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Abstract: This paper discusses on the estimation of character
sums with respect to non-homogeneous Beatty sequences,
over prime
where
,
and
is
irrational. In particular, the bounds is found by extending several
properties of character sums associated with composite moduli
over prime. As a result, the bound of
deduced.

arithmetical functions over Beatty sequences.
In this study we will apply the approach introduced by [8],
namely Vinogradov’s method. This method give estimation
of sequences by using fundamental principle is that possible
to estimate effectively sums of the form

is

Index Terms: Beatty sequences, character sum, composite
moduli, discrepancy.

I. INTRODUCTION
Beatty sequences was introduced by [1] in the form of
where is an irrational and is natural number.
There are two types of sequences which are homogeneous
and non-homogeneous Beatty sequences. In [2] proved that if
, are positive irrational numbers with
, then the
disjoint union of
and
are if and only if

for
where
. This sequences come
along with the compliment sequences which stated in The
Theory of Sound [3]. The sequences consisting of the
positive integers that are not in the sequence, is itself a Beatty
sequence generated by a different irrational number. [4] give
proved precisely three conditions (the two sequences of the
theorem are disjoint, no integer is absent from both sequences
and each sequence consists of distinct elements) of the
classical result due to Beatty.
Non-homogeneous Beatty sequence is the sequence of
integers
where
be a fixed reals numbers in the
set
The non-homogeneous Beatty sequences however have
been treated by many authors such as [5], [6] and [7]. The
study of the distribution of prime numbers in Beatty
sequences is started in 1970s. Then, in 2000s some works
continued hence there are new approach to improve the
estimation of remainder terms in asymptotic formulas. A
wide range of study concern on the sums of the values of
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under vary varied conditions of summation on and . The
basic properties of Cauchy inequalities and Fourier series
from this method are applied in [9] to estimate bounds of
double character sums.
The complement of this result is obtained in [10] which
gives for a prime the least positive quadratic non-residue
modulo among the terms of Beatty sequence is of size at
most
. However, the method used in [10] is
very different and cannot be used to find bound the sum
of this study.
In [11] and [12], they used the following character sums

where is irrational and is a non principal character sum
modulo . The sum
is studied for special case
of primes and estimated nontrivial for
where
, respectively.They obtain the results on uniform
distribution of primitive roots which improved the result in
[13]. The estimation of bounds is stronger on the size of the
least quadratic non residue by using character sums
approached.
In this paper, we investigate for the cases of composite
moduli . Then, the results on the estimation of the bound of
sums
are in primes numbers which is
highlighted in an open problem listed by [14]. That is we
consider non-homogeneous Beatty sequences over primes. It
is constructed in the form of

Firstly, consider the sum of the form

where is an irrational, is a primes and is a non trivial
multiplicative character modulo a composite number. We
applied a method given by [11] and [9] in order to estimate
the bound of distributions of non-homogeneous Beatty
sequences. The result yield explicit bounds on error term. By
using this method and identify the cardinality of the primes
sets, we will established a new
results [15].
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A. Notation
The notations such as
,
, and
is
applied equivalent to the assertion
for some
constant
. The constants symbols ,
and
may
depend on the real number but are absolute otherwise. A
function which tends to zero and depends only on is
denoted as
. It is important to note that our bounds are
uniform with respect to all of the other parameters, in
particular with respect to .
The letters , , and with or without subscripts always
denote non-negative integers.
If is a real number the symbols
,
denote the
greatest integer
and the least integer
, respectively.
The fractional part
of is denoted by
. The
notation of distance from the real number is denoted as

II. PRELIMINARIES
Our result is applied to some familiar notation from the
theory of
which describes
the class of real numbers . For an irrational number , we
define its
by the relation [12]

