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1Abstract: Shear behavior of reinforced concrete beams (RC-
beams) is proved to be influenced by different parameters such as 
web reinforcement, beam size, shear span-to-depth ratio, concrete 
strength, and longitudinal reinforcement. In addition to these 
parameters, researches acknowledge the significant contribution 
of side-face reinforcement (SFR) in shear strength of RC-beams. 
This paper aims at proposing a new model for predicting shear 
strength of RC-beams that accounts for the contribution of SFR 
in shear strength along with the other above-mentioned 
parameters. An explicit formula is derived based on a mechanical 
conceptual model that considers the variation of the inclination 
angle of diagonal shear cracking. The derived formula is verified 
on the basis of numerical analysis results in addition to the 
available results from relevant experimental researches in 
literature. Reliability of the proposed formula is investigated 
compared to design provisions in different codes. Results 
demonstrates that the proposed formula is more capable of 
predicting shear strength of RC-beams provided with SFR rather 
than shear design codes. Consistency of the proposed formula in 
predicting shear strength implies that the mechanical concept, on 
which the proposed formula is derived, is in consistent with the 
actual mechanical behavior. 

Keywords: Shear Strength Model, Reinforced Concrete Beam, 
Side-Face Reinforcement, Web Reinforcement, Variable 
Inclination Angle, Shear Span-to-depth Ratio. 

I. INTRODUCTION 

Shear strength of reinforced concrete beams (RC-beams) 
depends on various parameters, underestimating the 
contribution of any component in shear resistance results in 
conservative design. During the past few decades, huge 
number of researches have been conducted to investigate the 
different parameters that affect shear behavior of RC-beams, 
such as web reinforcement [1-5], longitudinal reinforcement 
[5-8], beam size [5,9,10], and concrete strength [2,3]. Many 
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researches are associated with modelling of shear strength of 
RC-beams with stirrups as web reinforcement [1,11,12].  
  So far, shear design provisions differ from each other even 
from theoretical basis [13-16]. ACI 318 [13] adopts the truss 
model concept to evaluate shear force 𝑉 as the sum of 
concrete and stirrups contributions (𝑉𝑐 and 𝑉𝑠

𝑣, respectively) 
based on the original 45-degree truss model [17], as 
 

(1) 𝑉 = 0.17√𝑓𝑐
′𝑏𝑑 + (𝐴𝑠

𝑣𝑑 𝑎𝑣)𝑓𝑦
𝑣⁄ 

where, 𝑉𝑐 = 0.17√𝑓𝑐
′𝑏𝑑, and 𝑉𝑠

𝑣 = 𝐴𝑠
𝑣𝑓𝑦

𝑣𝑑 𝑎𝑣⁄ . Eurocode 2 
[14] acknowledges only concrete or stirrups contribution in 
evaluating shear strength of RC-beams, but accounts for the 
variation of the inclination angle of diagonal shear cracking 
based on variable angle truss model, the range of variation 
of the inclination angle θ is (21.8𝑜 ≤ θ ≤ 45.0𝑜), and the 
shear force is given as, 

(2) 𝑉 = 𝑚𝑖𝑛 {
(𝐴𝑠

𝑣 𝑎𝑣) 𝑧𝑓𝑦
𝑣𝑐𝑜𝑡 𝜃⁄

𝛼𝑐𝑏𝑧𝜔𝑓𝑐
′ (𝑐𝑜𝑡 𝜃 + 𝑡𝑎𝑛 𝜃)⁄

  

where 𝛼𝑐 is a coefficient takes into account the effect of 
normal stresses on shear strength, it is taken to be 1 for non-
prestressed members, and 𝜔 is a coefficient that takes into 
account the reduction in shear force transferred by aggregate 
interlock with the increase of concrete compressive strength. 
 Canadian CSA-A23.3 code [15] adopts an alternative 
method for shear design, named the general method, which 
considers the compatibility and equilibrium together. The 
method takes into account the effect of deformation due to 
flexure in evaluating the contribution of concrete and 
stirrups to shear strength; 
 

(3) 𝑉 = 𝛽√𝑓𝑐
′𝑏𝑧 + (𝐴𝑠

𝑣𝑧 𝑎𝑣) 𝑓𝑦
𝑣𝑐𝑜𝑡 𝜃,    ⁄  𝜃 ≥ 29.0𝑜 

where, 𝛽 is function of the longitudinal strain at mid-depth, 
this general method is a simplification of the modified 
compression field theory [18-20] based on the variable truss 
angle model. British Standard BS8110 [16] employs the 
truss mechanism, the ultimate shear strength of RC-member 
is calculated by summing the contributions of transverse 
reinforcement and concrete, where the concrete contribution 
𝑉𝑐 is taken as,  
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where, 𝐴𝑠𝑡 is the area of the longitudinal tension 
reinforcement and 𝛾𝑐 is a partial safety factor of concrete. 
   Contribution of main longitudinal steel in shear and 
torsion resistance of beams beside bending and axial loads is 
acknowledged by researchers [1,2] and some design 
provision codes [15,21]. 
 
