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Abstract: This paper reviews the effectiveness of kernel 

learning in unsupervised data analysis using clustering. Cluster 

analysis is an explorative data analysis tool that assists in 

discovering hidden patterns or natural grouping and has many 

effective applications in various disciplines. The unison of 

kernel learning with the objective of unsupervised clustering 

algorithms facilitates in recognizing non linear structures in 

high dimensional data containing outliers with heavy noise. 

The recent kernel clustering methods considered in this paper 

are the kernelized versions of K-Means, Fuzzy C-Means, 

Possibilistic C-Means and Intuitionistic Fuzzy C-Means. 

Computational complexities in kernel based clustering 

algorithms are quiet prominent and our objective is to 

understand the performance gains while using kernels in 

clustering. Experimental studies of this paper substantiate that 

kernel based clustering algorithms yields significant 

improvements over their traditional counterparts. 

 

Index Terms: Unsupervised clustering, Data Analysis, Kernel 

learning, Partition clustering. 

I.  INTRODUCTION 

Unsupervised clustering techniques of machine learning 

determine the available structures in data without any 

information about the objects in the data [4], [5]. 

Unsupervised learning has no predefined class labels for the 

data under speculation. Clustering is a renowned 

unsupervised learning technique, used for exploratory data 

analysis to unveil hidden patterns in data [25], [27]. 

Unsupervised learning aims at disclosing the natural 

groupings in the data [15], [20]. The hard clustering 

techniques proposed in literature are often not effective with 

many of real world applications where uncertainty is 

preferred over sharp boundary between clusters so fuzzy 

clustering is befitting for such kind of data sets [19]. Ruspini 

[24] first interjected the notion of fuzzy set theory in 

clustering. Leading to the incubation of the very first Fuzzy 

C-Means (FCM) proposed by Dunn [10] and later 

generalized by Bezdek [2], [3]. Hereafter many variants of 

fuzzy clustering approach were proposed [16], [17], 

intended to meliorate the existing algorithm and also 

address specific issues like noise handling [8], [21], 

 
Revised Manuscript Received on April 24, 2019 

 Esha Kashyap, Department of Mathematics, Pondicherry University, 

Puduchery, India. 

S.R.Kannan, Department of Mathematics, Pondicherry University, 

Puduchery, India. 

Mark Last, Department of Software and Information Systems 

Engineering, Ben-Gurion University of the Negev, Negev, Israel. 

 

adaption to different data [12], [18] and cluster genre [7], 

[13]. Kernel learning is employed to deal with the 

classification of data set that is not linearly separable. 

Linear separability is an important notion in machine 

learning research. Kernel based clustering has shown 

notably better performance rate than their traditional 

counter parts for almost all the data of real world.  The main 

objective of this study is to observe the quantification in 

performance rate for kernel based clustering algorithm. The 

kernel clustering methods considered in this paper are the 

kernelized versions of K-Means, Fuzzy C-Means, 

Possibilistic C-Means and Intuitionistic Fuzzy C-Means. In 

recent years the clustering methods K-Means, Fuzzy 

C-Means, Possibilistic C-Means and Intuitionistic Fuzzy 

C-Means, are considered as effective tools in clustering the 

complicated real life databases [22], [23].  The fundamental 

difference between K-Means and Fuzzy C-Means is a 

degree of belonging of a data point to a cluster. The degree 

of belonging of a data point to a cluster is portrayed by the 

membership degree in Fuzzy C-Means and it allows the 

object to belong into all clusters with certain degree of fuzzy 

memberships. Possibilistic C-Means (PCM) came into 

consideration to address the challenges connected with the 

constraints on the membership degree utilized in fuzzy 

clustering. This paper proves the strength of kernelized 

version of the proposed unsupervised clustering learning of 

this paper through the experimental works on noisy ring 

data, noisy parabolic data, noisy Haberman's survival data, 

noisy iris plant database, wine data, contraceptive method 

choice, noisy Wisconsin prognostic breast cancer, SPECT 

heart data and glass identification database. The paper is 

arranged as follows. We start section 2 with a brief 

knowledge of kernels and kernel learning. Section 3 

describes various clustering algorithms along with their 

kernelized versions. The experimental results are given in  

section 4 followed by the conclusion in the last section. 

