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On Fuzzy Critical Path Method Based On
Ranking Of Various Type-2 Fuzzy Quantities

Using Centroid Of Centroids

A.Hari Ganesh, A. Helen Shobana

Abstract: This paper proposes a simple approach to critical path
analysisin a project network with activity times being intervals and
which are converted into various Type-2 fuzzy quantities. The idea
is based on generalized type-2 trapezoidal, hexagonal and
octagonal fuzzy numbers and its ranking. The explicit form of
membership functions of the type-2 fuzzy activity times is not
required in the proposed approach. Moreover, the method is very
simple and the numerical example is given for demonstrating and
comparing the proposed approach with generalized type-2
trapezoidal, hexagonal and octagonal fuzzy numbers through
proposed ranking function.

Keywords Fuzzy Critical Path, Generalized Type-2
Hexagonal Fuzzy Number, Generalized Type-2 Octagonal Fuzzy
Number, Generalized Type-2 Trapezoidal Fuzzy Number,
Ranking Functionss.

I. INTRODUCTION

Critical path method (CPM) is an algorithm based project
scheduling method designed to analyze and represent the
tasks involved in completing a given complicated projects
including aerospace, defense, construction and software
development etc. The main objective of this method is to
assess the performance of the project and to identify the
important activities on the critical path so that the resources
could be utilized on these activities in order to optimize the
parameters involved in the project. In the literature,
stochastic approaches such as Program Evaluation and
Review Technique (PERT) and Monte Carlo simulation
based probability theories in certain environment have been
widely used in many of the research articles so far. In the
recent years, fuzzy variables have been using for modeling
the duration of the activitiesin the project network instead of
stochastic variables under uncertainty. Fuzzy critical path
method was introduced since the late 1970s and severd
approaches are proposed over the past years. In Fuzzy
Critical Path Problems, path lengths are considered as fuzzy
numbers. The decision makers assess the path lengths with
fuzzy numbers and the path selection will eventually lead to
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the ranking of corresponding fuzzy numbers. Thus, specific
ranking of fuzzy numbers is an important process in
identifying critical path under fuzzy environment. So Fuzzy
Critical Path Problems are solved using Ranking Methods.
From the beginning itself, many authors have been involving
in solving critical path problems based on various ranking
methods. Among the existing methods, some approaches are
surveyed and listed as follows:

In 2010, Sireesha and Ravi Shankar [12] developed a new
method based on fuzzy theory to solve the project scheduling
problem without computing forward and backward pass
calculations under uncertainty. Shakeela Sathish and
Ganesan [11] proposed a new approach to critical path
analysisin project network based on fuzzy ranking method to
determine the fuzzy critical path of project network without
converting the fuzzy activity times to classica humbers in
2011. In 2013, Ravi Shankar [10] developed a new fuzzy
critical path method by applying a proposed approach of
ranking of fuzzy numbersusing centroid of centroids of fuzzy
number to its distance from origina point and Elizabeth and
Sujatha [3] proposed a new ranking method based on
acceptability and decision maker risk index to identify the
fuzzy critical path in which they presented the fuzzy critical
length in the nature of fuzzy membership function in the
same year. In 2014, Jayagowri [5] made a hovel approach to
find the critical path based on intuitionistic trapezoidal fuzzy
number in a directed acyclic graph. Subsequently, Oladeinde
[8] carried out fuzzy critica path analysis of a project
network based on metric distance ranking technique for
ordering fuzzy numbers during the forward and backward
pass computations to obtain the earliest start, earliest finish,
latest start and latest finish time of the project’s activities.
However, Stephen Dinagar and Abirami [13-15] proposed
two different approaches such as ranking vaue of a fuzzy
number approach and a distinct approach to critical path
analysis in project networks in 2014. Moreover, in this work
activity times are uncertain and are represented by interval
valued fuzzy numbers. Latterly, they have studied fuzzy
critical path in project network based on new ranking value of
LR type interval valued fuzzy numbers with the help of
proposed arithmetic operations in 2016. A comparison aso
has been made between Sanguansat and Chen ranking
method with their proposed ranking approach in thiswork. In
their recent study, a one more new method has been made to
find the critical path and the total float for project scheduling
problemswith the aid of interval valued fuzzy numbers based
on new distance based ranking function. On the basis of
method of magnitude for ranking of fuzzy numbers,
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[16] this paper has dealt anovel method for solving critical
path problems with fuzzy duration by Vimala and Krishna
Prabha in 2015. In 2016, Narayanamoorthy and Maheswari
[7] proposed a modified ranking approach to determine the
critical path in fuzzy project network where the duration of
each activity time is represented by an octagonal fuzzy
number. Next, Pushpargj and John Pal [9] presented an
algorithm to perform critical path method based on metric
distance ranking of fuzzy numbersin fuzzy environment. We
[4] also proposed an algorithm to find the shortest path of a
networking problem based on interval numbers using novel
ranking function of generalized type — 2 hexagonal fuzzy
numbers in the same year. Moreover, the arithmetic
operations of generalized type — 2 hexagonal fuzzy numbers
also presented in this paper for the calculation of critical path.
Recently in 2017, Anusuya and Balasowandari [1] proposed
anew approach to find critical path using various distances of
trapezoidal type-2 fuzzy numbers.

In this paper, we present generadized type-2 fuzzy
arithmetic operations and their application to a critical path
problem based on fuzzy float time. In particular, the paper
proposes an agorithm for finding the fuzzy critical path
based on interval numbersand varioustype 2 fuzzy quantities
using centroid based ranking method. To illustrate the
proposed method, a numerical example is presented and
solved as a type-2 critical path problem. Moreover, the
generalized type-2 trapezoidal, hexagonal and octagona
fuzzy numbers are compared through this example based on
proposed ranking function.

I1. PRELIMINARIES

A. Fuzzy Set[6]

A fuzzy set A on the universe of discourse X can be
defined by its membership function gz(X) ,and
characterized as

A={(nps)IVxeX, pa(x)e [01]}
B. Type-2 Fuzzy set[6]
A type-2 fuzzy set 4 on the universe of discourse X can be
defined by its membership function ,u;(x, u) , and
characterized as follows:

A={(xu) pyxru)|vxek vue], c[01]}
where 0< ﬂi(x’ u) <1, the subinterval J, is called the
primary membership of x, and uz (x.u) is caled the
secondary membership function.

C. Type-2fuzzy number[17]

A type-2 fuzzy set Aiscalled atype-2 fuzzy number if the
following conditions are setisfied
Q) Aisnormal
(i) A isconvex
(iiii) The support of A isclosed and bounded

D. Generalized type-2 trapezoidal fuzzy number[2]

A Generalized Type-2 Trapezoidal fuzzy number Ais
defined by
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A= {(x, &), oM@, G, 15 (x))) and

phlx) = i) = Wiz = Wiz fordl xe R
It is denoted by

A = ((ak ok ok, af 5 2,), (o ol o', ol : ),
(@f.a¥.af o) : %), (af.aZ. 5.0 ; p); s)

E. Generalized type-2 hexagonal fuzzy number[4]

A Generalized Type-2 Hexagonal fuzzy number Ais
defined by
A={(x, i (), 2 (), (), i (), pd (), i ()] and
pE() = M) = )80 = A0 = 436D = B for
al x eR.
It is denoted by
A =((at,at ok, af ek, ok 5 1),
@ ..o af.alf ol ; g), (@ . ¥ o .ol ol .ol : 1),
(ef.af.af.af. af.a : py ), (af, af, a._?, af, ag, ag sty ),
(af.af a3, aj.af.af ; ¥a); )
F. Generalized type-2 octagonal fuzzy number

A Generalized Type-2 Octagonal fuzzy number Ais
defined by
A={(x, i), W), w0, 1B (x), W2(x), philx),
wa G, w0} and
phG) 2 WG < W0 = A = 150D <
pBl) = @5 () = WL fordlx eR

It is denoted by
A= ((af. a5, as. 5.0, of. a5 ag ¢ A,),
(e a7, a7 .af . a7 af. a7 . ag ; 0p),

N N _N N _N N _N _N,
(e, 07,07, 85, 85,05,87., 05 ; Ty),
(e1.a3. 085, 85,85, a5, 5. 5§ Pa),

g @ @ ¢ @ & @ @,
(a;.a;.085.0;.8:.0;.087, 05§ ay),
(af,af,af.af. ol af.af. af ; Ba),

§ .5 5§ § 5 5 5,

(ay.07. 03,04, 05, 05.07. G ¥a),

T T T T T T T T .