Installing secondary longitudinal reinforcement along the 
side-faces of large concrete beams is required by standard 
codes to control cracks that are expected under service loads 
due to low tensile strength of concrete. There are 
considerable differences in standard codes about how much 
side-face reinforcement (SFR) is appropriate [13,15,22,23]. 
According to the arrangement of this SFR, some may be 
placed in compression or in tension zones. 
   Experimental and numerical studies were conducted to 
investigate the structural behavior of RC-beams provided 
with SFR. Ten RC-beams were tested [24], results showed 
that, providing SFR to RC-beams has significant effect on 
shear response of beams. RC-beams provided with SFR 
were tested in [25], it was concluded that SFR has 
considerable contribution to strength of RC-beams. Results 
of an experimental study conducted by [26] showed that, 
shear capacity of RC-beams reinforced with SFR is 41.1% 
greater than shear capacity of similar beams without SFR. It 
was concluded from the experimental study conducted by 
[27] that, SFR plays an important role in improving ultimate 
load capacity of RC-beams. Numerical parametric study was 
carried out by the author [28] to investigate the effect of 
SFR on the strength of RC-beams, it was found that, the 
presence of SFR significantly contributes to the beam 
strength in general, although this contribution is affected by 
other parameters. 
  Researches [24-28] emphasize on that SFR not only 
controls cracking of RC-beams, but also has an important 
contribution to the strength of such beams, and hence, it is 
recommended to be taken into account in design provisions.  
   This work aims to introduce a general formula for 
predicting shear strength of RC-beams. The proposed 
formula takes into account the contribution of SFR along 
with concrete, transverse reinforcement, and main 
reinforcement contributions. The formula is derived for 
varied inclination angle of cracking. The formula is verified 
on the basis of the numerical analysis results that was 
conducted by the author in [28], in addition to the existing 
experimental results [24,25,26,27]. The parametric study 
[28] was carried out for considerable wide range of 
parameters that affect shear behavior of RC-beams, which 
guarantee wide-ranging verification of the proposed 
formula. 
The following parameters were considered: 
- Arrangement of SFR along the beam depth, 
- Amount of SFR, 
- Ratio of transverse shear reinforcement, 
- Dimensions of beam cross-section, 
- Shear span-to-depth ratio, 
- Amount of tension and compression reinforcement. 

II. MODEL BASES 

  Truss model for RC-beam with web reinforcement 
provides an excellent theoretical representation to express 
the forces that exist in cracked beam under shear-flexure 
interaction. A combination of truss model concept and 
sectional analysis is used in this work.  Typical RC-beam 
with rectangular cross-section is represented on Fig (1-a), 
the beam is loaded at a distance 𝑎 from the mid-point of the 
nearest support of the beam, the main longitudinal 
reinforcement is located at a distance (ℎ − 𝑑) from the 
beam bottom surface, where, ℎ is the beam depth and 𝑑 is 

the effective beam depth. 

Fig (1): (a) Outline of an RC-beam.(b) Idealization of 
RC-beam into top compression region, web shear 
region, and bottom tension chord. 

A. Idealization of the beam  

  The shown RC-beam, on Fig (1-a), is subject to flexural-
shear stresses, it is idealized herein into three parts; top 
compression region, web shear region, and bottom tension 
chord. The expected cracking pattern is shown on Fig (2-a), 
it consists of vertical flexural cracks at mid-span, inclined 
web shear cracks near the supports and inclined flexure 
shear cracks in-between. The crack pattern shown on Fig (2-
a) suggests that the beam acts like a truss with the top 
compression region forming the compression chord 
members of the truss, the main longitudinal reinforcement 
forming the tension chord members, the transverse 
reinforcement in the web shear region acting as the vertical 
tension members, and the concrete web between diagonal 
cracks providing the compression diagonal struts. In the 
traditional truss-model, the compression stresses in the 
diagonal struts are assumed to remain at 45 degrees [17], as 
in Fig (2-b), while in the variable-angle truss model, the 
cracks inclination angle is not equal to 45 degrees, and it 
might vary along the beam span, see Fig (2-c). Choosing a 
flatter inclination of the truss diagonals leads to less 
transverse reinforcement while more longitudinal 
reinforcement will be required.  
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Fig (2): (a) Crack pattern due to flexure and shear 

stresses. (b) Original truss model with constant diagonal 
inclination angle of 45o. (c) Variable angle truss model; 

concrete diagonal strut inclination θ varies dependent on 

rebars arrangement. 
In the present idealization, it is assumed that: 
- concrete and web reinforcement in web shear region resist 

only shear stresses developed in the beam, assisted with 
the contribution of concrete in compression region and the 
main longitudinal reinforcement, 

- both concrete and web reinforcement in the web shear 
region resist shear stresses independently, 

- flexural stresses are fully resisted by the top compression 
region along with the main longitudinal reinforcement. 

B. Direction of inclined cracking 

  Referring to Fig (2), concrete in web shear region between 
two successive diagonal cracks is idealized as a diagonal 
compression strut, the direction angle of the force in the 
inclined strut with the longitudinal direction is assumed to 
be the same as of the crack inclination angle, 𝜃. Structural 
analysis using truss model with variable inclination angle of 
compressive struts based on plasticity theory implies that, 
the element has sufficient ductility which ensures internal 
forces redistribution.  That is, a permissible stress field is 
satisfied, in which the yield strength of reinforcement and 
the compressive strength of concrete are not exceeded 
anywhere. Hence, the ultimate shear resistance may be 
associated by an arbitrary inclination angle θ of the concrete 
compressive struts. Yet, since concrete exhibits limited 
plastic deformations, the compressive strut inclination angle 
should be limited in range. Moreover, for low inclination 
angle θ a large strain of web reinforcement is expected, thus, 

widens the inclined cracks and reduces the resistance of the 
inclined compressive struts. Therefore, minimum value of 
the compressive strut inclination angle should be defined. 
Various recommended values of compressive strut 
inclination angle, θ proposed by different codes for shear 
design of reinforced concrete beams are given in table (1). 