 

II.  KERNEL METHOD 

 

Kernel learning aids in transforming linearly inseparable 

data into linearly separable ones. The choice of kernel is 

decisive in efficiency of an algorithm and must be selected 

cautiously. In all scenario, the fundamental theoretical 

properties of any kernel is the same. In this section we 

define kernels, and to preserve simplicity, we are 

considering vectors in  rather than . 

Definition: Consider a non 

empty set of n vectors X = 

{ , , ... }, where  ϵ 
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. A function K: X  X →  is a kernel if and only if 

there is some implicit non-linear map : X → H  into a 

separable Hilbert space H such that 

K(x,x') = < (x), (x') >H. 

The kernel learning facilitates in implicit mapping of the 

data. This approach is known as the kernel trick, it projects 

a non linear data set into a higher dimension where it is 

more likely to be linearly separable and becomes accessible 

for classification task. 

 

III.  KERNALIZATION OF CLUSTERING 

ALGORITHM 

 

Cluster analysis is a probative data analysis tool that 

congregate objects into distinct categories based on their 

resemblance. Clusters can be resort to elucidate the 

fundamental structure of data, which is beneficial in finer 

understanding of data. In recent years there have been 

considerable expansion of kernel based clustering 

algorithms, kernels demonstrate good generalization 

performance on a huge number of real world data sets. 

Researchers in various scientific and engineering areas 

have an ever growing interest in this area due to its effective 

learning and reasoning capabilities. 

 

A. K-Means 

 

K-Means is a facile unsupervised learning algorithm for 

clustering data structure. In this approach, a given data 

structure is fractionalized into specified number of clusters, 

which is determined prior. Given a data set X = 

{ , ,... } and V = { , ,... } prototypes. It 

minimizes the following objective function:  

J =                        (1) 

where  is the squared Euclidean distance,  

represents number of data points in the cluster and  is 

the number of clusters.  

 

B. Kernelization of K-Means 

 

In [9] the authors embellished the K-Means clustering 

algorithm using kernel learning. Generalization of the 

kernel K-Means was done using a weight   for each 

point . represents clusters, and the partitioning of data 

points was designated as . The objective of the 

weighted K-Means for a non-linear function is as follows 

: 

D( ) =          (2) 

where  = . The functional in (2) 

monotonically decreases.  

The Euclidean distance measure between data point ( ) 

and the prototype value is 

( ) -  = ( ) ( ) -2  + 

                      (3) 

The dot product  is worked out with the aid of 

kernel learning. 

 

C. Fuzzy C-Means 

 

An elementary variation of Fuzzy C-Means algorithm 

(FCM) was proposed by Dunn [10] in 1974, with auxiliary 

advancements being introduced by Bezdek [2], [3]. In Fuzzy 

C-Means each data point has stipulated degree of 

membership for belonging to every cluster. It adopts an 

iterative technique, in which the cluster centers are 

refurbished at every step.  The agendum of FCM algorithm 

is partitioning a finite assemblage of n data set, X = 

{ , ,... } into  cluster. For a given finite set of data, 

the algorithm generates an index of c cluster centers V = 

{ , ,... }, a partition matrix U = { },   [0,1],  = 

1,2,...  and  = 1,2,...  where  represents  the degree to 

which each element  belong to a cluster with center . 

Fuzzy C-Means is a probabilistic clustering algorithm, this 

implies that the sum of all membership degrees for each 

data point over all cluster equals 1. That is 

 = 1,  = 1,2,...,                        (4) 

Also we have 

  0,  = 1,2,...,                       (5) 

Fuzzy C-Means minimizes the following objective function: 

J(U,V)=                  (6)                                                       

where  represent the square of the Euclidean 

distance between object  and cluster center .  > 1 

represents the degree of fuzzification which lies in (1, ). 

