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T-Odd Sequential Harmonious Labeling of Cycle 

CN with Parallel Chords 

A. Uma Maheswari ,  V. Srividya 

Abstract:  Labeling is an active area of research in graph theory 

with its applications in communication network, coding theory, 

channel assignment problems and data base management. 

Graceful Labeling, Harmonious Labeling and variations of these 

Labelings are the majorlabeling methodologies used in the theory 

of graphs. Some odd harmonious graphs are paths, cyclesC4n, 

caterpillars, shadow graph of a path and a star. Odd sequential 

harmonious labeling of trees, double quadrilateral snakes,twigs 

and middle graph of a path have been established.In this paper, a 

generalisation of odd sequential harmonious labeling on cycle 

related graphs was considered and shown that cycles Cn with 

parallel chords and new families of graphs based on cycles Cn 

with parallel chords are t-odd sequential harmonious for all 

positive integers t ≥ 1 with suitable illustrations. 

Keywords: Cycles with parallel chords, chain, harmonious 

labeling, path union, t-odd sequential harmonious labeling.  

Subject classification: 05C78 

I. INTRODUCTION 

In graph theory when the vertices or edges of a graph are 

assigned integer values under certain conditions labeling is 

obtained. Labeling of graph was initiated by Rosa [10] in 

1967 as β – valuations which was renamed by Golomb [4] 

as graceful labeling. Gallian [1] is referred for an extensive 

survey of graph labeling. Harmonious labeling was 

introduced by Graham and Sloane [6]. Researchers have 

introduced several variations of harmonious labeling.Odd 

harmonious labeling was introduced by Liang and Bai [8]. 

Gayathri and Muthuramakrishnan [2] introduced k-even 

sequential harmonious labeling and shown that some cycle 

related graphs admit k-even sequential harmonious labeling. 

Another variation of harmonious labeling namely k-odd 

sequential harmonious labeling was introduced by 

Muthuramakrishnan [3]and [9].  It is shown in [3] that K1, n( 

n ≥ 3), Triangular snake Tn (n ≥ 2),  splitting graphs Spl (K1, 

n) for n ≥ 3, one point union of cycle with one chord and 

K1,m are k-odd sequential harmonious. Many labelings on 

cycles Cn with parallel chords and cycles Cn with parallel P3 

chords can be referred in [5], [12], [13], [14] and [15]. 

It is proved in this paper that cycles Cn with parallel 

chords, two copies of even cycle Cn with parallel chords 

joined by a path of even order, path union of cycles Cn with 

parallel chords and chain of even cycles Cn with parallel 

chords are t-odd sequential harmonious for all positive 

integers t ≥ 1.  

 

 
 

Manuscript published on 30 June 2019. 
* Correspondence Author (s) 

A. Uma Maheswari, Department of Mathematics, Quaid-e-Millath 

Government College for Women, Chennai – 106, Tamilnadu, India, V.                                                                                  
Srividya, Department of Mathematics, BharathiWomens College, Chennai-

108, Tamilnadu, India,  

 
© The Authors. Published by Blue Eyes Intelligence Engineering and 

Sciences Publication (BEIESP). This is an open access article under the 

CC-BY-NC-ND license http://creativecommons.org/licenses/by-nc-nd/4.0/ 
 

Throughout this paper Cn denotes a cycle of length n and a 

chord is an edge which connects two non-adjacent vertices 

of the cycle. The basic definitions that are required for this 

work are given below. 

Definition 1.1 [3] 

Consider a graph G having p vertices and q edges. A 

labeling is a t-odd sequential harmonious labeling of G 

when there is an injective function  f : V(G) → {t-1, t,t+1,., 

t+2q-1}such that f induces a bijection f * : E(G) → {2t-1, 

2t+1, 2t+3, … 2t+2q-3} given by 

𝑓∗(𝑥𝑦) =  {
𝑓(𝑥) + 𝑓(𝑦),       𝑖𝑓 𝑓(𝑥) + 𝑓(𝑦) 𝑖𝑠 𝑜𝑑𝑑 

𝑓(𝑥) + 𝑓(𝑦) + 1, 𝑖𝑓 𝑓(𝑥) + 𝑓(𝑦) 𝑖𝑠 𝑒𝑣𝑒𝑛
 

for every edge xy.  Hence graph G is a t-odd sequential 

harmonious graph.  