Table 1: Various compressive strut inclination angle 
proposed by codes. 

Code Angle 𝛉 

Eurocode 2 EN 1992-1-1 [14] 21.8o ≤ θ ≤ 45.0o 
Canadian Code CSA-A23.3 [15] 29o ≤ θ 
German Code DIN 1045-1 [23] 18.4o ≤ θ ≤ 59.9o 

  For RC-beam subject to shear and bending only, the 
detailed condition for the compressive strut inclination angle 
adopted by German Code [23], in table (1), can be expressed 
as 

(5) 0.58 ≤ 𝑐𝑜𝑡 𝜃 ≤ 𝑚𝑖𝑛 {
1.2

1−
𝑉𝑐
𝑉

   , 3.0} 

where, 𝑉𝑐 is the concrete contribution in resisting shear 
force, and 𝑉 is the overall shear force resisted by the cross-
section. Compressive strut inclination angle 𝜃  can be 
calculated as presented in [29] as follows, 
 

(6) 𝜃 = 𝑡𝑎𝑛−1 ((
𝐸𝑐

𝑣𝑛
 𝜀𝑥  + 2) (

𝐸𝑐 𝑡𝑎𝑛 𝜃

𝐸𝑠𝜌𝑣
+ 2)⁄ )

2

 

where, 𝜀𝑥 is the longitudinal strain, 𝑣𝑛 is the nominal shear 
stress, 𝜌𝑣 is the volumetric ratio of transverse shear 
reinforcement, and 𝐸𝑐 and 𝐸s are the material elasticity 
moduli. The longitudinal strain used in (6), if not measured 
in experiment, is evaluated by conducting general strain 
compatibility analysis, where the tension stiffening and the 
contribution from longitudinal reinforcement can be 
accounted for. Another equation to calculate the diagonal 
crack angle was developed in [30], the equation was derived 
by considering energy minimization on the work done over 
the components of truss model, the derived expression of 𝜃 
is, 

(7) 𝜃 = 𝑡𝑎𝑛−1 ((𝜌𝑣
𝐸𝑠

𝐸𝑐
 + 𝜆

𝜌𝑣𝐴𝑣

𝛾𝑠𝐴𝑔
) (1 + 𝜌𝑣

𝐸𝑠

𝐸𝑐
)⁄ )

1

4
 

where, 𝛾𝑠 is the volumetric ratio of longitudinal 
reinforcement, 𝐴𝑔 is the gross sectional area of concrete 
element, 𝐴𝑣 is the shear area of concrete section, and 𝜆 is the 
member end-fixity factor.  

C. Shear resisted by concrete 

  Shear force resisted by concrete at an inclined crack is 
transferred across the crack as shown on Fig (3), where 𝑉𝑎 is 
the force transferred by interlock of aggregate, 𝑉𝑎

𝑥 and 𝑉𝑎
𝑦 

are its components, 𝑉𝑐
𝑐 is the shear force in the top 

compression region, and 𝑉𝑑 is the dowel action of 
longitudinal reinforcement. So, the shear force at an inclined 
crack without web reinforcement is resisted by the sum of 
𝑉𝑐

𝑐, 𝑉𝑎
𝑦, and 𝑉𝑑, as shown on Fig (3). 

Fig (3): Components of shear force carried by concrete 
through an inclined crack. 

It is difficult to separately quantify the contribution of each 
of these components; thus, these are lumped as the concrete 
contribution in resisting shear force in RC-beam, 𝑉𝑐, and is 
taken equal to the failure capacity of the beam without web 
reinforcement.   Shear stress distribution along non-cracked 
compression region of cracked rectangular cross section of 
RC-beam has parabolic distribution [31], while it exhibits a 
uniform distribution through the cracked web shear region 
[19], as shown on Fig (4).  
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The contribution of the top compression region in resisting 
shear force is calculated to 0.07𝑉𝑐 by considering the 
geometrical shape of shear stress distribution, while 0.93𝑉𝑐 
is resisted by the concrete in web shear region [12]. 

Fig (4): Shear stress distribution along the depth of 
cracked rectangular cross section of RC-beam. 

Denoting the compression force in the inclined concrete 
strut that transfers shear resisted by concrete in the web 
region as 𝐷𝑐 , and equilibrate forces acting on the beam 
portion shown on Fig (5-a), thus, the shear force resisted by 
concrete in the web shear region, 𝑉𝑐

𝑤, equals the vertical 
component of the compression force 𝐷𝑐, 
 
 

(8) 𝑉𝑐
𝑤 = 𝐷𝑐 𝑠𝑖𝑛𝜃                              

 
then, concrete contribution in resisting the shear force at a 
diagonal crack in RC-beam, 𝑉𝑐 is equal to, 
 
 

(9) 𝑉𝑐 =
𝐷𝑐 𝑠𝑖𝑛 𝜃

0.93
                              

Fig (5): (a) Diagonal compression force transfers the 
shear carried by concrete in the web shear region. (b) 
Diagonal concrete strut carries the shear force 
resisted by concrete in the web region. 