Both U and V are upgraded iteratively along the way for 

optimization of the objective function. The evaluation of  

cluster centers and the degree of memberships are as 

follows: 

 =        (7)                                                                               

   =     (8)                                                                           

 

D. Kernelization Of Fuzzy C-Means Clustering 

 

Kernel based fuzzy clustering has two notable variation: in 

the first variation the prototype is restricted to the feature 

space while in the second variation an inverse mapping is 

carried out to map the prototypes from the kernel space to 

the feature space. They were abbreviated as KFCM-F and 

KFCM-K respectively [14]. 

 

KFCM-F Algorithm: 

In KFCM-F, the prototype is retained to the feature space at 

the time of clustering. F stands for feature space. It 

minimizes the following objective function: 

J =              (9) 

subject to the following constraints,              

   [0,1],                           (10) 

0 <  < ,                         (11) 

    = 1,                           (12) 

KFCM-F clustering algorithm serves the benefit that the 

data points are implicitly mapped to the kernel space via 

kernel learning. The optimization procedure follows Picard 

iteration technique. 

Restraining ourselves to 

Gaussian kernel, we have 
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K( , ) = 1 and procure the following membership value: 

 =         (13)                    

for  = 1,2,...,  and  = 1,2,...,  

Derivation of prototype depends exclusively on choice of 

kernel learning. Prototype value evaluated using Gaussian 

kernel is as follows : 

 =                        (14)              

The KFCM-F algorithm is analogous to the original FCM 

algorithm apart from the role played by the kernel learning 

in the former. 

 

KFCM-K Algorithm: 

The KFCM-K does not constrain the prototype in the 

feature space. It minimizes the following algorithm: 

J =               (15) 

The estimation of the partition matrix for  = 1,2,...,  and  

= 1,2,...,  involving the constraints (10), (11), (12) 

generates the following partition matrix: 

 =                        (16) 

Optimization of J taking Euclidean distance into 

consideration with respect to , we obtain 

 =                              (17) 

Value of prototype when Gaussian and polynomial kernel 

was considered  = 1,2,...,  is 

 =                           (18) 

 =            (19) 

 

E. Possibilistic C-Means 

 

Each component produced in Possibilistic C-Means (PCM) 

[22] harmonizes with a dense area in the feature space. 

As iteration proceeds, the cluster prototypes are 

consequently drawn into these dense regions in feature 

space. All clusters are independent of the other cluster in 

PCM approach. Given a feature space X = { , ,... }  

. PCM aims at partitioning the data set X into c clusters 

by minimization of the following functional: 

J(U,V) =  + 

(20)  

subject to the conditions 

  [0,1],                              (21) 

0                                (22)        

where ( ) = ||  - ||,  represents the prototype 

associated with the cluster,  is the typicality values 

which depends on all data,  is the bandwidth or scale or 

resolution parameter, > 1 is the weighting exponent 

known as the possibilistic parameter. The first expression 

demands that the distance from data points to the prototype 

be as less as possible, whereas the second expression 

compels the membership matrix,  to be large. The 

elements of  meet the above conditions. Unlike FCM, 

PCM relaxes the column sum constraint of FCM so that sum 

of each column satisfies a looser constraint 

0                             (23) 

The membership matrix  evaluated from PCM does not 

correspond to a partition matrix for this very reason.  

must be particularized beforehand. Krishnapuram and 

Kellar [26] recommended the value of  as follows 

 = , for 1                (24) 

represents the weighted mean of the intra cluster distance of 

the cluster while the  is usually set as one. 

The minimization of equation (20) with respect to  leads 

to 

 =  ,                             (25) 

And the updates of prototype is as follows 

 = ,                                (26) 

 

F. Kernelization Of Possibilistic C-Means Clustering 

 

The original PCM delineated in (20) uses the Euclidean 

distance metric as its distance measure, but the Euclidean 

distance metric considers each feature of a data in the 

database crucial and not dependent on any other data point, 

which may not be appropriate for real world application, 

essentially while handling high dimensional data. A 

legitimate distance metric should have the ability to identify 

meaningful features and segregate admissible and 

inadmissible features. Furnishing a distance metric of this 

kind is highly specific of the problem in hand and decides 

the effectiveness of a learning algorithm. The notion of 

Kernel Gaussian learning is introduced [26] to compute the 

distance measure of PCM. The refurbished objective 

function is as follows: 

J(U,V) =  

+          (27) 

Minimization of the above function results in           

 = ,               (28) 

( ) = ,                          (29) 

The prototypes in the kernel space could not be directly 

computed using (29), so  was right multiplied on 

both sides rewriting equation (29) thus   

 = ,                 (30) 

Correspondingly the updated  value in the high 

dimensional kernel space is  

= ,               (31) 

Customarily  was chosen to be 1. 