(a;.07.0z.85.085. 8. 07,0z ; §4); Wa)

G. Propertiesof Generalized type-2 octagonal fuzzy
number
Let4 = ((at.at at.ak.ak, at.at.at : 1,),
(&3, el el el all, o, o, alf : a,),
@, ol e, ol oY, al, a¥. el ; 1,),
(af.ef.af.af.af.af.af.af : py),
(2. 8, 8, s ),
(af. k. of ., of . : )
(e o of o, ., o, 5 ),
(af o of of o af ol af  6,); x)
And B = (83,55, b, B, bE. BE, BE, B ; A5),
(b, b, b3, b . ¥, Y 1 o),
(5Y, b3, Y, Y, bY, BY, BY BT ; 75),
(BT, b5, b5, b3 . bE  bg, b5 BT 5 ps),
(b, b3, b3, b5 b3, b b b5 ; as),

(b3. 53, b3, bY, bS, bg, b7, bg: F3),
(b1, B3, b3, b3, b3, b3, b3, b v5),
(

b 6T, b5, B, . 5%, 5, b3 65)

g )
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be two generalized type-2 octagonal fuzzy numbers.

Then,

Addition &:

AGB = (ot +bhat +bL ok + bLab + bL ok + BL,

ag + bt ok * b, ag * E:"g), (e + b alf + Y, ol + b,
Mo pM ol B oM 4 B g B g 4 BM)

mf+bia¥+bi ”+bﬂ @y + by, ”+bﬂ +b3,

a¥ +5Y.ad +bY), (.:!.L + bl,a. +b.,a, + a,,a4 +£:f,

”‘5 +£Js,|:e.5 +£J5, a -I—EL,rAE + b ) (u.1 +E:1,u... +EJ
Q + b'?* + 'E’Q + bg: 5"" bs: a; + b?_* ag + EJ'E),

(al + b, af + b8, of +bE.af + bE.af + b8 af + bE,

af + b%, ug + B8), (a3 -I—Ens,a.- + 5363 +£Jq,u.4+£:5J

u.5 + b3, af +bi, a3 + b3, af +b3), (a] +bl.al + bl

a; +b3.ay +bi.af + b5, af + b, al + bl.ay +b7))

Subtraction ©:

ABF = (max(0, &t — b%), max(0, a% — bt ),

max(0, a5 — bE), max(0, at — b%), max(0, at — bY),

max(0, ag — b3), max(0, a7 —b% ), max(0, ag — b7 )),

(max(0, & — bY), max(0, & — b¥), max(0, &' — b,
max(O0, af — b1, max(0, a‘_,';’ — b¥), max(0, a' — b%),
max(0, i — b)), max(0, aif — bif)), (max(0, & —bY),
max(0, = — B ), max(O —.E:‘;’ ), max(0, af —bY),
max (0, @ ” —bY), max(0, a¥ —bY), max(0, ¥ — bY ),
max(0, ai — E:” ), (max(0, al — b ), max(0, af — b%),

max (0, aq —bE), max(0, a.4 —b%), max(0, af —.E:‘“)
max (0, af, —b%), max(0, u- — bE ), max(0, ag - b)),
(max(0, '31 E:g), max(0, c!.: - .E:E), max(0, a! - .E:E),
max (0 ,af - .E:E), max(0, aE - .E:f), max (0, aE - .E:f),
max(0, a¥ — b2 ), max(0, af — b)), (max(0, af — bE),
max(0, af — b%), max(0, af — bf), max(0, af — bf),
max(0, af — b%), max(0, af — ), max(0, af — b¥),
max(0, af — b§)), (max(0, & — b3), max(0, a3 — b3),
max(0, &5 — k% ), max(0, & — b2 ), max(0, a2 — b3 ),
max(0, &z — b3 ), max(0, &3 — &7 ), max(0, a3 — b)),
(max(0, aI — %), max(0, aX — b%), max(0, a3 — bL),
max(0, a} — bL), max(0, ai — b}), max(0, af — b}),
max(0, a3 — b3 ), max(0, az — b1)))

Multiplication

AxB= ({—r.rﬂ., —r.rﬂ,

L L L L L
a3 oy og iy a3

aﬂ'b, alﬂ'a, ;ﬂ'b,;ﬂa,;ﬂb,
Il e e e
ok g7 a3 o 23
— gy min{d,.4 Oy, —— Oy, —— O
B4 ) i { A B:I:] { B4 &4 B &4 b &4 Bbe
M M Wd
Qg as a3 |:3
24 b ?ﬂa: op ; min{oy. og)) ( + as TBic, b
Wl -' v B il F'
o) ] Qg a3 g . a4
as Tbe gy Tb oy Obe 5y Oe o, T ¢ Min(Ta 7510, (0.
R P P DU D D S
B4 o o E”E\d- o B4 o B4 o B4 o FA* 'D.E‘ ’
of , o8 of o @ oad oaf oo
(Goe % Bﬂw 0 T 5% o O 5 T 5 %
. of ef ef el af
Tlﬂ{ﬂm az)), (L, T o, T aﬂﬁ., gaﬂ, gﬂﬂ, Eaa,
af og a3 o3
—= gy, — O min = Op, — Oy, — 0%
o 7 s b {EA*EB:]:]{ s Tt 5 %7 gy O
= l:—Er.r- EL'.r- i =gy min(ys. ¥5)), { ia-
B4 o B4 o 541- o 54 ] ; .4.-' g B4 o
T T T
83 o iz ai az .
S o o o 0 s miny 0

ming ey, g}

Whereoy, = bt + b5 + b5 + b5 + b + b + 55 +BE +

bi' +b7 + by +b) + b by +bY + by + b + 0 +

bY + by +6Y + 0¥ + 0¥ + b + 6] + 65 + 05 + b5 + b8 +

b+ b2 + b5 + 5% + 7 + 57 + 87 + 6 + 87 + 6% +
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b bR 4 bR B AR AR DR AR LB B4 b 4
b+ b+ B+ pT £ pS £ b3+ 6T £ 5T + B £ 5] +

by + by + bT + by
Division )
A-B-= {{64;—If, 64 <2

Gh Op T T O

L2

645, 64 = ; min(A,, 15)),

“p

af a? aj 1:3'? 2%
HHE” ” r.r,,. mm{q.t, 2517, {—r.rﬂ., =, Ob E —
22 2% af

% 5% min(a, z)), (&

af af ﬂ ag af

af
b o0 O

5

a
o2 oy s min(Ba Bo))( S
5 3 el .
- min{¥,. ¥5)),

T T T T T

21 a3 = ge 5 2 @y &z
64 B4 64 64 B4 5 b gy T 5 Ob
min(§y, 6z)); min(wy. wg))