Definition 1.2 [7] 

 Let G1, G2,…,Gs be s copies of a graph G with s ≥ 

2. If Gj to Gj+1 is joined by an edge for j=1,2,…,s-1, path 

union of G is obtained. 

Definition 1.3 [11] 

 Let v0, j, v1, j, v2, j,…,vn-1, j be the n vertices of jth 

copy of even cycle Cn with parallel chords for 1≤ j ≤ s. 

Chain of cycles Cn,s is obtained from s copies of cycle by 

identifying vn/2, j with v0, j+1 for j = 1,2,….s-1. 

Definition 1.4 [12] 

A cycle with parallel chords is defined as a graph G 

obtained by adding the chords between the pair of    vertices 

v1vn-1, v2vn-2, …,vαvβ of the cycle Cn:v0v1…….vn-1v0 (n ≥ 6) 

where α = ⌊
𝑛

2
⌋ − 1 , β =⌊

𝑛

2
⌋ + 1 if n is even and β =⌊

𝑛

2
⌋ + 2  if 

n is odd as shown in Fig.1(a) and Fig.1(b).  Then |V(G)| = n 

and |E(G)| = M = 
3𝑛−3

2
if n is odd, M = 

3𝑛−2

2
 if n is even.  
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II. MAIN RESULTS 

Theorem 2.1: Every cycle Cn (n ≥ 6) with parallel chords is 

t-odd sequential harmonious for all t ≥ 1. 

Proof: A cycle Cn with parallel chords is denoted as G 

having n vertices and M edges using definition 1.4. Let v0, 

v1, … vn-1 be the n vertices of G.  The labelingf for the 

vertices and the labelingf * for the edges are given 

respectively in the following two cases depending on n 

being even and n being odd.  

Case 1:  Let n be even  

The vertices and edges of G are n and M respectively where 

M = (3n-2) / 2  

The vertex labelingf : V(G) →{t-1, t, t+1, … t + 3n -3} is 

shown below. 

f (v0) = t - 1 

𝑓(𝑣2𝑖−1) =  {
𝑡 + 6𝑖 − 6, 1 ≤ 𝑖 ≤ ⌊

𝑛

4
⌋    𝑎𝑛𝑑 

𝑡 + 6𝑖 − 5, 𝑖 =  ⌊
𝑛

4
⌋ + 1  𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4 

 

𝑓(𝑣2𝑖) =  {
𝑡 + 6𝑖 − 1, 1 ≤ 𝑖 ≤ ⌊

𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 6𝑖 − 2, 1 ≤ 𝑖 ≤ ⌊
𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4 

 

𝑓(𝑣𝑛−2𝑖) =  {
𝑡 + 6𝑖 − 2, 1 ≤ 𝑖 ≤ ⌊

𝑛 − 2

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 6𝑖 − 1,1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

4
⌋  𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4 

 

f (vn-(2i-1)) = t + 6i - 4, 1 ≤ i ≤ ⌊
𝑛

4
⌋ 

The Edge setE(G) = E1 U E2 U E3 where  

E1={vi vi+1, 0 ≤ i ≤ 
𝑛−2

2
 },  

E2 = {vi vi+1,  
𝑛

2
 ≤ i ≤ n-1},   

E3 = {vivn-i, 1 ≤ i ≤ 
𝑛−2

2
}  

The bijective function f*: E(G) →{2t-1, 2t+1, 2t+3, … 

2t+3n-5}is shown below. 

f * (vi vi+1) = 2t + 6i -1,  0 ≤ i ≤ 
𝑛−2

2
 

f * (vi vi+1) = 2t + 6n - 6i - 5,  
𝑛

2
≤ i ≤ n - 1 

f * (vi vn-i)= 2t + 6i - 3,  1≤ i ≤ 
𝑛−2

2
 

Hence the graph under consideration is t-odd sequential 

harmonious for all t ≥ 1. 

Example 1:  An illustration for case 1 of theorem 2.1 is 

given in Fig. 2(a). 

