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Abstract: This study is designed to i) apply chaotic approach 

in predicting Carbon Monoxide (CO) data series and ii) improve 

the method in determining number of k–nearest neighbor. 

Chaotic approach is one alternative approach to predict any data 

series. Prediction through chaotic approach is made after three 

important parameters which are delay time τ, embedding 

dimension m and numbers of nearest neighbor k were 

determined. Therefore, the chaotic approach is applied. In this 

study, predictions are done to Carbon Monoxide time series 

observed at Shah Alam in Malaysia. Parameters τ and m are 

determined through average mutual information and Cao 

method respectively. While for k, most of the past researches 

frequently used try and error method. In this study an 

improvement of the method in determining the number of k is 

introduced. This improved method is done through plotting the 

graph of k versus the correlation coefficient (cc) of prediction 

model. Parameter cc is obtained through the prediction of data 

series using local mean approximation method (LMAM), local 

linear approximation method (LLAM) and improved local 

linear approximation method (ILLAM). Result shows that the cc 

value of LMAM is 0.9821 with k = 7, LLAM is 0.9873 with k = 3 

and ILLAM is 0.9913 with k = 13. Therefore, the improved 

methods suggest that the optimal value of k is ranged from 3 ≤ k 

≤ 13.  It is hoped that the improved method can be used for 

future research in developing a better prediction model for 

chaotic data series. 

 

Index Terms: chaotic approach, carbon monoxide, data 

series, k-nearest neighbor.  

 

I. INTRODUCTION 

Nowadays, human activities lead to the environmental 

pollutions. It can be water pollutions, soil pollutions, sound 

pollutions, light pollutions or air pollutions, and it relates to 

human activities. As for air pollutions, the incomplete 

combustion of fuel, coal and gas waste from vehicles can lead 

to emission of Carbon Monoxide (CO) [1]. An excess inhale 

and breath with CO may lead to several respiratory diseases. 

It can cause death when people inhale a high concentration 

of CO for a long time period. Hence, the development of 
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prediction models of the CO concentration time series is a 

must.  

Data series can be classified into two which are 

deterministic and random [2], [3]. The dynamic of the 

deterministic time series moves from an initial condition and 

pass through its trajectory possibly can be traced. Then, a 

deterministic time series can be predicted. However, a 

non-deterministic time series cannot be predicted and it is 

random. Due to the sensitivity on the initial conditions, only 

short-term prediction is allowed [3]. There are various 

methods to detect whether the chosen time series is chaotic 

or not. Previously [4], [5] used phase space plot to detect the 

presence of chaotic behavior in ozone (O3) concentration 

time series. Chaotic approach is not limited to O3 time series, 

several studies had been done on river flow modeling by [6] 

and PM10 modeling by [7]. In this study, Cao method and 

phase space plot are used to detect the presence of chaotic 

behavior on CO concentration time series.  

After the chaotic behavior had been detected, three 

important parameters need to be determined which are delay 

time τ, embedding dimension m and numbers of nearest 

neighbor k for prediction. The choice of the value τ is 

important in order to fully capture the structure of attractor 

[8]. If τ is too small, then the vectors of the phase space are 

not independent and results in losing the attractors 

characteristics. But, if τ is too large, the different coordinates 

may be the almost behaviorally uncorrelated and cause a loss 

of information from the original system [9]. Several study 

previously used τ = 1 and the results of their predictions are 

close to the observed one by measuring with the cc near to 1 

[10], [11]. m will be computed through Cao method for an 

optimal value of m [4]. However, parameter k is commonly 

chosen by try and error. Certain value had been used such as 

k = 200 [5],  k = 100 [12], k = 50 [13]. In previous studies, 

[6], [14] used k = 2m. Recent studies, [15] in her thesis, she 

varies the number of  k which are k = 5, 10, 20, 30, 50, 100, 

200, 1000, 2000. [16] earlier states that, a smaller value of k 

gives an excellent results. It is not clearly stated what is that 

small number really is. In this paper, an improved method in 

determining the value of k will be tested from 1 ≤ k ≤ 200. 