 

G. Intuitionistic Fuzzy C-Means 

 

The abstraction [1] of intuitionistic fuzzy sets (IFS) and 

intuitionistic L-fuzzy sets (ILFS) were established as a 

result of the generalization of the concepts of fuzzy sets 

(FS). For a fixed set E, an intuitionistic L-fuzzy set (ILFS) 

 in E is an entity having the 

form     

  = {( , ( ), ( )) |  

}             (32) 
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where the functions :  and :  defines the 

degree of membership and non-membership of an element 

    and  ⊂ . The functions  and  should satisfy 

the following condition: 

, ( )  ( ( )) (33)                

where   is an involutive order reversing operation 

in a lattice . When   = [0,1], the entity  is an 

intuitionistic fuzzy set (IFS), and the following condition 

holds : 

, 0  ( ) + ( )  1              (34) 

In IFS, we can also define another function :  [0,1] 

by 

( ) = 1 - ( ) - ( )                     (35) 

which corresponds to the hesitation degree of an element 

. Allude the fact that if there is no hesitation degree, 

i.e. ( ) = 0 or  ( ) = 1 - ( ) then  reduces to a 

fuzzy set (FS). In addition if ( ) = 0,  reduces to a crisp 

set. 

 

H. Kernelization Of Intuitionistic Fuzzy C-Means 

Clustering 

 

The proposed IFS can deal efficiently the uncertainty and 

vagueness correlated with real world data as it takes 

advantage of non-membership degree and hesitation degree 

along with membership degree for representing the real 

world data. Further the proposed intuitionistic fuzzy based 

clustering algorithm is more accurate and potent to noise 

and it converges rapidly in comparison to conventional 

FCM. Introduced Evolutionary Kernel IFCM clustering 

algorithm (EKIFCM) [23] considered as alternative to the 

fuzzy clustering method. It constitutes of two phases: 

Kernel Intuitionistic Fuzzy C-Means (KIFCM) and 

Parameter selection of KIFCM via GA. The objective 

function of KIFCM is as follows : 

J(U,V) =    (36) 

where  is the Euclidean distance between a 

data point  and prototype in the kernel space.  

Choosing Gaussian kernel as the kernel learning, the above 

equation gets reduced to the following EKIFCM associates 

with the minimized functional : 

J(U, ) = 2     (37) 

Minimization leads to 

 =                   (38) 

The intuitionistic membership value is obtained as 

 =  +                      (39) 

and the prototype value is 

 =             (40) 

 

. IV.  EXPERIMENTAL STUDIES 

 

In this segment, a series of experiments on various data sets 

using standard K-Means, Fuzzy C-Means,  Intuitionistic 

Fuzzy C-Means and their kernelized version given in [14] 

and [23] were taken into consideration.  The main objective 

of this comprehensive analysis of experiments is to examine 

the performance gains with kernel based learning in 

K-Means, Fuzzy C-Means, and intuitionistic through 

classification rate.  

 

 A. Experimental Studies Using Synthetic Data Sets 

 

Two synthetic data sets was considered in this study : Ring 

and Parabolic data sets. Experiments were performed using 

standard FCM and its kernelized versions in [14]. 

 
     (a) 

  

 
      (b) 

 

Fig 1. Synthetic data sets: (a) Ring data set (b) Parabolic 

data set 

 

Clustering performance was observed over different value 

of parameters, which includes fuzzification coefficient , 

cluster number and kernel parameters  was varied over 

{1.2, 1.4, 1.7, 2, 2.5}. The Gaussian kernel parameter  

was varied over the values {0.05, 1, 4, 8, 30, 100}. The 

polynomial kernel parameter  and the value of  were 

restricted to {2, 10, 15, 20, 50} and {2, 4, 8, 12, 16} 

respectively. The clustering results are listed in tables 1 and 

2 to observe the significant raise in classification rate on 

synthetic datasets. 