 

 
 

Case2: Let n be odd 

The vertices and edges of G are n and M respectively where 

M = (3n-3) / 2 

The vertex labelingf : V(G) → {t-1, t, t+1, … t + 3n - 4} is 

shown below.  

f (v0) = t-1  

f (v2i-1) = t + 6i - 6,  1≤ i ≤  ⌊
𝑛+1

4
⌋ 

f (v2i) =  t+ 6i -1 ,  1 ≤ i ≤ ⌊
𝑛−1

4
⌋ 

f (vn-2i) = t + 6i - 2, 1≤ i≤ ⌊
𝑛−1

4
⌋ 

f (vn-(2i-1)) = t + 6i - 4,  1 ≤ i ≤ ⌊
𝑛+1

4
⌋ 

E(G) = E1 U E2 U E3 is the edge set where  

E1 = {vivi+1, 0 ≤ i ≤ 
𝑛−3

2
},   

E2 = {vivi+1, 
𝑛+1

2
≤ i ≤ n-1},   

E3 = {vivn-i,  1≤ i ≤ 
𝑛−1

2
}   

The bijective function f*: E(G) → {2t-1, 2t+1, 2t+3, … 

2t+3n-6} is shown below. 

f * (vi vi+1) = 2t + 6i -1,  0 ≤ i ≤ 
𝑛−3

2
 

f * (vi vi+1) = 2t + 6n - 6i - 5,  
𝑛+1

2
≤ i ≤ n-1 

f * (vi vn-i)= 2t + 6i - 3,  1≤ i ≤ 
𝑛−1

2
 

Hence the graph G is t-odd sequential harmonious for all t ≥ 

1. 

Example 2.  An illustration for case 2 of theorem 2.1 is 

given in Fig. 2(b). 

http://www.ijeat.org/
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Theorem 2.2: Two copies of even cycle Cn (n ≥ 6) with 

parallel chords joined by a path Hg of even order g is t-odd 

sequential harmonious for all t ≥ 1. 

Proof: Two copies of even cycle Cnwith parallel chords 

having vertices v0, v1,…,vn-1 for the first copy and w0, w1, 

…,wn-1 for the second copy are considered.  Let G be the 

graph obtained by joining them by a path Hg of even order g. 

The vertices of Hg are h1, h2,...hg with h1 = 𝑣𝑛

2
 and hg =𝑤𝑛

2
. 

Then |V(G)| = 2n + g – 2, |E(G)| = 3n + g – 3.   

The vertex labeling f : V(G) →{t-1, t, t+1,…,t+6n+2g-7} is 

shown below.  

f (v0) = t – 1 

𝑓(𝑣2𝑖−1) =  {
𝑡 + 6𝑖 − 6 , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋ 𝑎𝑛𝑑

𝑡 + 6𝑖 − 5, 𝑖 =  ⌊
𝑛

4
⌋ + 1  𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣2𝑖) =  {
𝑡 + 6𝑖 − 1 , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋   𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 6𝑖 − 2 , 1 ≤ 𝑖 ≤  ⌊
𝑛

4
⌋   𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛−2𝑖) =  {
𝑡 + 6𝑖 − 2 , 1 ≤ 𝑖 ≤  ⌊

𝑛−2

4
⌋   𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 6𝑖 − 1 , 1 ≤ 𝑖 ≤  ⌊
𝑛−2

4
⌋   𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

f (vn – (2i - 1)) = t + 6i – 4, 1 ≤ i≤ ⌊𝑛

4
⌋ 

f( w0 ) = t + 3n + g - 4 

𝑓(𝑤2𝑖−1) = {
𝑡 + 3𝑛 + 𝑔 − 6𝑖 , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋   𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 3𝑛 + 𝑔 − 6𝑖 − 1 , 1 ≤ 𝑖 ≤  ⌊
𝑛−2

4
⌋  𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

f ( w2i ) = t + 3n + g - 6i – 3, 1 ≤ i≤ ⌊𝑛−2

4
⌋ 

𝑓(𝑤𝑛−2𝑖) =  {
𝑡 + 3𝑛 + 𝑔 − 6𝑖 − 4 , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋   𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 3𝑛 + 𝑔 − 6𝑖 − 5 , 1 ≤ 𝑖 ≤  ⌊
𝑛−2