This improved method is done through plotting the graph of 

k versus the correlation coefficient (cc) of prediction model.  
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Three methods will be used in this study which are local 

mean approximation method (LMAM), local linear 

approximation method (LLAM) introduced by [17] and 

improved local linear approximation method (ILLAM). 

ILLAM has been introduced by [5] and this method gives the 

best performance in predicting. 

The contributions of this study are to introduce the phase 

space plot and Cao method for detecting the presence of 

chaotic behavior, for the first time on CO concentration time 

series. Besides, this study believes that there is an optimal 

number of k for each prediction model used that gives the 

best cc will be recorded.  

II. DATA SERIES 

CO time series is observed in Shah Alam. It is a highly 

populated area in Selangor (Fig. 1). Shah Alam is a city and 

the state capital of Selangor, Malaysia. There are a lot of 

attractions that make Shah Alam become one of the most 

visited places every year such as recreational, sports, 

education, vacation and many more. This study is the first 

study in Malaysia using chaotic approach for analyzing the 

CO time series. Therefore, the time series observed at the 

benchmark stations are used.  

 
Fig. 1. Map on the location of Shah Alam in Selangor 

 

The data series of CO concentration is observed per hour 

for one month starting on June 1, 2014 up until June 30, 

2014. One month time series period are 30 days consist of 

720 hours. The time series is recorded in ppm (part per 

million) unit and arranged in the scalar form of 

one-dimensional vector X with  

1 2 3 4{ , , , ,..., }LX x x x x x
 (1) 

L is the total number of hours. In this study L = 720. CO 

concentration time series are divided into two parts of time 

series. The first series is a training part while the other one is 

a part to see the performance of the prediction models. 

Training part is the time series of 552 hours. 

1 2 3 4 552{ , , , ,..., }train x x x x xX 
  (2) 

and the next 168 hours,  

1n nx Ax B  
  (3) 

are used for the test parts. Overall time series for 720 hours 

observed in Shah Alam is illustrated in Fig. 2. As for the 

statistic details for the CO concentration time series is listed 

in Table I.  

 

 
Fig. 2. Hourly CO concentration (ppm) time series. 

 

Table- I: Statistics Details 

Statistics Value 

Maximum 1676 

Minimum 188.7 

Mean 777.5 

Median 743.3 

Mod 710 

Std. Deviation 318.8 

III. CHAOTIC NATURE 

A. Phase Space Plot 

The training part of observed hourly CO concentration 

was recorded in one-dimensional vector as shown at (2). 

With 
 tx

  is refer to CO concentration time series at t hour, 

it has     to be shifted or transformed into two-dimensional 

vector of
 , 1t tx x 

 before building the phase space. 

However, the parameter of delay time τ  needs to be 

determined. τ is the time interval value to reflect the 

structure of phase space of the time series. τ can be 

determined by several methods. Average mutual information 

and autocorrelation functions were used to determined τ. 

Previous study such as [10] and [11] using τ =1, as the 

prediction model gave an excellent results. Since this is the 

first time where LMAM, LLAM and ILLAM are 

implemented to CO time series in Malaysia, hence τ = 1 is 

used. 

Since τ = 1 had been set to be used, the phase space plot is 

built. The existence of an accumulated form called as strange 

attractor by [18] shows that the nature of the time series is 

chaotic [19]. Fig. 3 is the phase space plot of a time series of 

(2) with τ = 1.  
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It is clearly can be seen that there exists an attractor where 

most of the points converge towards it. Thus, the observed 

hourly CO time series is chaotic in nature with  τ = 1. 

 
Fig. 3. Phase space plot 

B. Cao Method 

The series of trainX   is reconstructed into an 

m-dimensional phase space.  