The ring data set produced satisfactory performance gains 

with kernelized versions of generic clustering algorithms. 

Both KFCM-F and KFCM-K performed exceptionally 

better than FCM, and was able 

to categorize 100% of the ring 

data, though the performance 
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of KFCM-F was a bit discrepant. Marginal increment in 

classification rate was observed for parabolic data set. 

 

B. Experimental Studies Using Machine Learning 

Database 

 
Machine learning data sets [23] were taken into 

consideration includes: Haberman's Survival data, Iris Plant 

data, Wine data, Contraceptive Method Choice, SPECT 

heart data, Wisconsin Prognostic Breast Cancer and Glass 

identification database.  

 

Table I. Clustering result for Parabolic data set  

 

 Method Parameter Classificati

on Rate(%) 

 FCM =2,m=2.

5 

87.4 0.

00 

 KFCM-F(

G) 

=2,m=1.

4, =1 

88.2 0.

00 

 KFCM-K(

G) 

=2,m=2,

=1 

89.0 0.

00 

 KFCM-K(

P) 

=2,m=2.

5, =10, =

12 

87.8 0.

00 

 FCM =3,m=1.

2 

86.9 0.

30 

 KFCM-F(

G) 

=3,m=1.

4, =100 

86.6 0.

90 

Para

bolic 

data 

set 

KFCM-K(

G) 

=3,m=2.

5, =1 

89.0 0.

10 

 KFCM-K(

P) 

=3,m=1.

4, =10, =

2 

86.2 0.

90 

 FCM =4,m=1.

2 

88.1 0.

00 

 KFCM-F(

G) 

=4,m=1.

4, =30 

87.9 0.

00 

 KFCM-K(

G) 

=4,m=2.

5, =1 

89.0 0.

10 

 KFCM-K(

P) 

=4,m=2.

5, =20, =

16 

88.5 0.

00 

 

Table II. Clustering result for Ring data set  
 

 Metho

d 

Parameter Classifica

tion 

Rate(%) 

 FCM =2,m=1.2 51.5 0.60 

 KFCM

-F(G) 

=2,m=2.5,

=0.05 

76.3 16.9

0 

 KFCM

-K(G) 

=2,m=2.5,

=8 

100.0 0.0

0 

 KFCM

-K(P) 

=2,m=2, =

15, =8 

100.0 0.0

0 

 FCM =3,m=2 62.5 2.70 

 KFCM

-F(G) 

=3,m=2,

=0.05 

88.2 12.6

0 

Rin

g 

dat

a 

set 

KFCM

-K(G) 

=3,m=1.4,

=4 

100.0 0.0

0 

 KFCM

-K(P) 

=3,m=2, =

2, =4 

100.0 0.0

0 

 FCM =4,m=1.7 100.0 0.1

0 

 KFCM

-F(G) 

=4,m=1.4,

=8 

100.0 0.0

0 

 KFCM

-K(G) 

=4,m=1.4,

=8 

100.0 0.0

0 

 KFCM

-K(P) 

=4,m=1.4,

=50, =12 

100.0 0.0

0 

 
 

B. Experimental Studies Using Machine Learning 

Database 

 
Machine learning data sets [23] were taken into 

consideration includes: Haberman's Survival data, Iris Plant 

data, Wine data, Contraceptive Method Choice, SPECT 

heart data, Wisconsin Prognostic Breast Cancer and Glass 

identification database.  The performance gains while using 

kernel in clustering machine learning data sets produced 

heterogeneous outcome, and is encapsulated in Table 3. 

There is significant increment in classification rate by 

96.4% for Glass Identification data when kernelized version 

of  Intuitionistic Fuzzy C-Means was used in comparison to 

K-Means and an increment of 9.7% was observed for Iris 

data set. The kernel algorithms provides better 

enhancement in classification rate for Wine and Wisconsin 

Prognostic Breast Cancer data sets and considerable 

increment in classification rate was perceived for 

Haberman's Survival and SPECT Heart data sets. Kernel 

parameters plays a decisive role so that kernel based 

clustering algorithms can produce desired outcomes. 

