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Abstract: This study suggests a design of the coefficient of
variation (CV) chart based on the median run length (MRL). The
run length distribution of the CV chart changes from highly
skewed when the process is in-control to nearly symmetric when
the process is out-of-control at the larger shifts. Therefore, the
MRL can be used as an appropriate performance measure to
provide a meaningful information for the performance of the CV
chart. The procedure for the design of the CV chart based on the
MRL will be provided. An industrial example is provided to
illustrate the implementation of the CV chart.
Index Terms: coefficient of variation, control chart, median
run length, percentiles of run length distribution, shift.

I. INTRODUCTION
For decades, the common performance measure of control
charts has been the average value or the expected value of the
run length distribution, which is termed as the average run
length (ARL). However, the sole dependence on ARL as a
performance measure of control charts has been criticized
since the run length distribution is right-skewed. Therefore,
many researchers have advocated using other performance
measures for assessing the performance of control charts
(see, for example [1]-[4]). One such measure is the
percentage point (or percentile) of the run length
distribution. The percentage points provide important and
useful information such as the shape and the spread of the
run length distribution, which is not provided by the ARL.
Recently, the use of the percentage points of the run length
distribution to access the performance of control charts was
studied by many researchers. For example, [5] studied the
percentage points of the run length distribution of the
synthetic X chart to provide practitioners with a more
complete understanding of the behavior of the synthetic X
chart, instead of the sole dependence on ARL.
For the right-skewed run distribution, the average value is

greater than its median. As such, the 50th percentile of the
run length distribution, that is the median run length (MRL)
can be used as a better performance measure to increase
practitioners’ confidence in understanding a control chart.
Recent studies on control charts based on the MRL were
made by [6]-[11].
The percentiles of the run length distribution are
recommended in this study to describe the center and the
spread since the shape of the run length distribution of the
coefficient of variation (CV) chart changes in accordance to
the magnitude of shifts, ranging from highly skewed when
the shift is very small to approximately symmetric when the
shift is very large. This study also suggests the design of the
CV chart based on the MRL. The organization of this paper
is as follow: The CV chart and the run length distribution of
the CV chart are discussed in Section II. Section III provides
the design of the CV chart based on the MRL. Section IV
discusses the results and the finding of this study. An
example of industry application is provided in Section V.
Finally, conclusions are drawn in Section VI.
II. THE COEFFICIENT OF VARIATION CHART
For a random variable X, the CV of X refers to the ratio of
the standard deviation  to the mean , that is W = /. It is
assumed that subgroups {X1i , X2i , X3i , …, Xni } of size n
follows a normal distribution with mean of  and standard
deviation of  = , for sample number i = 1, 2, 3 ,…, where
 is the population CV, then  =/ = a0. Here, 0 is the
in-control target CV value and the a value is the shift in the
CV. Assume that there is independence within and between
these subgroups, then the sample CV is defined as

Wi 

,

(1)
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n
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n 1
is the sample standard deviation, with the sample statistic Wi
is plotted on the CV chart.
According to [12], the cumulative distribution function
(cdf) of W is
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n  . Inverting the cdf in (4)
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gives the inverse of the cdf of W as follows:
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non-central t-distribution with (n – 1) degrees of freedom and
non-centrality parameter
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Pr(RL = l) = p

The CV remains constant when the process is in-control.
The process is out-of-control when the occurrence of an
assignable cause due to the changes in the relation between 
and  such that there is a shift in the CV. The CV chart was
proposed by [13] for monitoring changes in the CV. Given
the the significance level p (i.e. type I error probability of the
CV chart), the lower and upper control limits of the CV chart
are given as
1

p
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where  = 0 (with a = 1) when the process is in-control, while
 = 1 = a0 (with a > 1) when the process is out-of-control.
In this study, the run length distribution of the CV chart is
studied to provide useful information regarding the
performance of the CV chart as the study of the run length
distribution provides a complete understanding on the
behavior of the CV chart. The run length distribution is
characterized by the percentage points or percentiles of its
distribution and the percentage points are more informative
than the ARL. For example, the percentage points provide
information regarding the spread of the run length
distribution. The lower percentage points when the process is
in-control, such as the 5th and 10th percentiles provide
information about the early false alarm rates.
In general, the probability mass function (pmf) of the run
length distribution of a control chart is defined as




| n,  0  

n

p
n 
Ft  | n  1,
 
2
0 
1

(1  p )

(10)

and the cdf of the run length distribution can be computed as
Pr( RL  l )  1  p ,
l

(11)

where l = 1, 2, 3, …, then the 100 (0 < < 1) percentage
point of the run length distribution can be calculated as m
such that
Pr( RL  m  1)   and Pr( RL  m )   .