Referring to Fig. (5-b), The cross-sectional area of the 
diagonal concrete strut equals to 𝑏𝑗𝑑 𝑐𝑜𝑠 𝜃, where 𝑏 is the 
beam width, hence, the diagonal force, 𝐷𝑐 , in the concrete 
compression strut can be expressed as, 
 
 

(10) 𝐷𝑐 = 𝑓𝑐
𝑑𝑏𝑗𝑑 𝑐𝑜𝑠 𝜃                          

 
From (9) and (10), the concrete contribution to shear force,  
𝑉𝑐, is expressed as, 
 
 

(11) 𝑉𝑐 =
𝑓𝑐

𝑑𝑏𝑗𝑑 𝑠𝑖𝑛 𝜃𝑐𝑜𝑠 𝜃

0.93
                       

where, 𝑓𝑐
𝑑 is the average compression stress in the diagonal 

concrete strut, and 𝑗 is the lever arm coefficient, given as, 
 
 

(12) 𝑗 = 1 −
𝑘

3
                           

 
The resulting expression for 𝑘 which was derived from the 
classical bending theory for a single reinforced concrete 
section [32] is used here, 
 
 

(13) 𝑘 = √2𝛾𝑠𝑚 + (𝛾𝑠𝑚)2 − 𝛾𝑠𝑚          

 
where, 𝑚 is the modular ratio between the moduli of 
elasticity of steel and concrete respectively, (𝑚 = 𝐸𝑠/𝐸𝑐), 
and 𝛾𝑠 is the volumetric ratio of the main longitudinal 
reinforcement, (𝛾𝑠 = 𝐴𝑠𝑡/𝑏𝑑). 

D. Concrete compressive strength in diagonal strut 

  Concrete subject to diagonal compressive stress and 
cracked parallel to the direction of compression is weaker 
than concrete in uniaxial compression, as in a cylinder or 
cube test, this is known as the compression softening effect 
due to the presence of transverse tensile strain, see Fig (6). 
Due to compression softening effect, the average 
compression stress in the diagonal concrete strut, 𝑓𝑐

𝑑, in the 
presence of the transverse tensile strain is given by, 
 
 

(14) 𝑓𝑐
𝑑 = 𝛽𝑓𝑐                                           

 
where, 𝑓𝑐 is the uniaxial compressive stress in concrete and 
𝛽 is a softening coefficient accounts for the compression 
softening effect, analogously,  
 
 

(15) 𝑓𝑐
𝑒 = 𝛽𝑓𝑐

′                                    

 
where 𝑓𝑐

𝑒is the effective concrete compressive strength in 
the diagonal strut direction, and 𝑓𝑐

′is the characteristic 
compressive strength of concrete.  
In early softening model proposed by [33], based on test 
data carried out on concrete members with characteristic 
strength less than 40Mpa, modifications were made to both 
the pick stress and the corresponding strain of Hognestad 
parabola. 
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Fig (6): Compressive stress–strain response of concrete 
subject to transverse tensile stress. (a) Softening model 
proposed in [18]. (b) Softening model proposed in [34]. 

  To facilitate the use of softening model in design 
procedure, a simplified model was presented [18], based on 
Hognestad parabola as the base curve, in which the 
coefficient 𝛽 depends only on the transverse tensile strain 
𝜀𝑡, see Fig (6-a), the softening coefficient was presented as, 
 

(16) 𝛽 =
1

0.8−0.34
𝜀𝑡
𝜀𝑐

′  

           ≤ 1.0             

where, 𝜀𝑐
′  is the compressive strain corresponding to the 

characteristic compressive strength of concrete, 𝑓𝑐
′ taken 

equals to 0.002. If the value of the transverse tensile strain 
corresponding to the transverse concrete tensile stress acting 
on the diagonal strut at cracking is 𝜀𝑟, hence, the effective 
concrete strength in the diagonal strut direction 𝑓𝑐

𝑒 can be 
expressed as, 

(17) 𝑓𝑐
𝑒 =

𝑓𝑐
′

0.8+170𝜀𝑟
           ≤ 𝑓𝑐

′                

The value of 𝑓𝑐
𝑒,  in (17) is a function of the unknown 

strain 𝜀𝑟, the stress-strain curve for concrete in tension is 
assumed straight up to the tensile strength [33], see Fig (7), 
within this range, the modulus of elasticity in tension can be 
taken the same as in compression [34], thus, 𝜀𝑟 can be 
expressed as 𝜀𝑟 = 𝑓𝑟/𝐸𝑐 ,where 𝑓𝑟 is the transverse concrete 
tensile stress acting on the concrete strut at cracking. The 
concrete strut element in the web shear region is subject to 
biaxial tension-compression stress state, the tensile strength 
in a biaxial state is lower than that of the concrete loaded in 
uniaxial regime, 𝑓𝑐𝑡. Therefore, the maximum value of  𝑓𝑟 
which can be attained is less than the limiting value 𝑓𝑐𝑡.  
  By adopting the tension stiffening model [33], presented on 
Fig (7), the principal tensile stress of concrete in the web 
shear element can be calculated as, 
 

(18) 𝑓𝑡 = 𝐸𝑐𝜀𝑡          𝑓𝑜𝑟     𝜀𝑡 ≤ 𝜀𝑟 

 
(19) 𝑓𝑡 = 𝑓𝑐𝑡/(1 + √200𝜀𝑡) ≤  𝑓𝑟      𝑓𝑜𝑟     𝜀𝑡 > 𝜀𝑟 

 

 

Fig (7): Tensile stress–strain response of concrete in 
biaxial stress state [33]. 