, , 2 ( 1)( ,..., )m
j j j j mjY x x x x     

 (4) 

Delay time τ was set equal to 1 and the minimum 

embedding dimension m is determined by using Cao 

method. Cao method can gives two results respectively. It is 

not only can determine the value of m, it is also can be used 

to detect the presence of chaotic behavior [4]. Cao method 

take place in the calculation of two parameters, called E1(m) 

and E2(m) where m is the variation  of the embedding 

dimension. When E1(m) stops changing when the m value is 

greater than the value of m0, then m0+1 is the minimum 

embedding dimension, m. For a random data series, the 

value of E1(m) will not achieve saturated phase with 

increasing m. Hence, the graph of m against E1(m) can be 

used to differentiate whether the nature of time series is 

chaotic or random. [4] also introduced a calculation of 

E2(m) for making sure either the data series used is chaotic 

or random. For random time series, E2(m) will equal to 1 for 

any m. However for chaotic time series, there will always 

some E2(m)≠1. Hence, it there exist E2(m) ≠1, then, the 

observed data series is chaotic. The result in Fig. 4 shows 

that the value of m0 = 4, E1(m) started saturate within the 

value 0.95 and 1.00. Thus, the value of m is 5. Since, E2(m) 

≠ 1, it is supported enough that the time series used is 

chaotic. Thus, the prediction model based on chaotic 

approach is expected to perform well since the nature of the 

time series is chaotic.  

 

 
Fig. 4. E1(m) and E2(m) from Cao Method 

 

IV. PREDICTION MODELS 

In this paper, three prediction models are used for 

showing how improved method in determining the number 

of nearest neighbor used was implemented in making these 

three prediction models predict better. After the parameter of 

τ = 1 and  m = 5 were determined, the last parameter which is 

k need to be chosen as well. As explained before, k was 

chosen mostly by try and error. In this paper, the previous 

method in determining the value of k used in past research 

will be used in the prediction model and will be compared 

with the optimal number of k. Performance of the model is 

reflected in the calculation of correlation coefficient (cc). 

A. Local Mean Approximation Method (LMAM) 

Prediction process through chaotic approach by using 

LMAM is interpreted through equation: 

1 ( )m m

j jY f Y 
   (5)  

Prediction of  1

m

jY   is done based in number of neighbor of 
m

jY
. The neighbors of 

m

jY
 are labelled as 

m

jY
 where 1< j’ 

<j. For the LMAM, not all neighbors are used to 

predict 1

m

jY  . With parameter k is the number of nearest 

neighbor, only k nearest number is used.  k nearest neighbors 

are neighbors with the minimum value of Euclidean distance 

|| '

m

jY
-

m

jY
||.  After '

m

jY
 is determined, the one hour ahead 

' 1

m

jY   will be listed. The prediction of 1

m

jY   is taken as the 

average of ' 1

m

jY   values: 

  (6)   

By testing the number of k use between 1 to 200 as in   Fig. 

5, the best value of k can be seen through plotting the graph. 

The highest peak of the plotted graph is the best value of k 

since it gives the highest value of cc. The best value of k  for 

LMAM is k = 7 and it gives cc = 0.982. 

 
Fig. 5. Prediction by using LMAM with optimal k. 

B. Local Linear Approximation Method (LLAM) 

For local linear approximation method, a linear equation  

1n nx A Bx  
    (7) 
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need to be fitted to the training set (2). The prediction of 

 is obtained by inserting the value of . The value of A 

and B is calculated through the least square method. Phase 

space of (4) is built with τ = 1 and m = 5. Thus the 

reconstructed phase space is 

1 2 3 4

5
( , , ), ,j j j j jYj x x x x x   

   (8) 

with 
1,2,3,..., 4j L 

 . Since L = 552, the final phase 

space is  
5

548, 549, 550 551 552548 ( , , )Y x x x x x
  (9)  

Nearest neighbor to the final phase is sought by 

calculating the minimum Euclidean distance || || 

where w < 552.           k nearest neighbor are searched and 

labelled as  

1 2 3
( , , ,..., )

i kn n n n nY Y Y Y Y
  (10)   

A one step forward if nY
 was labelled as  

1 2 31 1 1 1( , , ,..., )
i kn n n n nY Y Y Y Y   

  (11) 

m-column values of each inY
 is searched. The 

corresponding m-column values of (10) is labelled as  

1 2 3
( , , ,..., )

i kn n n n nx x x x x
  (12) 

while the corresponding m-column values of (11) is wrote as  

1 32
1 1 11

( , , ,..., )
i kn n n nn

x x x x x  
  (13) 

A linear equation 1n nx A Bx  
of is fitted to both (12) 

and (13) that formed an linear equation. But, the constant A 

and B might change depends on the k used. Take k = 50 for 

illustration of the equation that forms 

1
1.1050 3.0609

n n
x x


 

  (14)  

In Fig. 6, it shows that the best value of k used that gives 

the best prediction when k = 3. The lowest value of k need to 

be chosen as said by [16], the smaller the value of k, the 

better the prediction value. 