(12)

Note that ARL = ARL0 and MRL = MRL0 when the
process is in-control, while ARL = ARL1 and MRL = MRL1
when the process is out-of-control, where ARL0 and MRL0
are the in-control ARL and MRL, respectively; whereas
ARL1 and MRL1 are the out-of-control ARL and MRL,
respectively.
III. THE DESIGN OF THE COEFFICIENT OF
VARIATION CHART

,
(7)

respectively. The performance of the CV chart proposed by
[13] is evaluated based on the ARL. The ARL is the expected
number of samples for the control chart to give an
out-of-control signal at a particular shift a in the CV, where
an assignable cause results in a shift of the on-target CV
value 0 to an off-target CV value 1 = a0. Note that a > 1
represents an increasing shift in the CV, while 0 < a < 1
represents a decreasing shift in the CV. The value of a > 1 is
considered in this study since increasing in the CV shift
indicates the deterioration in the process. According to [14],
the ARL of the CV chart is computed as
1
ARL  ,
(8)
p
where p = 1 – Pr(LCL < W < UCL)
= 1 – [ FW ( UCL | n,  )  FW ( LCL | n,  ) ].
Rearranging this equation gives

l 1

The design procedure of the CV chart is implemented as
follows:
(1) Specify the values of a, n, MRL0 and 0.
(2) Solve for the p value when a = 1, to obtain the desired
MRL0 value in Step (1) using (11) and (12) with  = 0.5.
(3) Compute the LCL and UCL when a = 1 based on the p
value in Step (2) using (6) and (7), respectively. Then,
substitute the LCL and UCL values into (9) to obtain the
p value when a > 1.
(4) Calculate the MRL1 using (11) and (12) with  = 0.5
based on the p value in Step (3) when a > 1.
Note that in Step (1), the a value is the magnitude of shift
in the CV that must be identified and eliminated as soon as
possible. The 0 value is usually estimated using the
in-control retrospective data during Phase-I analysis. The n
value is determined based on the available resources
depending on the number of items that can be conveniently
handled in one sample [15].
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IV. RESULT AND FINDING
The UCL and LCL in Table I(a) are computed based on the
ARL, while the UCL and LCL in Table I(b) are computed
based on the MRL, for n = 5 with ARL0  {200, 370.37, 500,
1000} or MRL0  {200, 370, 500, 1000}. It can be observed
that as the ARL0 or MRL0 increases, the UCL increases while
the LCL decreases.
Tables II(a)-(c) provide the ARL and the run length
profiles of the CV chart for 0 = 0.05, n = 5 and ARL0 =
370.37. Note that p = 0.0027 for ARL0 = 370.37, then the
control limits of the CV chart are computed as LCL =
0.00812459 and UCL = 0.10586847 using (6) and (7),
respectively.
The lower percentiles of the in-control run length
distribution in Table II(a) provide information about the
early false alarm rates. For example, it can be concluded that
there is a 5% chance that a false out-of-control signal will
occur by the 19th sample when the process is in-control (i.e.
5th percentile = 19 when a = 1).
The results shown in Table II(b) are expected as the ARLs
are all larger than the corresponding MRLs (i.e. 50th
percentiles) for all the given shifts. The run length
distribution is right-skewed since its mean is larger than its
median. From Table II(b), the CV chart has ARL0 of 370.37
but half of the in-control run lengths are less than 257 (i.e.
MRL0 = 257). Furthermore, it is observed that the ARL0 of
370.37 falls between the 60th and 70th percentiles of the run
length distribution, indicating the in-control run length
distribution is skewed to the right. The results also show that
the out-of-control run length distribution is also skewed to
the right. For example, ARL1 = 43.55, whereas MRL1 = 30
for a = 1.25, where the ARL1 is larger than the MRL1.
From Table II(b), ARL = 370.37, 43.55, 10.57, 4.71 and
2.89 for a = 1, 1.25, 1.5, 1.75 and 2, respectively; while MRL
= 257, 30, 7, 3 and 2 for a = 1, 1.25, 1.5, 1.75 and 2,
respectively. This shows that the skewness of the run length
distribution decreases with the increase in the magnitude of
shift a. In other words, the difference between the ARL and
MRL decreases when the magnitude of shift a increases. Due
to the right-tailed run length distribution, the ARL cannot be
used as the typical performance measure of the CV chart.
Therefore, it is insufficient to interpret the performance of
the CV chart solely based on the ARL as the interpretation
based on ARL can be complicated and could be misleading.
Table I(a). Control limits of the CV chart when n = 5,
0 = 0.05 based on ARL