Where oy = b + b + bs + b5 + b + b +b% + bz +
Y +bY + by +bY + B +BY + 0¥ +0f +b) +5] +
Y +bY + Y +BY + bY + Y + 67+ BE 4+ bE +bY +BE +
bE + bZ + B2 +b% + b7 +67 + 07 + b7 + b7 + 87 +
b bR bR B AR AL DR R LB B4 b 4
b3 + B3+ b3 + b3 4 b3 + b3 + BT + BT + 5T + BT +
by + by + bT + by
Scalar Multiplication
If k= Oisascalar, then
kd = (((Jm.;, ka‘;, kat, kat, kat, kat, kat, kagj,

(ke kall, kel kall, kall, kall, kol kall)),

{kal,kaf}r kad kol kel kel ka? .R:a.‘;'r ,

(kaf . kaf . kol kel kal, kel kaf, kaf),

(kal, ka?, kal kal, kal kal ko, kal),

(kat, kaf, kaf , kaf, kal, kaf, ka?, kal)),

(ke3. ked, kad, ka3, ka?, kal, ka2, ka3),

(kal.kal, kol kal, kal, kal, kal, kall); w,)ifk>
0.
kd = (((Jm.;, Jm.'t kat, kat, kat, kak, kat, kab),

(kal kaX, kel kall kel kel ko, kal’

(kal, ka‘_—?‘r, kal, kal, kal, kaY, kal, kal'),

(kaf . kaf, kaf kel , kol kel kol kal),

(kag.kal kal . kal, kay.ka kaj, ka),

(kag . ka?, kag , kat, kay , kog, ke, kal),

(kag. ka?, kel kai, kal, ke, ka3, kai),

(kal.kal, kal.kal, kal, kal, kal, kal)); cy)if k<O.
Squar e Root
“*'ﬁ_((*v'“:{ ez ey oagaag e, yar,yag),
('-.'ﬂ'l w“’r‘r w“’;’! vwﬂf wﬂf wﬂf "-.'a';"! vwﬂM)
(wﬂl vwﬂ’y wﬂ'}r wﬂf ’*-aﬂ‘: vwﬂ’: v*vtﬂr wﬂ":)’

7 |'_F
(*f"-H *fﬂﬂwﬂ'uwﬂu "M'GIE_"M'GE *fﬂ--w' z )

T
1

[-& [-@ | '? )
(-.J 114 Gy ’-\lﬂ'! v-\lﬂlt v-.Ju'E-
2 We [,
,_\Iﬂ-ﬁ,ﬂﬂ___,ﬂﬂg ):
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—a — el -3

) - [ IR IR R -3 -3
(Vag ez ey ey 4Jag yag ez, 4fag ),

\
s s 5 =5 |'_5 = 5 5
(e ey ey ey, (o5 e yas ey ),

.\‘I

|'_T |'_T |'_T |'_T |'_T |'_T |'_T |'_T
(Wey y/ag 46z 4/ay 4/az 48 467 4/6g))

I11. PROPOSED METHODSFOR RANKING OF
VARIOUSGENERALIZED TYPE-2FUZZY
NUMBERS

A. Proposed ranking method of Generalized Type-2
Trapezoidal fuzzy number

F (a™, wa) E (a™ wa)

Wibe—————

A (a",0) B (a™,0) C @0 D @@ 0)

Fig 1. Centroid of Generalized Type-2 Trapezoidal
Fuzzy Number

Centroid is the point of centre of gravity of any type of
plane figure. The above plane figure is considered as the
graphical representation of Generalized Type-2 Trapezoidal
Fuzzy Number. In the plane Fig 1, the x co-ordinates a-, a*,
al¥ and & of vertices are considered as centroid of centroids of
each trapezoidal fuzzy quantities occurred in the Generalized
Type-2 Fuzzy Number. First, the trapezoid is divided into
three plane figures ABF (triangle), BCEF (rectangle) and
CDE (triangle). The centroid of the centroids of the three
plane figures is considered as the center of gravity point of
generalized type-2 trapezoida fuzzy number to define its
ranking function. The reason for selecting this point as a
center point of gravity is that each Centroid point (Gi1 of
triangle ABF, G of rectangle BCEF, and G; of triangle CDE)
are center of gravity points of each individual plane figure.
Therefore, the centroid of these gravity points might be a
better equidistant point rather than centroid of trapezoid.

Consider the Generalized Type-2 trapezoidal fuzzy
number
A=((at. b 05,05 5 4), (alf a0} al 5 o),

(ar.a7. 03,65 1 T4),(67. 02,6585 ¢ pa); )

In the above figure, the x co-ordinate a*, a™ , & and a” are
centroid of centroids of the trapezoidal fuzzy numbers
(et a ab.af ; 4y), (@} oY 0 Y : o),
(af.a¥.ay.al ; 7,) and (af.af. 6. al ; p.) respectively.
For the sake of clarity, the centroid points of the three plane
figures are presented as follows:
The centroid of ABC is
G =(Z{2at + ab)+a(al’ +aff) + 7(ak + af) +

14’ +at)}, 2
The centroid of BCEFis
G = ({4l +alf +alf +af)+14¥ +af +

af +af)}, )
The centroid of CDE is
G = ({2af +af)+a(a} +al)+7(cf +af) +
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14(a} +ai)},=2)
Hence the centroid of & , & and &z is

6= (XA, y(A)) = (edet + 4 +aD)

14(@i+az + oz +a3 +ar +ay +af +ay)+

49(ay' + aff +af +al)}, T2 (1)
Then the ranking function of 4 isdefined as
R(A) = X(A)a +(1-a) y(A) 2

For all the possible paths, their corresponding path lengths
L i j=1,2,3,...nto be fuzzified in an uncertain context where

L; = [b, ] is considered as a Generalized Type-2 trapezoidal
fuzzy number.
L =[b,c] = ((0-Gjos b c o+ Gjos 5 1y),
(b—Gja, b, C+ G5 7). (D= Gz, by €, C+ g7 5],
(b- Gip1s b,c,c+ Gipe ; F'_i'); ﬂ-"_i') (3
Where 0 <&y, <8jpz < 8jpz< 8y and
0 <djps < Bjog < Gjo7 < joe
Impliesb > b — &5y > b —8jpz > b — 85, > b~ 4 and
C<CH+ s <CH+dpg<C+Ejp; <CHjpe
The graphical representation of generdized type-2

trapezoidal fuzzy number defined in equation (3) isshownin
the following Fig. 2.

¢ z+b:“‘ c+A“,. ('mm. Cc+ X

Fig 2. Generalized Type-2 Trapezoidal Fuzzy Number

Therefore the centroid of trapezoidal fuzzy arc lengths is
defined by using the proposed centroid of trapezoidal fuzzy
number (1) asfollows:

G= (X(E), Y(f)j = (é {81(b + ¢) + 2(8jps + Gjos —

T,
Gior — Gjoa ) + T( e + oz~ Gjoz — Gjz ), 1_;)

4)
Therefore the ranking function for all possible arc lengthsis
defined as:

red) = x(D)a + - a)y(L) ©)

B. Proposed ranking method of Generalized type-2
hexagonal fuzzy number
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I(a®, wa)

L T .

Kia, waf2) Hia®, wa/2)

AL 0)  Ba@Y0)  CEY%0) DE",0)  E@%0)  Fak0)
Fig 3. Centroid of Generalized Type-2 Hexagonal

Fuzzy Number

Centroid isthe point of centre of gravity of any type of plane
figure. The above plane figure is considered as the graphical
representation of Generalized Type-2 Hexagona Fuzzy
Number. In the plane Fig. 3, the x co-ordinates a, aV, a", &,
al and &R of vertices are considered as centroid of centroids
of each hexagona fuzzy quantities occurred in the
Generalized Type-2 Hexagona Fuzzy Number. First, the
hexagon is divided into three plane figures ACK (triangle),
CDHIJK (hexagon) and DFH (triangle). The centroid of the
Centroids of the three plane figures is considered as the
center of gravity point of generalized type-2 hexagonal fuzzy
number to define its ranking function. The reason for
selecting this point as a center point of gravity is that each
Centroid point (G, of triangle ACK, G; of hexagon CDHIJK,
and Gs of triangle DFH) are center of gravity points of each
individual plane figure. Therefore, the centroid of these
gravity points might be a better equidistant point rather than
centroid of hexagon.