By imposing 𝑓𝑟 = 𝑓𝑐𝑡 as the transverse concrete tensile 
stress in the web shear region at failure, the effective 
concrete strength in the diagonal strut direction 𝑓𝑐

𝑒 in (17) 
becomes, 
 

(20) 𝑓𝑐
𝑒 =

𝑓𝑐
′

0.8+170
𝑓𝑐𝑡
𝐸𝑐

           ≤ 𝑓𝑐
′                  

  Another softening model, referred to as Model A, was 
proposed by [34] based on Thorenfeldt model [35] as base 
curve, see Fig (6-b), the softening coefficient was presented 
as, 
 

(21) 𝛽 =
1

1+𝑘𝑐𝑘𝑓
                             

where, 

(22) 𝑘𝑐 = 0.35 (
−𝜀𝑡

𝜀𝑐
− 0.28)

0.8

     ≥ 1.0 ,         

 
(23) 𝑘𝑓 = 0.1825√𝑓𝑐

′      ≥ 1.0                  

where 𝑘𝑐 represents the effect of transverse cracking and 
straining, and 𝑘𝑓 represents the effect of concrete strength.  
   German Code [23] defines the effective design value of 
concrete compressive strength of normal weight concrete as,  

(24) 𝑓𝑐,𝑑𝑒𝑠𝑖𝑔𝑛  
𝑒 = 0.75 (𝑚𝑖𝑛 {1.1 −

𝑓𝑐
′

500
 , 1.0}) 𝑓𝑐

′( 𝛼𝑐𝑐 𝛾𝑐⁄ )  

where, 𝑓𝑐
′ is in Mpa, 𝛾c is a partial safety factor, and 𝛼cc is a 

coefficient accounts for the way the load is applied, from 
(24), the effective compression strength in the concrete strut 
may be expressed as, 

(25) 𝑓𝑐  
𝑒 = 0.75 (𝑚𝑖𝑛 {1.1 −

𝑓𝑐
′

500
 , 1.0}) 𝑓𝑐

′         

  According to Eurocode 2 EN 1992-1-1, the effective 
design value of concrete compressive strength for non-
prestressed members is obtained by reducing the design 
compressive strength as 

(26) 𝑓𝑐,𝑑𝑒𝑠𝑖𝑔𝑛  
𝑒 = 0.6 (1 −

𝑓𝑐
′

250
) (𝛼𝑐𝑐𝑓𝑐

′ 𝛾𝑐⁄ )             

with 𝑓𝑐
′ is in Mpa, therefore, the effective concrete 

compressive strength may be expressed as, 

(27) 𝑓𝑐  
𝑒 = 0.6 (1 −

𝑓𝑐
′

250
) 𝑓𝑐

′                    

  The present softening coefficients are summarized in table 
(2). 
 

https://www.openaccess.nl/en/open-publications
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Table 2: Softening coefficients adopted in different approaches 

Source Softening coefficient Comments 

Ref. [18] 
𝛽 =

1

0.8 + 170
𝑓𝑐𝑡

𝐸𝑐

≤ 1.0 
𝑓𝑐

′< 40 MPa 

Ref. [34] 
𝛽 =

1

1 + 𝑘𝑐𝑘𝑓

 

𝑘𝑐 = 0.35 (
−𝜀𝑡

𝜀𝑐

− 0.28)
0.8

≥ 1.0 

𝑘𝑓 = 0.1825√𝑓𝑐
′         ≥ 1.0 

 

Eurocode 2 EN 1992-1-1 
 

𝛽 = 0.6 (1 −
𝑓𝑐

′

250
) 

non-prestressed member 

German codes DIN 1045-1 
𝛽 = 0.75 (𝑚𝑖𝑛 {1.1 −

𝑓𝑐
′

500
 , 1.0}) 

normal weight concrete 

    
The softening model which is proposed by [34] and referred 
to as “Model A”, shown on Fig (6-b), is selected from 
among the other softening models and adopted in this work 
to calculate the effective concrete compressive strength 𝑓𝑐

𝑒. 
This softening model is chosen since the effect of transverse 
straining along with the concrete strength is included in the 
model. In addition, this model gives greater reduction for 
concrete with greater compressive strength, what is in 
agreement with the reduction models of Eurocode 2 and 
German codes listed in table (2). Moreover, it gives good 
correlation for wide range of concrete strengths as stated in 
[34], on the contrary, the softening model shown on Fig (6-
a), presented by [18], does not give good correlation for 
high strength concrete neither for concrete with 𝑓𝑐

′< 20 Mpa 
as mention by [34]. 
   By substituting 𝑓𝑐

𝑑 = 𝑓𝑐
𝑒 in (11), the limiting concrete 

contribution, 𝑉𝑐
𝑚𝑎𝑥 , to shear resistance is expressed as, 

 
 

(28) 𝑉𝑐
𝑚𝑎𝑥 =

𝑓𝑐
𝑒𝑏𝑗𝑑 𝑠𝑖𝑛 𝜃𝑐𝑜𝑠 𝜃

0.93
                      

by using (15), 
 

(29) 𝑉𝑐
𝑚𝑎𝑥 =

𝛽𝑓𝑐
′(𝑏𝑗𝑑 𝑠𝑖𝑛 𝜃𝑐𝑜𝑠 𝜃)

0.93
                  

 
where, 𝛽 is the softening coefficient, define 𝛾 as, 
 

 