Table I(b). Control limits of the CV chart when n = 5,
0 = 0.05 based on MRL
MRL0

UCL

LCL

200

0.10419757

0.00865455

370

0.10827079

0.00740567

500

0.11020674

0.00686217

1000

0.11453549

0.00575757

Table II(a). ARL and run length profile (1st, 5th, 10th, 20th
and 30th percentage points) of the CV chart for 0 =
0.05, n = 5 and ARL0 = 370.37
a

ARL

1st

5th

10th

20th

30th

1

370.37

4

19

39

83

132

1.25

43.55

1

3

3

10

16

1.5

10.57

1

1

1

3

4

1.75

4.71

1

1

1

1

2

2

2.89

1

1

1

1

1

Table II(b). ARL and run length profile (40th, 50th, 60th
and 70th percentage points) of the CV chart for 0 = 0.05,
n = 5 and ARL0 = 370.37
a

ARL

40th

50th

60th

70th

1

370.37

189

257

339

446

1.25

43.55

22

30

40

52

1.5

10.57

6

7

10

13

1.75

4.71

3

3

4

6

2

2.89

2

2

3

3

Table II(c). ARL and run length profile (80th, 90th, 95th
and 99th percentage points) of the CV chart for 0 = 0.05,
n = 5 and ARL0 = 370.37
a

ARL

80th

90th

95th

99th

1

370.37

596

862

1109

1704

1.25

43.55

70

100

129

199

ARL0

UCL

LCL

1.5

10.57

17

24

31

47

200

0.10165760

0.00950856

1.75

4.71

7

10

13

20

370.37

0.10586847

0.00812459

2

2.89

4

6

8

11

500

0.10785011

0.00752796

1000

0.11227373

0.00631607
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Fig. 1(a). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 1

Fig. 1(b). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 1.5

Fig. 1(c). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 2

Fig. 1(f). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 5
As such, the percentiles of the run length distribution can
be used to provide a more meaningful interpretation. The
higher percentiles of the out-of-control run length
distribution in Table II(c) provide information about the
out-of-control signal that can be detected at the higher
probability with a certain magnitude of shift. For example,
there is a probability of 0.95 that the out-of-control signal
will be detected by the 129th sample (i.e. 95th percentile =
129) when the process is shifted with a magnitude of a =
1.25.
Fig. 1(a)-(f) provide the plots of the pmf of the run length
distribution for the CV chart with the shifts in the CV are a =
1, 1.5, 2, 3, 4 and 5, for 0 = 0.05, n = 5 and ARL0 = 370.37.
Fig. 1(a) shows that the run length distribution of the CV
chart is highly skewed to the right when the process is
in-control at a = 1. When the process is slightly
out-of-control at a = 1.5, the run length distribution is also
skewed to the right (see Fig. I(b)). However, the run length
distribution is symmetric when the magnitude of shift is large
at a = 5 (see Fig. 1(f)). This shows that the skewness of the
run length distribution changes according to the magnitude
of shift a. For a highly skewed run length distribution, the
interpretation based on ARL can be different compared to the
symmetric run length distribution. For different skewness in
the run length distribution at different magnitude of shifts,
the interpretation based on ARL can be difficult. On the other
hand, the interpretation based on MRL would not have the
same problem, in which the interpretation based on MRL can
be more meaningful and readily understood.
V. AN EXAMPLE FOR INDUSTRIAL APPLICATION

Fig. 1(d). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 3

Fig. 1(e). Plot of pmf of the run length for the CV chart with
0 = 0.05, n = 5, ARL0 = 370.37 and a = 4