4
⌋   𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑤𝑛−(2𝑖−1)) =  {
𝑡 + 3𝑛 + 𝑔 − 6𝑖 − 1  , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋   𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

𝑡 + 3𝑛 + 𝑔 − 6𝑖 , 1 ≤ 𝑖 ≤  ⌊
𝑛+2

4
⌋   𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

For the path Hg 

𝑓(ℎ2𝑖+1) =  {

2𝑡 + 3𝑛 + 4𝑖 − 2

2
, 1 ≤ 𝑖 ≤

𝑔 − 2

2
𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

2𝑡 + 3𝑛 + 4𝑖 − 4

2
, 1 ≤ 𝑖 ≤

𝑔 − 2

2
 𝑖𝑓 𝑛 ≡ 2𝑚𝑜𝑑 4

 

𝑓(ℎ𝑔−2𝑖) =  {

2𝑡 + 3𝑛 + 2𝑔 − 4𝑖 − 8

2
, 1 ≤ 𝑖 ≤

𝑔 − 2

2
𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

2𝑡 + 3𝑛 + 2𝑔 − 4𝑖 − 6

2
, 1 ≤ 𝑖 ≤

𝑔 − 2

2
 𝑖𝑓 𝑛 ≡ 2𝑚𝑜𝑑 4

 

The edge set of G is given by E(G) = E1 U E2 U E3 U E1’U 

E2’U E3’ U E4’ U E5 where  

E1 = {vi vi+1,  0 ≤ i ≤ 
𝑛−2

2
},     

E2 = {vi vi+1, 
𝑛

2
 ≤ i ≤ n - 1},     

E3 = {vivn-i , 1 ≤ i ≤ 
𝑛−2

2
}, 

E1’= { wiwi+1, 0 ≤ i ≤ 
𝑛−2

2
  if n≡ 0 𝑚𝑜𝑑 4  and 1 ≤ i ≤ 

𝑛−2

2
 if 

n≡ 2 𝑚𝑜𝑑 4}, 

E2’ = {wn-iwn-(i+1),  0 ≤  i  ≤ 
𝑛−2

2
if 𝑛 ≡ 0 𝑚𝑜𝑑 4  and 1 ≤ 𝑖 ≤

 
𝑛−2

2
 if 𝑛 ≡ 2 𝑚𝑜𝑑 4}, 

E3’ ={wiwn-i, 1 ≤ i ≤ 
𝑛−2

2
}, E4’ = {w0w1 and w0wn-1 if 𝑛 ≡

2 𝑚𝑜𝑑 4},E5 = {h1h2, h2h3,…hg-1hg}. 

Define the bijective mapping f*: E(G) →{2t-1, 2t+1, 2t+3,… 

2t+6n+2g-9}as follows. 

f *(vivi+1) = 2t + 6i -1, 0 ≤ i≤ 
𝑛−2

2
 

f *(vivi+1) =2t + 6n -6i - 5,
𝑛

2
 ≤ i ≤ n-1 

f *(vi vn-i) = 2t + 6i – 3,1 ≤ i ≤ 
𝑛−2

2
 

f *(wiwi+1) = 2t + 6n +2g– 6i -9, 0 ≤ i ≤ 
𝑛−2

2
 if 

𝑛 ≡ 0 𝑚𝑜𝑑 4 and  1 ≤ i ≤ 
𝑛−2

2
 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4 

f *(wn-iwn-(i+1) )= 2t + 6n +2g – 6i - 11, 0 ≤ i ≤ 
𝑛−2

2
 if 𝑛 ≡

0 𝑚𝑜𝑑 4 and 1 ≤ i≤ 
𝑛−2

2
 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4 

f *(wiwn-i) = 2t + 6n +2g – 6i - 7, 1 ≤ i ≤ 
𝑛−2

2
 

f *(w0 wn-1) = 2t + 6n + 2g – 9 if 𝑛 ≡ 2 𝑚𝑜𝑑 4 

f *(w0 w1) = 2t + 6n + 2g – 11 if 𝑛 ≡ 2 𝑚𝑜𝑑 4 

f *(hihi+1) = 2t + 3n +2i - 5, 1 ≤ i ≤ g-1 

Hence the graph is t-odd sequential harmonious for all t ≥ 1.  