(30) 𝛾 =
𝑗 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

0.93
𝛽                      

then we get, 
 

(31)  𝑉𝑐
𝑚𝑎𝑥 = 𝛾𝑓𝑐

′𝑏𝑑                        

 
here,  𝑉𝑐

𝑚𝑎𝑥 is the maximum contribution of concrete in 
resisting shear force, no matter how much web 
reinforcement is provided. Concrete contribution in resisting 
shear force at diagonal crack in RC-beam, 𝑉𝑐 , is obtained as 
following, 
 

 
 

(32) 𝑉𝑐 = 𝜇𝑉𝑐
𝑚𝑎𝑥                          

 
where, 𝜇 is a reduction factor that is applied to the limiting 
value 𝑉𝑐

𝑚𝑎𝑥 to abtain 𝑉𝑐, therefore, 
 
 

(33) 𝑉𝑐 = 𝜇𝛾𝑓𝑐
′𝑏𝑑                         

 

E. Shear resisted by web reinforcement 

  Concrete in web shear region is stiffened by web 
reinforcement to resist shear stresses. It is widely accepted 
in literature and codes of practices that shear capacity of 
RC-beam equals the sum of the contribution from concrete 
𝑉𝑐 and that from web reinforcement represented by the 
provided stirrups 𝑉𝑠

𝑣. This paper considers the SFR 
contributes as web reinforcement along with the stirrups in 
shear resistance of RC-beams. Thus, the stirrups act as 
transverse web reinforcement and the provided side-face 
bars work as longitudinal web reinforcement, Fig (8-a). 
 Consequently, the shear force 𝑉𝑠 resisted by the web shear 
reinforcement is given by the sum of two components as, 

 
(34) 𝑉𝑠 = 𝑉𝑠

𝑣 + 𝑉𝑠
ℎ                          

 
where, 𝑉𝑠

ℎ represents the shear force resisted by SFR, and 
𝑉𝑠

𝑣 is the shear force resisted by vertical stirrups. The 
ultimate force carried by n-number of identical stirrups 
crossing the diagonal crack, Fig (8-b), equals 𝑛𝐴𝑠

𝑣𝑓𝑦
𝑣 where 

𝐴𝑠
𝑣 is the total cross-sectional area of one stirrup branches 

and 𝑓𝑦
𝑣 is the yield strength of stirrups steel. Alike, the 

ultimate force carried by p-number of horizontal side-face 
bars equals 𝑝𝐴𝑠

ℎ𝑓𝑦
ℎ, where 𝐴𝑠

ℎ is the total cross-sectional area 
of one row of side-face bars, Fig (8-b), and 𝑓𝑦

ℎ is the yield 
strength of SFR. 
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Fig (8): (a) Arrangement of transverse stirrups and 
longitudinal side-face bars in reinforced concrete 
beam. (b) Schematic of shear resistance by means of 
reinforcement at an inclined crack of RC-beam. 

The number of stirrups, n crossing the diagonal crack, Fig 
(8-a), is defined as, 
 

(35) 𝑛 =
𝑗𝑑 𝑡𝑎𝑛 𝜃⁄

𝑎𝑣                              

and 𝑎𝑣 is the equal distance between stirrups. Similarly, the 
number of side-face bars rows, 𝑝, is expressed as, 
 

(36) 𝑝 =
𝑗𝑑

𝑎ℎ − 1                            

where, 𝑎ℎ is the equal distance between side-face bars along 
the beam depth.  
Sectional analysis of forces acting on the beam portion 
shown on Fig (8-b) leads to the following equilibrium 
equations, 
 

(37) 𝐷𝑠
𝑚𝑎𝑥 𝑠𝑖𝑛 𝜃 + 𝑛𝐴𝑠

𝑣𝑓𝑦
𝑣 = 𝑉𝑠

𝑚𝑎𝑥              

 
(38) 𝐷𝑠

𝑚𝑎𝑥 𝑐𝑜𝑠 𝜃 = 𝑝𝐴𝑠
ℎ𝑓𝑦

ℎ + 𝑇               

 
where, 𝑉𝑠

𝑚𝑎𝑥 and 𝐷𝑠
𝑚𝑎𝑥  are the limiting shear resistance and 

the limiting compression force in the diagonal strut, 
respectively, which can be carried by horizontal and vertical 
web reinforcement all yielding, and 𝑇 is the main 
longitudinal reinforcement contribution in shear. 
  Assuming that (𝜇1𝑓𝑦

𝑣) and (𝜇2𝑓𝑦
ℎ) are the average tensile 

stresses in the vertical stirrups and the horizontal side-face 
bars crossing the diagonal crack, respectively. The reduction 
factors 𝜇1and 𝜇2 are included in accounting for the 
possibility that some vertical and horizontal web 
reinforcement bars may not reach yielding, depending on 
their location across the crack, and still functional even after 
extensive cracking of the beam web prior to failure [10]. 
Analogously to (37) and (38),  
 

(39) 𝐷𝑠 𝑠𝑖𝑛 𝜃 + 𝑛𝐴𝑠
𝑣(𝜇1𝑓𝑦

𝑣) = 𝑉𝑠         𝜇1   ≤ 1.0 

 
(40) 𝐷𝑠 𝑐𝑜𝑠 𝜃 = 𝑝𝐴𝑠

ℎ(𝜇2𝑓𝑦
ℎ) + 𝑇          𝜇2   ≤ 1.0 

 
The contribution of the main longitudinal reinforcement in 
shear resistance, 𝑇, can be expressed as 
 
 