In this section, the application of the CV chart is
demonstrated using an example from a solar panel
manufacturing plant. The data deal with the thickness
measurement for a process in manufacturing the solar
wafers. The Phase-I data contain m = 25 samples, each
X
having n = 5 measurements, in which the sample mean ( i ),
sample standard deviation (Si) and sample CV (Wi) are
listed in Table III.
The assumption for the process monitoring is checked by
the plot of the sample CV against the sample mean in Fig. 2.
Fig. 2 shows that the CV is constant, indicating the standard
deviation of the thickness measurement is approximately
proportional to the mean.
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Table III. Phase-I dataset

Table IV. Phase-II dataset

Sample
Number i

Si

Xi

Wi

Sample
Number i

Si

Xi

Wi

1

7.57

202.74

0.0373

1

13.80

201.46

0.0685

2

11.32

194.56

0.0582

2

13.16

199.79

0.0659

3

7.61

200.43

0.0380

3

8.97

199.45

0.0450

4

10.19

199.16

0.0512

4

11.44

194.14

0.0589

5

8.20

200.61

0.0409

5

15.97

199.05

0.0802

6

15.61

193.48

0.0807

6

2.62

199.13

0.0132

7

6.26

202.68

0.0309

7

11.31

194.74

0.0581

8

10.42

198.57

0.0525

8

14.71

199.79

0.0736

9

17.26

194.79

0.0886

9

11.36

202.51

0.0561

10

7.85

205.99

0.0381

10

10.77

200.79

0.0536

11

11.44

200.08

0.0572

11

13.33

203.35

0.0656

12

10.05

201.32

0.0499

12

11.85

197.52

0.0600

13

9.30

192.33

0.0484

13

7.75

206.46

0.0375

14

10.39

197.23

0.0527

14

9.61

203.75

0.0472

15

17.64

199.27

0.0885

15

11.25

205.46

0.0548

16

6.93

209.99

0.0330

16

10.32

206.65

0.0499

17

9.60

204.28

0.0470

17

7.78

198.92

0.0391

18

7.37

194.64

0.0379

18

23.14

192.41

0.1203

19

10.75

197.58

0.0544

19

16.43

203.51

0.0807

20

10.34

204.02

0.0507

20

7.00

198.24

0.0353

21

11.39

206.16

0.0552

21

20.38

209.00

0.0975

22

6.31

205.68

0.0307

22

15.67

208.30

0.0752

23

14.12

200.39

0.0705

23

15.75

190.82

0.0825

24

6.72

198.00

0.0339

24

10.33

200.85

0.0514

25

4.10

204.85

0.0200

25

4.55

205.02

0.0222

This means that the constant CV assumption is appropriate
and this justifies the use of the CV chart for the process
monitoring. The on-target CV value is estimated from the
Phase-I data using the root-mean-square of W proposed by
[16] as
n

0 =

 Wi

k 1

The control limits of the CV chart can be computed using
(6) and (7) as
1

 0.001875

| 5,0.05  = 0.00740567
2



LCL  FW 
and

2

=

0.0695

1




UCL  FW 1 

= 0.05273  0.05.

m
25
It is assumed that the desired MRL0 is 370. By setting the
probability of the significance level p as 0.001875, the MRL0
of 370 is obtained based on (11) and (12) with  = 0.5.

0.001875
2

respectively.
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out-of-control run length distributions are both skewed to the
right. This concludes that the MRL can be used as an
alternative performance measure for the CV chart.
Furthermore, since MRL1 = 19, the CV chart signals at or
before the 19th sample at 50% of the time.
VI. CONCLUSION
The performance measure used for the CV chart in this
study is the percentile of the run length distribution,
particularly the MRL. This study shows that the shape of the
run length distribution of the CV chart changes in
accordance to the magnitude of shifts, ranging
approximately symmetric when the shift is very large to
highly skewed when the process is in-control. This means
that the skewness of the run length distribution decreases
when the magnitude of shift increases. Thus, the ARL should
be not used as the sole performance measure of the CV chart.
On the other hand, the MRL can be used as an alternative
performance criterion, to provide a more meaningful
explanation about the in-control and out-of-control
performances of the CV chart. Moreover, a better
understanding of the performance of the CV chart via the use
of MRL helps to increase practitioners’ confidence as the
MRL is easier to interpret and comprehend than the ARL
when the run length distribution is skewed.

Fig. 2. Scatter plot of sample CV versus sample mean
for the example

Fig. 3. CV chart for Phase-I
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