Consider the Generalized Type-2 hexagonal fuzzy number

A=((at.ab ok, ak, ok, ok i 1,). (¥ ol ol o ¥, al 1 ),
(af.a.a.ay.a5.a; :74).(a]. a3, a5, af.af. af :p4),
(@?.af.af,al.a?,af ;a,),(af. af. af  af, af, af vy )i0)

Infigure 3, the x co-ordinates a*, &™ | a" , a® | a% and a®
are centroid of centroids of the hexagonal fuzzy numbers
(ai.afa3.a5.05, 055 4, ), (afsaf.af o o ag s 0y)
(af.a7. 0. af.af.a8 : 74) , (af.ai.af.af.af.a5 oy ),
{af, a?, af, a.f, ag, ag pey)and (af,as, 05, 05,08, 85§ ¥y)
respectively. For the sake of clarity, the centroid points of the
three plane figures are presented as follows:

The centroid of ACK is
G =(Z{2ak +af +a +af + alf +a})+
3z +as+ a7 +a5 + o +ag)+
Ak +af+af +af +alf +a})}, =2
The centroid of CDHIXK is
G = (2] +af +alf +alf) +3(af +af
+af +ay)+ el +ag + af +af +
a._? -I—a.f + u.‘-‘;‘r +u.f:] +6(a.::§ +a.‘;'r+ a.?+a§)+
8l +af + of +af)}, =2
The centroid of DFH is
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G = ({2} +af +af +af + af +af)+
3t +af + af +af + as+a§)+

4@l +af+af +af +of +af)}, 2
o= (x(A.y(A)|

=(ﬁ{2{a‘f+a‘§ +al +al) +3(ad +a¥ +a° +
af) + 4(al +af + 20} + 20} +alf + o +aff +aff +
2af +2af + af +af +af +af +af +af)+
6(af + ot + 20) +2af + o +alf +26f +2aF +
a?+a§+a§ +a,f"E:}l-I—E{a.‘;’-I—u.‘:{-I—Eu.‘-}'r +2af +af +
aff +2af +2af +af + of +af + af )2

(6)
Then the ranking function of A isdefined as

RA) = x(A)a + (L~ a)y(A) )
For all the possible paths, their corresponding path lengths

L;, j= 1,23,..n to be fuzzified in an uncertain context
where L; = [c, d] is considered as a generalized type-2
hexagonal fuzzy number [3].
L =[cd
= ((C-8jy4, C8j12, €, d, d+dpyz, A+E5 45 M),

(C-Gjgss C-jap, €, d, d+djy5, 4y o),

(C-8ip7, C-Gjpe, €, 0, OG5, dHGjye; 1),

(C-Gjos, C-Bjpg, C, d, AHdjyq, dHigg 5 pid,

(C-Gjpa, C-Gjps, C, d, A+0jay, dH+Giaz 5 ),

(C-8ipy, C-8pz, €, d, A¥dja, dHbiny; i) 5 0f)
)
Where 0 < §45< i35 <1 < Gjps <jpe < Gjp7 <o <Gjps <
Giog <Ojpz < Gjpz< Gy and
O<'5_i'1.! < 6_{14 < 5_{15 < 5_{15 < 6_{1? < 5_{12 < 5_{19 < 5_{:0 < 6_{:1<
5_{:: < r-f'hj':! < 6_{:4
Impliesc > c-8;y5 > €833y > C-Gjyp > C-Gjgg >
C-B0e>C-Bjg7> C-Bjgg > C-jgs > C-Bjgy > Crlijgz > C-ijgy >
C-8jp1
d < O+8;< A+, <OHSp s <Al <d+HS;; <d+bg <
O+815< O+bjgp < A8y < A48, < A48z <A+,
The graphical representation of generalized type-2 hexagonal
fuzzy number defined in equation (8) is shown in the
following Fig. 4.

Therefore the centroid of hexagona fuzzy arc lengths is

defined by using the proposed centroid of hexagona fuzzy
number (6) as follows:

({E(D))

= (570162 (c + d) + 4( 6jua+ 0124 —6jos—0: )

+ ﬁ{ﬂju +816+ 8226721 —Ojon —Fjoa—Gjos— 010 )

5{5_{19 +5_i':n_5_i'n-5_5_i'n.'-} + 9{5}15 + O30 — Ojpg — 5_;‘1:-} +
B

12( 'Ejj..'- + 5j19 - Ejnﬁ_ 'Ejnse 1L ,__: 9)

Therefore the ranking function for al possible arc lengths is

defined as:

rRid)= x(D)ar +(1—a)y(D)
(10)

G=
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)

Fig 4. Generalized Type-2 Hexagonal Fuzzy Number

C. Proposed ranking method of Generalized type-2
octagonal fuzzy number

M@, wy)  Lia%wy)
Wy fmmmmmmmmmemmnaeas
N\, wa2) G: Kia® wif2)
0", wal2) P J@wal2)
7 N
’ N
7/ N\
’ N
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’ N
"— - —————— - - -:I
G \ (&
)
A@,0) B@",0) Ca@%0) DE,0)  E@%0) F@%0) H(a%,0) I@"0)

Fig 5. Centroid of Generalized Type-2 Octagonal
Fuzzy Number

Centroid is the point of centre of gravity of any
type of plane figure. The above plane figure is considered as
the graphical representation of  Generalized Type-2
Octagonal Fuzzy Number. In the plane Fig. 5, the x
co-ordinates &, &, &Y, &, a, af, a and a' of vertices are
considered as centroid of centroids of each octagonal fuzzy
guantities occurred in the Generalized Type-2 Octagonal
Fuzzy Number. First, the octagon is divided into three plane
figures AOND (trapezoid), DNMLKE (hexagon) and EKJ
(trapezoid). The centroid of the centroids of the three plane
figures is considered as the center of gravity point of
generalized type-2 octagona fuzzy number to define its
ranking function. The reason for selecting this point as a
center point of gravity is that each Centroid point (G, of
trapezoid AOND, G, of hexagon DNMLKE, and Gs of
trapezoid EKJ) are center of gravity points of each

(af.af.af.af.af . af.af . af ; py),
(af,a?,af,af,ag,ag,as,ag ),
(af.af.af.af.af.a5.0F a8 5 fa),
(ai.03.03. 03,03, 03, 67, 02 § Va),
(L. of o o, of, o o o} ; 6, )
Infigure 5, the x co-ordinates a-, a¥, aY, &, a@, &}, a®and a’
are centroid of centroids of the octagonal fuzzy numbers
(af.af a3.af.af, ag.af. a5 5 Ay),
(af! o o aff ¥ af ¥l ; qy),
(af.a%.a3.a5.af.a; a7.a5; ),
(af.03.05.a5.05.a; a;.a5; ay),
(af.af.af. af.af,af .af, af; ),
(af.a2. 63,65, a2, a0, a3, a5 ; ¥4) and
(al.af.al.al,al.al,al.al ; &,) respectively.
For the sake of clarity, the centroid points of the three plane
figures are presented as follows:
The centroid of AOND is

G, :(${4(a"£ +af+af +af)+
14(at + a5 + af +af + aff +af + af +af

+20(as + at + af +al) +16(a} + ot + of +af)+
49(a7 +af + aff +a¥') +56(alf + a¥f + af +al )+
70(a} +af + af +a))}, 2
The centroid of DNMLKE is