Example 3: An illustration of above theorem is shown in 

Fig 3  

 

Theorem 2.3: Path union of cycle Cn (n ≥ 6) with parallel 

chords is t-odd sequential harmonious for all t ≥ 1 

Proof: Let s copies of cycle Cn with parallel chords be 

considered. v0, j,v1, j, …,vn-1, j are the n vertices of jth copy of 

cycle Cn with parallel chords for 1 ≤ j ≤ s.   The path union 

G is obtained by attaching v0, j with v0, j+1 by an edgefor 1≤ j 

≤ s-1. The vertex labeling and the edge labeling for the two 

cases depending on n being even and n being odd are given 

below. 

Case 1:   If n is even 

The vertices and edges of G are snand sM + s – 1 

respectively where M = (3n – 2) / 2 

The vertex labeling f :V(G) →{t-1,t,t +1,…t+3ns - 3}is as 

defined below. 

For 1 ≤ j ≤ s and j odd 

𝑓(𝑣0,𝑗) = (𝑡 − 1) + (𝑗 − 1)
3𝑛

2
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𝑓(𝑣2𝑖−1,𝑗) =  {
(𝑡 + 6𝑖 − 6) + (𝑗 − 1)

3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑎𝑛𝑑

𝑡 + 6𝑖 − 5 + (𝑗 − 1)
3𝑛

2
 ,   𝑖 =  ⌊

𝑛

4
⌋ + 1 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

  

𝑓(𝑣2𝑖,𝑗) =  {
(𝑡 + 6𝑖 − 1) + (𝑗 − 1)

3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4 

(𝑡 + 6𝑖 − 2 ) + (𝑗 − 1)
3𝑛

2
  , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋    𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛−2𝑖,𝑗 ) =  {
(𝑡 + 6𝑖 − 2) + (𝑗 − 1)

3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 2

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4 

(𝑡 + 6𝑖 − 1 ) + (𝑗 − 1)
3𝑛

2
  , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋    𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛−(2𝑖−1),𝑗) = (𝑡 + 6𝑖 − 4) + (𝑗 − 1)
3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋ 

For 2 ≤ j ≤ s and j even   

𝑓(𝑣0,𝑗) = (𝑡 − 2) +
3𝑛

2
𝑗 

𝑓(𝑣2𝑖−1,𝑗) =  {
(𝑡 − 6𝑖 + 2) + 𝑗

3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

(𝑡 − 6𝑖 + 1) + 𝑗
3𝑛

2
 ,   1 ≤ 𝑖 ≤  ⌊

𝑛−2

4
⌋ 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

  

𝑓(𝑣2𝑖,𝑗) = (𝑡 − 6𝑖 − 1) + 𝑗
3𝑛

2
 , 1 ≤ 𝑖 ≤ ⌊

𝑛 − 2

4
⌋ 

𝑓(𝑣𝑛−2𝑖,𝑗) = (𝑡 − 6𝑖 − 3) + 𝑗
3𝑛

2
 , 1 ≤ 𝑖 ≤ ⌊

𝑛 − 2

4
⌋ 

𝑓(𝑣𝑛−(2𝑖−1),𝑗) =  {
(𝑡 − 6𝑖 + 1) + 𝑗

3𝑛

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4

(𝑡 − 6𝑖 + 2) + 𝑗
3𝑛

2
 ,   1 ≤ 𝑖 ≤  ⌊

𝑛 + 2

4
⌋ 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛/2,𝑗) =
2𝑡 + 3𝑛 − 4

2
+

3𝑛

2
(𝑗 − 2) 𝑖𝑓𝑛 ≡ 0 𝑚𝑜𝑑 4  

E(G)={𝑣𝑖,𝑗𝑣𝑖+1,𝑗 , 0 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑠} ∪

{𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗 , 1 ≤ 𝑖 ≤ ⌊
𝑛−2

2
⌋ , 1 ≤ 𝑗 ≤ 𝑠} ∪ {𝑣0,𝑗𝑣0,𝑗+1, 1 ≤ 𝑗 ≤

𝑠 − 1 } is the edge set of G. 