(41) 𝑇 = (𝜇3𝐴𝑠𝑡)𝑓𝑦             𝜇3   ≤ 1.0            

where, 𝐴𝑠𝑡 and 𝑓𝑦 are the main reinforcement cross-sectional 
area and the yield strength of the main reinforcement, 
respectively, and (𝜇3𝐴𝑠𝑡) is the main reinforcement ratio, 
unavoidably, contributes in shear resistance. Therefore, from 
(39) to (41), the shear force resisted by web reinforcement 
both vertical stirrups and horizontal side-face bars assisted 
by main longitudinal reinforcement is concluded as,  

 
(42) 𝑉𝑠 = 𝜇1𝑛𝐴𝑠

𝑣𝑓𝑦
𝑣 + (𝜇2𝑝𝐴𝑠

ℎ𝑓𝑦
ℎ + 𝜇3𝐴𝑠𝑡𝑓𝑦) 𝑡𝑎𝑛 𝜃 

 
Equation (42), by means of (35) and (36) becomes, 
 

 

(43) 𝑉𝑠 = 𝜇1 (
𝑗𝑑

𝑎𝑣𝑡𝑎𝑛 𝜃
 ) 𝐴𝑠

𝑣𝑓𝑦
𝑣 + (𝜇2 (

𝑗𝑑

𝑎ℎ − 1) 𝐴𝑠
ℎ𝑓𝑦

ℎ +

𝜇3𝐴𝑠𝑡𝑓𝑦) 𝑡𝑎𝑛 𝜃 

 
The nominal shear stress,  𝑣𝑛 carried, independently, by 
concrete and reinforcement in RC-beam is given as, 
 

(44)  𝑣𝑛 =
1

𝑏𝑑
(𝑉𝑐 + 𝑉𝑠)                          

 
by means of (33) and (43), (44) becomes, 
 

 

(45) 𝑣𝑛 = 𝜇𝛾𝑓𝑐
′ + 𝜇1 (

𝑗

𝑎𝑣𝑏𝑡𝑎𝑛 𝜃
 ) 𝐴𝑠

𝑣𝑓𝑦
𝑣 + (𝜇2 (

𝑗

𝑎ℎ𝑏
−

1

𝑏𝑑
) 𝐴𝑠

ℎ𝑓𝑦
ℎ +

1

𝑏𝑑
𝜇3𝐴𝑠𝑡𝑓𝑦) 𝑡𝑎𝑛 𝜃 

 
thus, the proposed parametric formula for computing the 
nominal shear strength of reinforced concrete beam with 
stirrups, and provided with SFR is obtained as, 
 
 

(46) 𝑣𝑛 = 𝜇𝛾𝑓𝑐
′ + 𝜇1𝛾𝑣𝑓𝑦

𝑣 𝑐𝑜𝑡 𝜃 + (𝜇2𝛾ℎ𝑓𝑦
ℎ + 𝜇3𝛾𝑠𝑓𝑦) 𝑡𝑎𝑛 𝜃 

where, 𝛾 is calculated from (31), (𝛾𝑣 = 𝑗𝐴𝑠
𝑣 𝑏𝑎𝑣⁄ ), (𝛾ℎ =

𝑗 𝐴𝑠
ℎ 𝑏𝑎ℎ⁄ − 𝐴𝑠

ℎ 𝑏𝑑⁄ ), and  (𝛾𝑠 = 𝐴𝑠𝑡 𝑏𝑑⁄ ). 
Equation (46) is a function of the unknown coefficients  𝜇 , 
𝜇1, 𝜇2, and 𝜇3, which will be determined on the basis of 
experimental and numerical results. The proposed formula 
in (46) is function of the varied diagonal crack inclination 
angle 𝜃. The inclination angle 𝜃 can be calculated using (7) 
for data set with constant value of shear span-to-depth ratio, 
𝑎 𝑑⁄  , as (7) seems to be insensitive to the variation of  𝑎 𝑑⁄ .  
  To validate the present formula for varied shear span-to-
depth ratios, (6) is rather used to calculate angle 𝜃, as it is 
implicitly sensitive to 𝑎 𝑑⁄  variation. 

 jd  
  𝑎ℎ 

  𝑎ℎ 𝑎𝑣 

  𝑎ℎ 𝐴𝑠
ℎ 

𝐴𝑠
𝑣 

(a) 

𝑛𝐴𝑠
𝑣𝑓𝑦

𝑣 

𝑝𝐴𝑠
ℎ𝑓𝑦

ℎ 

(b) 

𝐷𝑠
𝑚𝑎𝑥 

𝑉𝑠
𝑚𝑎𝑥

 

𝑇 

𝜃 

𝑗𝑑 𝑡𝑎𝑛 𝜃⁄  
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III. COEFFICIENTS OF THE PROPOSED 
FORMULA 

   Numerical analysis results [28] along with experimental 
results [24,25,26,27] are utilized here as the verification 
data, 𝑣𝑣𝑒𝑟. This verification data is used to verify the present 
proposed formula. The unknown coefficients 𝜇 , 𝜇1, 𝜇2, and 
𝜇3 in (46) are calculated based on minimizing the coefficient 
of variation (CV), which is calculated as the ratio between 
the standard deviation and the average (SD/AVG) of the 
ratios between the shear strength verification data, 𝑣𝑣𝑒𝑟 , and 
the nominal shear strength predicted by the proposed 
formula, 𝑣𝑛.  
The values of µ, 𝜇1, 𝜇2, and 𝜇3 have been found to be 0.18, 
0.76, 0.43, and 0.12 respectively, consequently (46) 
becomes, 
 

(47) 𝑣𝑛 = 0.18𝛾𝑓𝑐
′ + 0.76𝛾𝑣𝑓𝑦

𝑣 𝑐𝑜𝑡 𝜃 + (0.43𝛾ℎ𝑓𝑦
ℎ +

0.12𝛾𝑠𝑓𝑦) 𝑡𝑎𝑛 𝜃 

 
An average (AVG) value of 1.01 and a coefficient of 
variation (CV) of 0.113 are found on the comparison 
between the verification results 𝑣𝑣𝑒𝑟  and the values 𝑣𝑛 
predicted by (47). 