G =({2al +af +af +af)+4(af +af + af +af)
+ 7(&.‘;"-‘-I-a."_'—.'r + af +a%) +8(ay +af + af +aly+
10 +af + of +af)+ 14(af +of + of +a8)+
16(a +af + al +al)+20(ad +af + af +al)},
The centroid of EKJl is

2= ({4 +af +af +af)+

14(a$+a$+ al+al+af +af + a5 ta)+
20l + a + af +al) +16(a’ +al + af +al)+
49(af +af + o3 +a3) +56(af +af + af +ai) +
70(a +af + of +ad)}, )

Hence the centroid of Gl,t?; and &z is

(x(A’), y(,&)) =(—=—q4(al + ok + of +af) +

oy
E

G=

2916
14(al +at + af +af + af +af +a] +a3) +

16(af + af + ol + al + ab+ ot + af + af)+
20(al +af + of +af + af +af + o +a7)+

49(al’ + aff +ai +a3)+56(cf +af + of +a? +aff +
af +ai+ a)+ 64(af +af + af +a3)+70(ad +a +
af +af+ o +a +af +ai)+80(a} +af + af +
of + af +af +af +a)+100(af +af + af +a¥ )},
o (1)

'I:hen the ranking function of A isdefined as
RA) = X(A)a + (1-a) y(A)

individual plane figure. Therefore, the centroid of these (12)
gravity points might be a better equidistant point rather than
centroid of octagon.
Consider Generalized Type-2 octagonal fuzzy number
A= ((a.a} ok, ol 0k, b ok ok 5 1),
(&3, alf, alf el alf, o, o, alf : a,),
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For all the possible paths, their corresponding path lengths
L, = 1,2,3,...n to be fuzzified in an uncertain context,
where L; = [d, €] is considered as a generalized type-2
octagonal fuzzy number.

E‘ =[d, € =

((d—bjz.d—bjgz.d —Gjpgdeiet bz + G368 + Gj37)

(d—8j5.d = Gjzp .d — Gy doee+ Gppe 8+ Gpg e + 850 )

(d—8pgd—6y7.d—bjyp.diee + 8y + Gjzg .8+ Gjza)

(d—8jzd —6jg . d—Gjps.diee + Gjgge + Gjzs e + Gjze).

(d—Gjyp.d =8y .d—Gjp.diee + Giaruet Gppp .+ Gjag)e

(d— 'Ej'n.-s d - "sjns d— Iﬁ_i.nl?" deet "Ej'ﬂ-“ e+ 5}41 e+ 'Ej'ﬂj’

(d—Gjpgd —Gjos . d —Gjpg.d.@ + Giyz e+ Gjgg .8 + Gjys).

(d—bjpe.d —pp vd — Gjpa.duB B + Gy 8+ Bz 08+ Gjae)
(13)

where

0 <84 <bjza <6z <6y <bjzp <Bjys < Gjyg <8py7 <

i1 < Opys <Oppg <Ojya<djyy <bjyy <djyp <bjps <bjps <

ior <Gjog < Gjos < bjpg < Gjgz < Gjpz < Gy and

0 <85 <8jzs <6ja7 <bjze <bjag <6jag < bjgy <Gz <

5_{22 < 5;24 < 5;25 < '5_{25 < 5_{!? < 'E_i'!B < 'E_i'!'? < E.i'4'-‘ <

6_{41 < 5_{4: < 5_{4! < 6_{44 < 5_{45 < 6_{45 < 5_{4.‘- < 6_{42

Implies

Therefore the centroid of octagona fuzzy arc lengths is

defined by using the proposed centroid of octagonal fuzzy

number (11) asfollows:

= ({EM()

= (== {1458 (d + @) 4+ 4( 8127+ 654e—Sj01—6i22 )

1916 i
+14 {5J':5+'5j'zn+'5j'45 +847 — o
+1ﬁ{5j!5 +5j! I 5_{10_ 'Ej'lE }

+ 20 {5}:5""5}!! 842 +6j45 —0ipa —Ojp7 — G — 5_;‘:4}

F)
+49 {5j':9+5_i'44—5_i'05—5j':n }.|_ 56{5j’!5+'5j'23_'5j11 _5_{14} +
70 I['E_i': g0y +04 +8543— 005 — 0o — 0117 — 0 1}

F) F) F)
+ 80 {5_{!4 + Ojzr— Gjiz — Gias) +

Fl
)
100( 631+ Gja0 — Gjos— Gj1e ) L_ﬂ) (14)

Therefore the ranking function for all possible arc lengths is
defined as:

Ry = x(D)a + 1—a)y(L)

- 5_{04 - 5_{19 - 5_{: 3

(15

D. Ranking Function

Let F(R) be the set of al generalized type-2 trapezoidal or
hexagonal or octagonal fuzzy arc lengths. One feasible way
for solving type-2 fuzzy critical path problem is based on the
concept of comparison of type-2 fuzzy arc lengths by using
ranking function. An effective approach for comparison of
such fuzzy arc lengths is to define a ranking function
IR : F(R) — R which maps each type 2 fuzzy arc lengths into
crisp one.

Using the proposed ranking functions defined on equations
(5), (10) and (15), we define ranking between generalized
type-2 trapezoidal or hexagonal or octagona fuzzy arc
lengths as follows:

(i) 1fR(d) = BR(E), then (DR (B

.. 1

(i) 1f B(d) < B(B), then (DR (B)

(iii)1f B(d) = R(E), then (A)E(B)
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d>d- gy > d-Ggg > 0-Gj35 > 0-Gj7y > -85 > 0-Gj45 >
d-G11e > d-G17 > d-0jy > d-Gjy5> d-0;y4> OG5> 0- 57y >
d- Gy > - Gyp > 06 g > O-Gjpg > 0-Gjp7 > OG>

O-Gjps > 0-8jpy > O-Gjp > d-Ggp > d- G, and

e<etliys <+l < e+, < e+ < €+l < el <

e+ Gjzy < €01y < €Fbjag < B3, < B35 < €4 Gi55< €465, <
E+82g < €F G5 < €04 < €4y <Gy <ej<

E+8iyy < eFGs< B8y < €+ Gy < ety

The graphical representation of generalized type-2 octagonal

fuzzy number defined in equation (13) is shown in the
following Fig. 6.

3
|
|
|

Fig.6. Generalized Type-2 Octagonal Fuzzy Number

Algorithm

STEP 1: Inthe project network, assign the fuzzy activity
time of each activity for generalized type-2 trapezoidal fuzzy
number
A=((a}. b af, af 144), (a0 .o}, ol 0),
(al.a7. 07,0y i7,),(01.07.05. a5 ;pa);0)
or generalized type-2 hexagonal fuzzy number A=
((a.a3.65.05. a5 af 14,).(ar'. a7’ a3 ag a5 ag ioy),
(af.07. a7, af.a5.05 ; 74).(af. a7, 03, 05,08, a5 5 pa),
{af,af,af,af,ag,ag vey (el af, af af, el af 1y )0
or generalized type-2 octagonal fuzzy number
A= (o}, ok, ok, ak.ak, b, otk A,

(@i, ey a3 ey ot g a7 ag 5 gy),

@Y, e, el a¥. ol ol a¥. el : ©,),

(ef.af.af. af.af . af.of.af 1 py),

(@f.al al.af al.al e, af ; ),

(a1.07.03.a3.05,05. 07,85 i Ba),

(ai.63.03. 63,03, 85, 67, 02 § ¥a),

r rr r T T T T T, 5.):

(e1,07.083,65, 05,85, 87,85 5 8y); a)
STEP 2: Cdculate Earliest fuzzy starting time f;'{’s with
the earliest occurrence time of zero for the initial event

—

and Earliest fuzzy finishing time E. s using
==

Frir. =mﬂxnsp[m}{§ @£} and Er{- = ?!; @ £,

==

STEP 3 : Cdculate Latest fuzzy finishing time LI, ’s and
=
Latest fuzzy starting time Lf °s using Ll =

e —
miﬂ?’!Epl:i’l'.j{I“;! ef:'} and f!‘;r = I'Jrrr. eF:i’!
STEP 4: Calculate Tota float fuzzy time ﬁf’s for each
activity (m, n) using

== ==
if =L eB o fT=L,

m
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STEP 5 : Find all the possible paths and compute the total
float fuzzy time of each path.