The bijective mapping f * : E(G) → {2t - 1, 2t + 1,…2t + 3ns 

- 5}is as defined below. 

 For 1 ≤ j ≤ s,  j odd      

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑖 − 1) + 3𝑛 (𝑗 − 1), 0 ≤ 𝑖 ≤
𝑛 − 2

2
 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 5 ) + 3𝑛 (𝑗 − 1),
𝑛

2
≤ 𝑖 ≤ 𝑛 − 1 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗) = (2𝑡 + 6𝑖 − 3 ) + 3𝑛 (𝑗 − 1), 1 ≤ 𝑖 ≤
𝑛 − 2

2
 

For 2 ≤ j ≤ s,  j even   

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 5 ) + 3𝑛 (𝑗 − 2),  

0 ≤ 𝑖 ≤
𝑛 − 2

2
 𝑖𝑓  𝑛 ≡ 0 𝑚𝑜𝑑 4 & 

1 ≤ 𝑖 ≤
𝑛 − 2

2
, 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4  

𝑓∗ (𝑣𝑛−𝑖,𝑗𝑣𝑛−(𝑖+1),𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 7 ) + 3𝑛 (𝑗 − 2),  

0 ≤ 𝑖 ≤
𝑛 − 2

2
 𝑖𝑓  𝑛 ≡ 0 𝑚𝑜𝑑 4 & 1 ≤ 𝑖 ≤

𝑛 − 2

2
 𝑖𝑓 

𝑛 ≡ 2 𝑚𝑜𝑑 4  

𝑓∗ (𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 3) + 3𝑛 (𝑗 − 2), 1 ≤ 𝑖 ≤
𝑛 − 2

2
 

𝑓∗ (𝑣0,𝑗𝑣1,𝑗) = (2𝑡 + 3𝑛𝑗 − 7), 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4  

𝑓∗ (𝑣0,𝑗𝑣𝑛−1,𝑗) = (2𝑡 + 3𝑛𝑗 − 5), 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4  

For j = 1,2,3,…,s-1 

𝑓∗ (𝑣0,𝑗𝑣0,𝑗+1) = (2𝑡 + 3𝑛 − 3 ) + (3𝑛)(𝑗 − 1) 

Hence the graph is t-odd sequential harmonious for all t ≥ 1. 

Case 2: when n is odd 

The vertices and edges of G are snand sM + s – 1 

respectively where M = (3n – 3) / 2 

The vertex labeling f : V(G) →{t-1, t, t+1,…, t + 3ns - s - 

3}is shown below. 

For 1 ≤ j ≤ s, j odd 

𝑓(𝑣0,𝑗) = 𝑡 − 1 + (𝑗 − 1)
3𝑛 − 1

2
 

𝑓(𝑣2𝑖−1,𝑗) = 𝑡 + 6𝑖 − 6 + (𝑗 − 1)
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 + 1

4
⌋ 

𝑓(𝑣2𝑖,𝑗) = 𝑡 + 6𝑖 − 1 + (𝑗 − 1)
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 1

4
⌋ 

𝑓(𝑣𝑛−2𝑖,𝑗) = 𝑡 + 6𝑖 − 2 + (𝑗 − 1)
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 1

4
⌋ 

𝑓(𝑣𝑛−(2𝑖−1),𝑗) = 𝑡 + 6𝑖 − 4 + (𝑗 − 1)
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 + 1

4
⌋ 

For 2 ≤ j ≤ s, j even   

𝑓(𝑣0,𝑗) = (𝑡 − 2) +
3𝑛 − 1

2
𝑗 

𝑓(𝑣2𝑖−1,𝑗) = (𝑡 − 6𝑖 + 3) + 𝑗
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 + 1

4
⌋ 

𝑓(𝑣2𝑖,𝑗) = (𝑡 − 6𝑖 − 2) + 𝑗
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 1