Fig. 6. Prediction by using LLAM with optimal k 

C. Improved Local Linear Approximation Method 

(ILLAM) 

In ILLAM prediction model, only one linear equation (7) 

will be needed. This model has been introduced by [5]. In 

LLAM prediction model, constant A and B will be evaluated 

by using trainX time series. In ILLAM, trainX  will be 

renewed for every new prediction made. This is because the 

number of data series will be adjusted for new prediction 

value. For new prediction value, the new equation will be 

generated as follows: 
m m

k n jk njk
Y C Y D 

   (15) 

In other words, LLAM prediction model only generates 

one equation only. But, in ILLAM, multiple equations were 

generated depends on the number of trainX .  Fig. 7 shows 

the best value of k used for predicting the chosen chaotic data 

series. It shows that the highest cc = 0.9913 is generated 

from k = 13. 

 
Fig. 7. Prediction by using ILLAM with optimal k 

V. DISCUSSION 

The chosen range in determining the optimal number of k 

is between 1 to 200. This is because the previous study 

randomly try and error up until k = 200. So, this study 

wanted to see either this improved method in determining 

the value of k is better than previous method of trying and 

error. Table II shows the performance of three prediction 

models with several values of k based on previous study. 

While in Table III, the performance for those three models is 

shown by implemented the optimal number of k. By taking 

cc  as performance measure, we can conclude that there is the 

best value of k for each prediction model that gives the 

highest cc. The previous method by trying and error is not an 

exemplary method nowadays. Since, an optimal number of k 

can be done by this improved method, so this method should 

be implemented for any prediction model in future. 

Specifically for LMAM, the value of cc decreases as k 

increases (Fig. 5). So, a high value of k is not perfectly give a 

good cc. By comparing on the best value of with k = 2m, it 

gives cc = 0.9814. It is clearly that the best value of k = 7 

gives a better cc which is 0.9821. So, for LMAM, this 

approach can be applied for the next study.As for LLAM 

(Fig. 6), it can been seen that cc  does not change at all as the 

k increase. However, the smallest value of k with the highest 

value of cc starts from 3. As mentioned before, [16] 

suggested that a small value gives an excellent prediction. 

That is why the best value of k is 3.By referring to Fig. 7 and 

Table III, ILLAM gives the best prediction performance with 

cc = 99.13. It shows that, ILLAM can make prediction with 

99.13% chances of getting close to the real data compared to 

the model without using optimal value of k gives cc = 

0.9910.  
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By this improved method of determining an optimal value 

of k, ILLAM can have a better prediction model after 

determining the optimal value of k.  

 

Table- II: Performance of prediction model 

Correlation Coefficient (cc) 

Method k = 2m k = 50 k = 100 k = 200 

LMAM 0.9814 0.9663 0.9496 0.9131 

LLAM 0.9873 0.9873 0.9873 0.9873 

ILLAM 0.9910 0.9905 0.9905 0.9890 

 

Table- III: Prediction with optimal number of k. 

Method kopt cc 

LMAM 7 0.9821 

LLAM 3 0.9873 

ILLAM 13 0.9913 

VI. CONCLUSION AND FUTURE RESEARCH 

In this study, the chaotic behavior of hourly CO 

concentration time series is detected through phase plot and 

the Cao method. Three prediction models were used in 

determining the optimal number of k is ranged between 3 ≤ k 

≤ 13. Comparison between try and error with the improved 

method is done through graph plotting. In this study, the 

value of is set to τ = 1. In the future, the method such as 

average mutual information and autocorrelation function is 

suggested to calculate the τ value. In addition, a better 

prediction model can be created by combining the method of 

determining an optimal number of time delay τ, embedding 

dimension m and number of nearest neighbor k. 
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