IV. COMPARISON TO SHEAR DESIGN 
PROVISIONS IN DIFFERENT CODES 

   Reliability of (47) in predicting shear strengths of RC-
beams is investigated through comparing its results with the 
predictions of ACI 318, CSA A23.3, and BS8110 codes. Fig 
(9-a) shows the nominal shear strengths, 𝑣𝑛 , calculated 
using the ACI shear design formula (1) versus the shear 
strengths verification results, 𝑣𝑣𝑒𝑟  , while Fig (9-b) shows 
the nominal shear strengths,  𝑣𝑛, calculated with the 
proposed formula (47) versus 𝑣𝑣𝑒𝑟  . The (AVG) and (CV) 
values of the ratios between the nominal shear strengths  𝑣𝑛  
and the verification shear strengths 𝑣𝑣𝑒𝑟  have been stated on 
figures (9-a) and (9-b), the ACI 318 prediction has mean 
value of 1.17 and (CV) of 0.19. The (CV) obtained for the 
results predicted with the proposed formula is 40% less, 
which indicates that the proposed formula predicts shear 
strength more satisfactorily than ACI code, that is because 
the proposed formula takes into account the contribution of 
SFR to shear strength.  

Fig (9): Verification shear strengths versus nominal 
shear strengths predicted by: (a) ACI 318 code, (b) 
Proposed formula. 

The shear strength results obtained with the proposed 
formula (47) have been compared also with the results 
obtained by Equation (3) of the Canadian code and Equation 
(4) of the British code, the results are plotted on Fig (10) and 
Fig (11).  

 
Fig (10): Verification shear strengths versus nominal shear 
strengths predicted by: (a) CSA A23.3 code, (b) Proposed 
formula 

While (47) provides an (AVG) of 1.01 and a (CV) of 0.11, 
the predicted results by CSA A23.3 has an (AVG) and a 
(CV) of 1.39 and 0.21, respectively, and the predicted 
results by BS8110 has an (AVG) and a (CV) of 1.21 and 
0.2, respectively.  Comparison of results emphasizes on the 
superiority of (47) to predict the shear strength of RC-beams 
provided with SFR.  

 

Fig (11): Verification shear strengths versus nominal 
shear strengths predicted by: (a) BS8110 code, (b) 
Proposed formula. 

The standard deviation (SD) of the ratios ( 𝑣𝑣𝑒𝑟/ 𝑣𝑛) 
obtained for Equation (47) and the provisions codes are 
plotted versus (𝑎/𝑑) on Fig (12). It can be observed that the 
results predicted by the proposed formula have the least 
(SD) among the predictions of all codes in comparison, 
which means that the proposed shear strength formula gives 
more consistent prediction for considerable range of shear 
span-to-depth ratios of RC-beams.  

(a)  (b)  

(a)  (b)  

(a)  (b)  
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Fig (12): Effect of shear span-to-depth ratio on shear 
strength prediction with the proposed formula and the 
code of provisions. 

The reliable prediction of the proposed formula is 
owed to that it takes into account the contribution of 
SFR to shear resistance. Besides that, the proposed 
formula is derived based on mechanical concept that 
considers the variation of the inclination angle of 
cracking. 

V. CONCLUSION 

  In this paper, an analytical formula for predicting the shear 
strength of RC-beams provided with SFR is developed. The 
experimental and numerical studies available in the 
literature, and relevant to shear resistance of RC-beams 
provided with SFR, is used for the verification of the 
proposed model. The following conclusions can be drawn: 
- A single explicit formula for predicting shear strength of 
RC-beams provided with SFR is obtained based on varied 
inclination angle of cracking. 
- The developed formula considers the effect of main 
parameters such as shear span–depth ratio, stirrup ratio, 
main reinforcement ratio, and beam depth and width. 
- The proposed formula takes into account the amount and 
distribution of SFR. 
- The coefficient of variation (CV) between shear strength 
predicted with the proposed formula and the verification 
shear strength data is 0.113.  
- Coefficients of variation (CV) for shear strengths 
predicted with the proposed formula are 40%, 46%, and 
44% less, compared to predictions of ACI 318, CSA A23.3, 
and BS8110 design provisions, respectively, which 
highlights its superiority to predict shear strength of RC-
beams provided with SFR.  
- The formula gives reliable prediction of shear strength for 
RC-beams with shear-span-to-depth ratios ranges from 1.5 
to 3.0. 
- Consistency of the proposed formula in predicting shear 
strength of such beams emphasizes on the important 
contribution of SFR on shear response of RC-beams, and 
hence, it is recommended to be taken into account in 
designing of such beams. 
- Since only force equilibrium is considered in the present 
analysis, it is recommended to extend the study to conduct 
compatibility analysis to take into consideration the effect of 
deformation due to flexure. 
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