4
⌋ 

𝑓(𝑣𝑛−2𝑖,𝑗) = (𝑡 − 6𝑖 − 1) + 𝑗
3𝑛 − 1

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 1

4
⌋ 

𝑓(𝑣𝑛−(2𝑖−1),𝑗) = (𝑡 − 6𝑖) + 𝑗
3𝑛 − 1

2
,  

1 ≤ 𝑖 ≤  ⌊
𝑛 + 1

4
⌋ 𝑖𝑓𝑛 ≡ 1 𝑚𝑜𝑑 4 & 

1 ≤ 𝑖 ≤  ⌊
𝑛 − 1

4
⌋ 𝑖𝑓𝑛 ≡ 3 𝑚𝑜𝑑 4  

𝑓(𝑣(𝑛+1)/2,𝑗) =
2𝑡 + 3𝑛 − 7

2
+

3𝑛 − 1

2
(𝑗 − 2), 𝑖𝑓 𝑛 ≡ 3 𝑚𝑜𝑑 4  

E(G)={𝑣𝑖,𝑗𝑣𝑖+1,𝑗 ,   0 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑠} ∪ {𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗 , 1 ≤

𝑖 ≤ ⌊
𝑛−3

2
⌋ , 1 ≤ 𝑗 ≤ 𝑠} ∪ 

{𝑣0,𝑗𝑣0,𝑗+1, 1 ≤ 𝑗 ≤ 𝑠 − 1 } is the edge set of G. 

 

Define the induced edge labeling  f * : E(G) →{2t - 1, 2t + 

1,…2t + 3ns – s - 5}as follows 

For 1 ≤ j ≤ s,  j odd 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑖 − 1) + (3𝑛 − 1) (𝑗 − 1), 0 ≤ 𝑖 ≤
𝑛 − 3

2
 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 5 ) + (3𝑛 − 1) (𝑗 − 1),
𝑛 + 1

2
≤ 𝑖 ≤ 𝑛 − 1 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗) = (2𝑡 + 6𝑖 − 3 ) + (3𝑛 − 1)(𝑗 − 1), 1 ≤ 𝑖 ≤
𝑛 − 1

2
 

For 2 ≤ j ≤ s,  j even   

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 − 6𝑖 − 5) + 𝑗(3𝑛 − 1), 0 ≤ 𝑖 ≤
𝑛 − 3

2
 

𝑓∗ (𝑣𝑛−𝑖,𝑗𝑣𝑛−(𝑖+1),𝑗) = (2𝑡 − 6𝑖 − 7) + 𝑗(3𝑛 − 1), 0 ≤ 𝑖 ≤
𝑛 − 3

2
 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗) = (2𝑡 + 6𝑖 − 3 ) + 𝑗(3𝑛 − 1), 1 ≤ 𝑖 ≤
𝑛 − 1

2
 

For j = 1,2,3,…,s-1 

𝑓∗ (𝑣0,𝑗𝑣0,𝑗+1) = (2𝑡 + 3𝑛 − 4 ) + (3𝑛 − 1)(𝑗 − 1) 

 

Hence G is t-odd sequential harmonious graph for all t ≥ 1. 

 

Example 4:  An illustration of case 1 of theorem 2.4 is 

shown in Fig.4 

 

Theorem 2.4: Chainof even cycle Cn (n ≥ 6) with parallel 

chords is t-odd sequential harmonious for all t ≥ 1 

 

 

 

 

 

 

http://www.ijeat.org/


International Journal of Engineering and Advanced Technology (IJEAT) 

ISSN: 2249-8958 (Online), Volume-8 Issue-5, June 2019 

2188 

Published By: 
Blue Eyes Intelligence Engineering  

& Sciences Publication (BEIESP)  

© Copyright: All rights reserved. 

Retrieval Number E7357068519/19©BEIESP 
Journal Website: www.ijeat.org 

Proof: Let s copies of even cycle Cn with parallel chords be 

considered. v0,j, v1,j, … vn-1,j are the n vertices of jth copy of 

cycle Cn with parallel chords for 1≤ j ≤ s.By identifying vn/2, j 

with v0, j+1 for 1≤ j ≤ s-1, chain of cycles Cn,s is obtained 

from s copies of cycle Cn with parallel chords. This graph is 

denoted as G. Then the vertices and edges of G are s(n-1) + 

1 and sM respectively. 