STEP 6 : Transform the total float fuzzy time of each path
into standardized total float fuzzy time

( For example, if 4 =((at, ek, %, at ),

(alf, el el el (af.af.af. a¥ ), (af.af . af. el )) isthe
total float fuzzy time of the path, then its standardized total
float fuzzy timeis

((R’;e’;e’;e )(.-e KRR ) (.:e KKK
whereK=max | a; ||, | a; || denotes the upper bound of
lel], 1=1,j<4

STEP 7 : Rank the standardized total float fuzzy time of
each path using (5) (or (10) or (15)) and find the critical
path.

af af aof of
MWz w )

V. NUMERICAL EXAMPLE

6>
s,

(30, 39] (70, 78]

=

Fig 7. Network diagram for critical path
A salesman travels from a city A to the city E. The
travelling time in hours between two cities may vary
according to the distances which are given in the Fig. 7.
Which way would take a long time for him to reach the
destiny E?

A. Case1: Solution of critical path problem based on
Generalized type-2 trapezoidal fuzzy number

As per the proposed algorithm, the calculations have been
carried out based on Generalized Type-2 Trapezoidal Fuzzy
Numbers using the proposed ranking function (5). Theresults
of the calculations are presented in the following tables.

Table-|: Generalized Type-2 Trapezoidal Total Float
Fuzzy Time of each activity

Generalized Type- 2 Generalized Type- 2
Activity Trapezoidal Fuzzy Activity Trapezoidal Total Float
Time Fuzzy Time
A_B ((37,40,50,53),(28,40,50,64), ((0,14,60,79),(0,14,60,131),
(25,40,50,67),(16,40,50,78)) (0,14,60,147),(0,14,60,197))
A_C ((25,30,39,42),(16,30,39,53), ((0,0,28,51),(0,0,28,111),
(13,30,39,56),(4,30,39,67)) (0,0,28,130),(0,0,28,189))
A_D ((46,50,61,64),(37,50,61,75), ((0,0,37,55),(0,0,37,106),
(34,50,61,78),(25,50,61,89)) (0,0,37,122),(0,0,37,172))
C-D ((25,29,36,39),(16,29,36,50), ((0,0,28,51),(0,0,28,111),
(13,29,36,53),(4,29,36,64)) (0,0,28,130),(0,0,28,189))
B_E ((60,67,75,78),(50,67,75,89), ((0,14,60,79),(0,14,60,131),
(47,67,75,93),(38,67,75,104)) (0,14,60,147),(0,14,60,197))
C_E ((66,70,78,81),(57,70,78,92), ((2,22,67,85),(0,22,67,136),
(54,70,78,95),(45,70,78,106)) (0,22,67,152),(0,22,67,202))
D_E ((75,80,92,95),(66,80,92,106), ((0,0,28,51),(0,0,28,111),
(63,80,92,110),(54,80,92,120)) (0,0,28,130),(0,0,28,189))

Table- II: Generalized Type-2 Trapezoidal
Standardized total float fuzzy timefor each path

Generalized Type-2
Trapezoidal Total

Generalized Type-2

Path Trapezoidal Standar dized
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Float Fuzzy Time Total Float Fuzzy Time
((0,28,120,158), ((0,0.07,0.3,0.4),
A_B_E (0,28,120,262), (0,0.07,0.3,0.66),
(0,28,120,294), (0,0.07,0.3,0.75),
(0,28,120,394)) (0,0.07,0.3,1))
((0,22,95,136), ((0,0.06,0.24,0.35),
A_C_E (0,22,95,247), (0,0.06,0.24,0.63),
(0,22,95,282), (0,0.06,0.24,0.72),
(0,22,95,391)) (0,0.06,0.24,1))
((0,0,84,153), ((0,0,0.15,0.27),
(0,0,84,333), (0,0,0.15,0.59),
A-CDE (0,0,84,390), (0,0,0.15,0.69),
(0,0,84,567)) (0,0,0.15,1))
((0,0,65,106), ((0,0,0.18,0.29),
A_D_E (0,0,65,217), (0,0,0.18,0.6),
(0,0,65,252), (0,0,0.18,0.7),
(0,0,65,361)) (0,0,0.18,1))

By using (5), we get

For e =1,

R() = 0.222, R(I;) =0.192, R(L7) = 0.129, R(;) =0.142
For & = 0.5,

R(T;) = 0.305, R(Z;) =0.290, R(1;) = 0.256, R(L;) =0.265
For & =0,

RT.) =R) = RT) = R(I;) = 0.389

Here minimum ranks are 0.129, 0.256 and 0.389 for & =1,

o = 0.5 and & = 0 respectively.

So the critical pathis A-C-D-E

B. Case2: Solution of critical path problem based on
Generalized type-2 hexagonal fuzzy number

As per the proposed algorithm, the calculations have been
carried out based on

Generalized Type-2 Hexagonal Fuzzy Numbers using the
proposed ranking function (10). The results of the
calculations are presented in the following tables.

Table- I1l: Generalized Type-2 Hexagonal Total
Float Fuzzy Time of each activity

Generalized Type—-2 | Generalized Type-2

Activity Hexagonal Fuzzy Hexagonal Total
Activity Time Float Fuzzy Time
((37,39,40,50,51,53), ((0,4,14,60,68,79),
(31,33,40,50,58,60), (0,0,14,60,102,112),
A_B (28,30,40,50,61,64), (0,0,14,60,117,131),
(25,27,40,50,65,67), (0,0,14,60,136,147),
(22,24,40,50,68,71), (0,0,14,60,152,164),
(16,18,40,50,75,78)) (0,0,14,60,185,197))

((25,27,30,39,40,42), ((0,0,0,28,39,51),

(19,21,30,39,47,49), (0,0,0,28,78,90),

A_C (16,18,30,39,50,53), (0,0,0,28,96,111),
(13,15,30,39,54,56), (0,0,0,28,117,130),
(10,12,30,39,57,60), (0,0,0,28,136,150),
(4,6,30,39,64,67)) (0,0,0,28,175,189))