 

 
Fig 2. Graphical representation of the difference in 

classification rate for parabolic and ring data sets 

 

Table III.  Clustering result for 

Machine Learning data set  
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 Method Parameter Classificati

on 

Rate(%) 

 K-Mean

s 

=2 0.5140 0.0

09 

 FCM =2,m=2 0.5098 0.0

0 

Haberman'

s Survival 

Data 

IFCM =2,m=2, =2 0.5196

 

 KFCM(

G) 

=2,m=2.5, =0.

5 

0.7283 0.0

08 

 EKIFC

M 

=2,m=2.11, =4

9.04, =11.01 

0.7581 0.0

0 

 K-Mean

s 

=3 0.8933 0.0

0 

 FCM =3,m=2 0.8933 0.0

0 

Iris IFCM =3,m=2, =2 0.9000

0 

 KFCM(

G) 

=2,m=2.5, =10

0 

 0.8733 0.031 

 EKIFC

M 

=3,m=4.69, =3

.92, =2.89 

0.9800 0.0

0 

 K-Mean

s 

=3 0.7022 0.0

0 

 FCM =3,m=2 0.6853 0.0

0 

Wine IFCM =3,m=2, =2 0.6910

0 

 KFCM(

G) 

=2,m=2, =150  0.7140 0.009 

 EKIFC

M 

=3,m=2.67, =1

88.13, =13.59 

0.7584 0.0

0 

 K-Mean

s 

- 0.3078 0.0

01 

 FCM =3,m=2 0.3069 0.0

0 

Contracept

ive 

Method 

Choice 

IFCM =3,m=2, =2 0.3021

0 

 KFCM(

G) 

m=1.7, =1.1 0.3397 0.0

32 

 EKIFC

M 

=3,m=2.50, =2

.16, =3.36 

0.4535 0.0

0 

 K-Mean

s 

- 0.9585 0.0

0 

 FCM =2,m=2 0.9542 0.0

0 

Wisconsin 

Prognostic 

Breast 

Cancer  

IFCM =2,m=2, =2 0.9685

0 

 KFCM(

G) 

=2,m=2, =150 0.9709 0.0

01 

 EKIFC

M 

=2,m=4.42, =1

55.06, =1 

0.9742 0.0

0 

 K-Mean

s 

- 0.5131 0.0

68 

 FCM =2,m=2 0.6030 0.0

0 

SPECT 

heart data 

IFCM =2,m=2, =2 0.6105

0 

 KFCM(

G) 

=2,m=2, =150 0.7254 0.0

02 

 EKIFC

M 

=2,m=19.42, =

196.10, =6.39 

0.7940 0.0

0 

 K-Mean

s 

- 0.4710 0.0

79 

 FCM =6,m=2 0.5280 0.0

0 

Glass 

Identificati

on 

Database 

IFCM =6,m=2, =2 0.4953

0 

 KFCM(

G) 

=6,m=2, =150 0.4785 0.1

31 

 EKIFC

M 

=6,m=1.5, =50

.79, =6.06 

0.9252 0.0

0 

 

 
Fig 3. Graphical representation of the difference in 

classification rate for machine learning data sets 
 

V. CONCLUSIONS 

 

This paper examined the importance of kernel based 

learning in unsupervised clustering techniques of K-Means, 

Fuzzy C-Means, Possibilistic C-Means and  Intuitionistic 

Fuzzy C-Means in clustering high dimensional databases 

with heavy noise.  In order to analyze the advantages of 

kernel based learning, this paper performed the clustering 

with Ring data, Parabolic data set, Haberman's Survival 

data, Iris Plant database, Wine data, Contraceptive Method 

Choice, Wisconsin Prognostic Breast Cancer, SPECT heart 

data and Glass Identification Database. Once this paper 

implements the kernel based learning on proposed 

unsupervised clustering techniques, the increment in 

clustering accuracy was observed from the experiment 

results and the paper expressed well the technical reasons to 

understand the effect of kernel learning in clustering the 

different noisy databases. 
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