMi 1.21 solver (Sturm, 1999) and
YALMIP 3.0 parser (Lofberg, 2004), the delay range over
which Theorem 3.1 is capable of testing the system stability is
It may noted that the Theorem 3 in
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(4.70b)

(4.70c)

(4.70d)
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By determining the stability of the system using Theorem 3.3,
we find that the system under consideration is stable over the
time-lag range
Further, the results obtained in examples 4.1-4.3 can be easily
verified with the help of state trajectories which we are
ignoring for the sake of brevity.
It may mentioned that Theorem 3.2 and Theorem 3.3 are
significant in the sense that previously no delay-dependent
results have been reported for 2-D discontinuous systems
modeled by the Roesser and FMSLSS model under the
simultaneous influence of generalized overflow nonlinear
effects, uncertainties and variable time-lags.
V. CONCLUSION
This paper presents three time-lag contingent stability
conditions in the form of Theorems 3.1-3.3. Although the
highlight of this work is the stability analysis of 2-D discrete
system characterized by the Roessser and FMSLSS models,
but Theorem 3.1 is also significant in terms of smaller number
of decision variables required while maintaining the same
level of conservativeness in comparison with previously
reported criterion. We demonstrated the applicability of
Theorems 3.2 and 3.3 by considering the practical systems
described in examples 4.2 and 4.3.
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