((46,48,50,61,62,64), ((0,0,0,37,45,55),

(40,42,50,61,69,71), (0,0,0,37,78,88),

A-D (37,39,50,61,72,75), (0,0,0,37,93,106),
(34,36,50,61,76,78), (0,0,0,37,111,122),
(31,33,50,61,79,82), (0,0,0,37,127,139),
(25,27,50,61,86,89)) (0,0,0,37,160,172))
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((25,27,29,36,37,39), ((0,0,0,28,39,51), results of the calculations are presented in the following
(19,21,29,36,44,46), (0,0,0,28,78,90), tables
(16.18,29,36,47,50), (0,00,28,96,111), : .
Cc-D (13,15,29,36,51,53), (0,0,0,28,117,130), Table-V: Generalized Type-2 Octagonal Total Float
(10,12,29,36,54,57), (0,0,0,28,136,150), Fuzzy Time of each activity
(4,6,29,36,61,64)) (0.0.0.28.175.189))
((60,6367,75,76,78), | ((0,4,14,60,68,79), : :
(54,56,67,75,83,86), | (0,0,14,60,102,112), Actiit Ge”e'g‘(':'tze%:;’lpe -2 Ge”erggze%:;pe -2
B E (50,53,67,75,87,89), (0,0,14,60,117,131), Y Uz A ago - Total FI a?: Ti
- (47,49,67,759193), | (0,0,14.60.136,147), uzzy Activity Time otal Float Fuzzy Time
(4rd687 o497 | (001460152164, ((37,38.39,40,50,51,52,53), (0, 0,4,14,60,68,73,79),
(54087 /5101100 | (001460155197 (34, 35, 36, 40, 50, 54, 55, 57), |  (0,0,0,14, 60,84,89,97),
(o aaTerl) | (2T 5 (31, 32, 33,40,50,58, 59, 60), | (0,0,0,14,60,102,107,112),
(806270765668, | (002567 1061100 A p | (282930405061 62,64, | (00,01460,117,123131),
(075070755990, | (002260120136 (25, 26, 27.40,50,65, 66, 67), | (0.0,0,14.60,136,141,147),
C-E | (heer0766390) (0022.0r 14 150) (22,23, 24.4050,68, 69, 71). | (0.0,0,14.60,152,157,164).
(1207075699, | (002267157 160 (19, 20, 21, 40, 50, 72, 73, 74), | (0,0,0,14,60,169,174,180),
dedrsoraionion) | (00 er 100200 (16,17, 18/40,50,75, 76,78)) | (0.0,0,14,60,185.190,197))
(75.77.8092,93.95). (0,00.25.3951) (25, 26, 27,30,39,40, 41,42), | ((0, 0, 0,0,28,39, 45, 51),
(69716092 100,103} (00026.75.90), (22,2324, 30, 39, 43, 44, 46), | (0,0, 0,0, 28, 57, 63, 72),
(60.66.60.92.103.100 005866111 (19, 20, 21,30,39.47, 48, 49), | (0,0,0,0,2878, 84, 90),
D-E | (Goees00107110 | (000581171%0) A_c | (1617.18303950,51,53), | (0,0,00,28,96, 102, 111)
om0z 1i 113 | (00028136150, (13,14, 15:30,39,54, 55, 56), | (0,0,0,0,28,117, 123, 130),
(5565095 1151200 | (00025 178 1500 (10, 11, 12,30,39,57. 58, 60), | (0,0,0,0,28.136, 142, 150),
:96,80,92,118, .00.28,175, (78,9, 30,39, 61,62, 63), | (0.0,0,0.28,156, 162, 169),
(4, 5, 6,30,39,64, 65, 67)) (0,0,0,0,28.175, 181, 189))
Table- IV: Generalized Type-2 Hexagonal ((46, 47, 48,50,61,62, 63, 64), | ((0,0,0, 0,37,45, 50, 55),
Standardized total float fuzzy timefor each path (43,44, 45,50, 61, 65, 66, 68), | (0,0,0,0, 37, 60, 65, 73),
(40, 41, 42,50,61.69, 70, 71), | (0,0,0,0,37,78, 83, 88),
Generalized Type2 Generalized Type-2 A D | (37.38.39506172,73,75), | (0.0,0037,93, 98, 106),
Path Hexagonal Total Float Hexagonal Standar dized (34, 35,36,50,61,76, 77, 78), (0,0,0,0,37,111,116,122),
Fuzzy Time Total Float Fuzzy Time (31,32, 33506179, 80, 82). | (0,0, 0,0,37,127,132, 139),
(0828120136,158), | ((0,0.02,0.07,0.3,0.3504), (gg' gg’ gg’%':llé?é?é?' (8'8'5)5571'2341'%‘5‘9’1175;)'
(0,0,28,120, 204, 224), (0,00.07,0.3052,057), (25,26, 27,5061.86,87,89) | (0,0,0,0,37.160,165, 172))
(0,0,28,120,234,262), (0.0.0.07.0.3,0.59,0.66). (25, 26,27,29,36,37,38,39), | ((0,0,0, 0, 28, 39, 45, 51),
ABE | (0028120272294), (0,0,0.07,0.3.0.69,0.75), (22,23, 24, 29, 36, 40, 41, 43), | (0,0, 0,0, 28,57, 63, 72),
(0.0.28120,304,328), (0.0,0.07.0.3,0.77,0.83), (19,20,21,29,36,44, 45, 46), | (0,0,0,0.28,78, 84, 90),
(002012037031 5.0.0.070.30041) c_p | (16.17,1829.3647,48,50), | (0,0,0,0,28,96,102, 111),
(2.12,22,95114,136), | ((0,0.03,0.06,0.24,0.29,0.35), (13,14, 1529.36,51, 52, 53), | (0.0, 0, 0.28,117,123,130),
(6 030.00.166.000, 0000602404505 (10, 11, 12,29,36,54, 55, 57), | (0, 0,0,0,28,136,142, 150),
(002,95 216.247) (0000002405006 (7,8, 9, 29, 36, 58, 59, 60), (0,0, 0, 0,28,156,162,169),
A-CE (002,05 256,28 (000000240000.73) (4,5, 6,29,36,61, 62, 64)) (0,0,0,0,28,175,181, 189))
0,22,95,258,282), 0,0.06,0.24,0.66,0.72), ((60, 62, 63, 67, 75,76,77,78), | (0, 0, 4, 14, 60,68,73,79),
(0,0,22,95.293319). (0,0,0.06,0.24,0.75,0.82),
(00,22 05 965 391} (00.006024095.1) (57,58, 59, 67,75,80, 81, 82). | (0,0, 0, 14, 60, 84, 89, 97),
(06054117153 (000015021057 (54, 55, 56, 67.75,83,84:86), | (0,0,0,14,60,102,107,112),
(00084234270, (000015041045 5 g | (50,51,53,67, 75 87,88, 89), | (0.0.014,60,117,123, 131),
(000,64 206,900, (000015051050 (47, 48, 49, 67,75,91,92,93), | (0,0,0,14.60,136,141.147),
A-CD-E | (00 oot a00) (000012082009, (44, 45, 46, 67, 75, 94, 95, 97), | (0,0,0.14,60,152,157, 164),
(00054.406.150) (000015075050) (41,42,43,67,75,98,99,100), (0,0,0,14,60,169,174,180),
(00004 £05 5871 0000150631 (38,30.40,67.75,101,102, 104)) | (0,0.0,14.60,185.190,197))
(005,6551106) 0000.15023.035) (66, 67, 68,70,78.79, 80, 81), | (2, 7, 12,22,67,75,80,85),
000 e 156179, (000018045043 (63,64,65, 70, 78, 82, 83, 85), | (0, 0, 0,22,67, 90, 95, 103),
(00065150217 00001805206 (60, 61, 62,70,78,86, 87, 83), | (0,0,0,22,67,108,113.118),
A-D-E (000,66 258,753, (00001508505, c_E | (67.58597078:89,90,92), | (0,,0,22,67,123128136)
(00005 260,756 (00001509308, (54, 55, 56,70,78.93, 94, 95), | (0,0.0,22,67,141,146,152),
(00060 550 301) 0001b0 08 (51,52, 53,70,7896,97,99), | (0.0,0,22.67,157,162, 169),
: .0,0,65,335, .000.18,093, (48.49,50,70,78,100,101,102), | (0,0,0,22,67,174,179,185),
By using (10), we get (45,46,47,70,78,103,104,106)) | (0,0,0,22,67,190,195202))
Fora =1, ((75, 76, 77,80,92,93, 94, 95), | (0, 0, 0, 0, 28, 39, 45, 51),
~ ~ — — (72,73, 74, 80, 92, 96, 97, 99), | (0,0, 0,0, 28, 57, 63, 72),
R(T;) =0.268, R(L;)=0.245, R(L;) =0.198, R(L;)=0.208 (69,70,71,80,92,100,101,102), | (0,0, 0,0, 28, 78, 84.90),
For & = 0.5, o | (66:67,688092,103,104,106), | (0.0,0,0, 28, 96, 102, 111),
_ _ . I (63,64,65,80,92,107,108,110), | (0, 0, 0,0,28,117,123,130),
R(T:) = 0273, R(;) =0.261, R(T;) = 0.238, R(;) =0.243 (60,61,62,80,92.111.112, 113), | (0, 0, 0,0.28,136,142.150),
Fora =0, (57.58,59,80, 92,114,115,117). | (0,0,0,0,28,156,162,169),
(54,55,56,80,92,118,119,120)) | (0.0, 0, 0,28,175,181,189))

RE;) =R({:) = RT;) = R(I,) = 0.278

Here minimum ranks are 0.198, 0.238 and 0.278 for & = 1,
e = 0.5 and & = O respectively.
So the critical pathisA - C—-D - E.