By using
, it is
easy to see that
for every irrational . [16] and [17]
assert that
for almost all real (in the sense of the
Lebesgue measure) and all irrational algebraic numbers ,
respectively. We remark that the number
is called
the irrationality measure of
, or the
The
of a sequence is an introduced
quantity that measures the deviation of the sequence from an
ideal distribution. The
of a sequence of
(not necessarily distinct) real numbers
is defined by the relation
(1)
where the supremum is taken over all subintervals
of the interval
is the cardinality of
the set
and
is the length of .
We also need the following elementary statement from
[11].
Lemma 1. Let be a fixed irrational number. Then, for
every positive integer and real number
, there
exists a real number such that
Proof: Suppose
for all
. Note
that
if and only if
. Since
is
irrational, the numbers
have distinct arguments for
.
Let
, and

where
Since

index for which

Let

and for each

, we have

■

which finishes the proof.
III. RESULTS AND DISCUSSION

In this section, we give a result of an open problem
(Number 35) in [14] on distribution of composite moduli over
prime for non-homogeneous Beatty sequences. The
following subsection discuss the properties of character sums
extended to composite moduli and the bounds of distributions
of the sequences associated to primes.
A. On Some Properties of Character Sum
The following lemmas will discuss on the properties of
character sums extended to composite moduli. Consider a
composite number with primitive elements.
Let
be a finite group of order
and be a cyclic
subgroup of
with order .
Lemma 2:A multiplicative character of
is,

where is a fixed primitive element of
with order
and is a fixed integer,
.
Proof. By the hypothesis,
must be a -th roots of
unity. Therefore,
for some ,
. It
follows that
. There exists,
that consists
exactly the characters
.
■
By using the ortogonality relations that applied to additive
or multiplicative characters sums to
will yield several
fundamental identities.
Lemma 3. For additive character
and ,

For multiplicative character, if

, then

where the sum is extended over all multiplicative character
of
.
Proof: Let be primitive roots from
of order
where
.
Then, we have cyclic subgroup
of
order
, respectively. After that, we
choose only primitive roots of that satisfy gcd ( , )=1.
By using the function from Lemma 2,

is the disjoint union of the sets
By the pigeonhole principle there exists an
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For some choice of

, from Lemma 1
(3)

will give us all additive and multiplivative character of
for any composite moduli.
■
Lemma 4. Let
from
and from
. If
and
. Then the nontrivial multiplicative
character of
is given by,

By fixing , let
We have for every

Proof: Given that
and
. There exist
additive properties of identity element as trivial case which
is different from 0 for every in .
Suppose for some
is
. Then
. From Lemma 2 it is obviously
shown
. Thus for this case we consider
.
Consider gcd( ,m)=1 and gcd( ,m)=1. Then we will
have
and
be primitive roots from
of order
where
.
Then only consider primitive elements of gcd( ,m)=1
and gcd( ,m)=1 from
. By Lemma 2, then the lemma
holds.
■
The case of is an odd prime was solved by [11].

,

and

.

,

It can be shown that,
(4)
where

For any

B. Bounds of Beatty Sequence Associated with Prime
Theorem I discuss on the bound of distribution of
quadaratic residue by using character sums. The result is
constructed by applying discrepancy,
of the
sequence of fractional parts in the form of

and some

, we have

.
Since

, we have

uniformly for all
.
Therefore, by applying the Cauchy inequality we obtain

Theorem I: Let be a fixed irrational number, be any
real number and is any composite number with primitive
elements. Then, for positive primes
, set of prime
and non-trivial multiplicative characters
mod m , the
following bound holds

Proof: The proof of this theorem divided into two parts.
The first part deals with discrepancy of sequences and
character sums and the second part will gives more details on
character sums in composite moduli associated with primes.
The prove of the first part is as follows:
Let
and

Now we will prove the second part. From Lemma 4, the
inner sum takes only two possible values. That is

Suppose
Since

From (1), we have
set
Then we have,

and

is the cardinality of the
is the length of .

, the congruence
occurs for at most
Therefore, it follows that

pairs

Subtituting this bound in (4) and by using (2) and (3), we
obtain
Thus,
(2)
where
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As an illustration, if we have
,
,
,
and
. Then
. The fractional of
.
Suppose
, then we will have
and
.
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IV. CONCLUSION
From this research, we found that the bound of non
homogeneous Beatty sequences on distribution of composite
moduli over primes case is less than
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