C. Case 3: Solution of critical path problem based on
Generalized type-2 octagonal fuzzy number

As per the proposed algorithm, the calculations have been

carried out based on Generalized Type-2 Octagonal Fuzzy
Numbers using the proposed ranking function (15). The

Table- VI: Generalized Type-2 Octagonal

Standardized total float fuzzy timefor each path

Path

Generalized Type-2
Octagonal Total
Float Fuzzy Time

Generalized Type-2
Octagonal Standar dized
Total
Float Fuzzy Time
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((0,0,8,28,120,136,146, 158),

((0,0,.02,.07,.3,.35,.37,.4),

(0,0,0,28,120,168,178,194), (0,0,0,.07,.3,.43,.45,.49),
(0,0,0,28,120,204,214,224), (0,0,0,.07,.3,52,.54,57),
apg | (00028120,234246,262) (0,0,0,.07,.3,59,.62,.66),
(0,0,0,28,120,272,282,294), (0,0,0,.07,.3,.69,.72,.75),
(0,0,0,28,120,304,314,328), (0,0,0,.07,.3,.77,.8,.83),
(0,0,0,28,120,338,348,360), (0,0,0,.07,.3,.86,.88,.91),
(0,0,0,28,120,370,380,394)) (0,0,0,.07,.3,.94,.96,1))
((2.7,12,22,95114,125,136), | ((0,.02,.03,.06,.24,.29,.32,35),
(0,0,0,22,95,147,158,175), (0,0,0,.06,.24,.38,.4,.45),
(0,0,0,22,95,186,197,208), (0,0,0, .06, .24,.48,.5,53),

ace | (0002295219230247), (0,0,0,.06,.24,.56,.59,.63),
(0,0,0,22,95,258,269,282), (0,0,0,.06,.24,.66,.69, .72),
(0,0,0,22,95,293,304,319), (0,0,0,.06,.24,.75,.78,.82),
(0,0,0,22,95,330,341,354), (0,0,0,.06,.24,.84,.87,.91),
(0,0,0,22,95,365,376,391)) (0,0,0,.06, .24, 93,96, 1))
((0,0,0,0,84,117,135,153), ((0,0,0,0, 15,21, 24, .27),
(0,0,0,0,84,171,189,216), (0,0,0,0,15,3,.33,.38),
(0,0,0,0,84,234,252,270), (0,0,0,0,.15,.41,.44, 48),

A-C- | (0,00,0,84,288306333), (0,0,0,0,.15,51,.54, 59),
D-E (0,0,0,0,84,351,369,390), (0,0,0,0,.15,.62,.65,.69),
(0,0,0,0,84,408,426,450), (0,0,0,0,.15,.72,.75,.79),
(0,0,0,0,84,468,486,507), (0,0,0,0,.15,.83,.86,.89),
(0,0,0,0,84,525,543 567)) (0,0,0,0,.15,.93,.96,1))
((0,0,0,0,65,84,95,106), ((0,0,0,0,.18,.23,.26,.29),
(0,0,0,0,65,117,128,145), (0,0,0,0,.18,.32,.35,.4),
(0,0,0,0,65,156,167,178), (0,0,0,0,.18,.43,.46,.49),
Ap.g | (000065189,200217), (0,0,0,0,.18,52, 55,.6),
(0,0,0,0,65,228,239,252), (0,0,0,0,.18,.63,.66,.7),
(0,0,0,0,65,263,274,289), (0,0,0,0,.18,.73,.76,.9),
(0,0,0,0,65,300,311,324), (0,0,0,0,.18,.83,.86,.9),
(0,0,0,0,65,335,346,361)) (0,0,0,0,.18,.93,.96,1))

| SSN: 2249 — 8958, Volume-8 I ssue-6, August 2019

By using (15), we get

Forea =1,

R(T.) =0.287, R(T;) = 0.266, R(I;) = 0.228, R(T;) = 0.236
For & = 0.5,

R(T;) = 0.292, R(T;) = 0.281, R(I;) =0.262, R(T;) =0.266
For & =0,

R(I;) =R(;) = RI;) = RE) =

0.296

Here minimum ranks are 0.228, 0.262 and 0.296 for & = 1,

o = 0.5 and o = O respectively.

So the critical pathis A—-C-D-E.

V. RESULT AND DISCUSSION
TABLE VIl : Comparison Between Three Generalized Type-2 Fuzzy Numbers

Generalized Type - 2 Trapezoidal Generalized Type -2 Hexagonal Generalized Type -2 Octagonal
Fuzzy Number Fuzzy Number Fuzzy Number
Path
a=0 a=0.5 a=1 a=0 a =0.5 a=1 a=0 a =0.5 a=1
A_B-E 0.389 0.305 0.222 0.278 0.273 0.268 0.296 0.292 0.287
A—C—E 0.389 0.290 0.192 0.278 0.261 0.245 0.296 0.281 0.266
A-C_-D-E 0.389 0.256 0.129 0.278 0.238 0.198 0.296 0.262 0.228
A-D-E 0.389 0.265 0.142 0.278 0.243 0.208 0.296 0.266 0.236
0.4
0.3 oy
-\'ﬁ\-—__- === TRAPEZOIDAL
0.2 1 \_‘ e=lll= HEXAGONAL
01 OCTAGONAL
. 0 T T T ] .
Fig 8. Comp ABE ACE ACDE ADE ibersif =1
0.4
03 | Pt .~ TRAPEZOIDAL
T —
0.2 ~8— HEXAGONAL
0.1
0 ‘ ‘ ‘ ‘ OCTAGONAL
A-B-E A-C-E A-C-D-E A-D-E

Fig 9. Comparison among three Type-2 Generalized Fuzzy Numbersif a =0.5
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On Fuzzy Critical Path Method based on ranking of varioustype-2 fuzzy quantitiesusing Centroid of centroids

0.5
0.4 —¢ S S ¢ == TRAPEZOIDAL
03 g % % h—
0.2 =@ HEXAGONAL
0.1

0 OCTAGONAL

A-B-E A-C-E A-C-D-E A-D-E

Fig 10. Comparison among three Type-2 Generalized Fuzzy Numbersif a =0

VI. CONCLUSION

Critical path method (CPM) has been widely used in
managing complicated project network modelsin rea world
applications. This paper has proposed an agorithm for
finding critical path based on various type-2 fuzzy quantities
using proposed fuzzy ranking functions for ordering type-2
fuzzy arc lengths. Moreover, the analysis has been made
among the generalized type-2 trapezoidal, hexagonal and
octagona fuzzy numbers in order determine the effective
ranking value for finding the critical path. Finally, the results
show that Type-2 trapezoidal fuzzy number is more effective
to determine the activity criticalities to find the critical path
based on the proposed ranking index
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