 

The vertex labeling f : V(G) →{t-1, t, t+1,…t + 3ns - 2s - 

1}is shown below. 

For 1≤ j ≤ s 

𝑓(𝑣0,𝑗) = (𝑡 − 1) + (𝑗 − 1)
3𝑛 − 2

2
 

𝑓(𝑣2𝑖−1,𝑗) =  {
(𝑡 + 6𝑖 − 6) + (𝑗 − 1)

3𝑛 − 2

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑎𝑛𝑑

(𝑡 + 6𝑖 − 5) + (𝑗 − 1)
3𝑛 − 2

2
 ,   𝑖 =  ⌊

𝑛

4
⌋ + 1 𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣2𝑖,𝑗) =  {
(𝑡 + 6𝑖 − 1) + (𝑗 − 1)

3𝑛 − 2

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛 − 2

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4 

(𝑡 + 6𝑖 − 2 ) + (𝑗 − 1)
3𝑛 − 2

2
  , 1 ≤ 𝑖 ≤  ⌊

𝑛 − 2

4
⌋    𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛−2𝑖,𝑗 ) =  {
(𝑡 + 6𝑖 − 2) + (𝑗 − 1)

3𝑛 − 2

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋  𝑖𝑓 𝑛 ≡ 0 𝑚𝑜𝑑 4 

(𝑡 + 6𝑖 − 1 ) + (𝑗 − 1)
3𝑛 − 2

2
  , 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋    𝑖𝑓 𝑛 ≡ 2 𝑚𝑜𝑑 4

 

𝑓(𝑣𝑛−(2𝑖−1),𝑗) = (𝑡 + 6𝑖 − 4) + (𝑗 − 1)
3𝑛 − 2

2
, 1 ≤ 𝑖 ≤  ⌊

𝑛

4
⌋ 

E(G)={𝑣𝑖,𝑗𝑣𝑖+1,𝑗 , 0 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑠} ∪

{𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗 , 1 ≤ 𝑖 ≤ ⌊
𝑛−2

2
⌋ , 1 ≤ 𝑗 ≤ 𝑠} is the edge set of G. 

 

The bijective mapping  f * : E(G) →{2t - 1, 2t + 1,…2t + 3ns 

– 2s - 3}is shown below. 

For 1 ≤ j ≤ s 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑖 − 1) + (3𝑛 − 2)(𝑗 − 1), 0 ≤ 𝑖 ≤
𝑛 − 2

2
 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑖+1,𝑗) = (2𝑡 + 6𝑛 − 6𝑖 − 5 ) + (3𝑛 − 2) (𝑗 − 1),
  𝑛

2
≤ 𝑖 ≤ 𝑛 − 1 

𝑓∗ (𝑣𝑖,𝑗𝑣𝑛−𝑖,𝑗) = (2𝑡 + 6𝑖 − 3 ) + (3𝑛 − 2)(𝑗 − 1), 1 ≤ 𝑖 ≤
𝑛 − 2

2
 

Hence G admits t-odd sequential harmoniouslabeling for all 

t ≥ 1. 

 

Example 5: An illustration for theorem 2.5 is given in 

Figure 5. 

 

III. CONCLUSION 

In this present work, new families of graphs are obtained 

from cycles with parallel chords that admit t-odd sequential 

harmonious labeling for all t ≥1.  Suitable illustrations are 

given to graphically explain the results.Since odd cycles are 

not odd harmonious, variation of odd harmonious labeling is 

applied on odd & even cycles with parallel chords to show 

that they admit t-odd sequential harmonious labeling for all t 

≥1. The major focus of attention for future work will be on 

labeling of similar cycle related graph families. 

 

REFERENCES 

1. J. A. Gallian, A dynamic survey of graph labeling, Electronics Journal 
of Combinatorics 17 # DS 6, 2016 

2. B. Gayathri and D. Muthuramakrishnan, k-Even sequential 

harmonious labeling of some cycle related graphs, International 
Journal of Science and Research (online) Vol 15, No.10, pp. 1276-

1282, Oct 2016 

3. B. Gayathri and D. Muthuramakrishnan, k-odd sequential harmonious 
labeling of some special graphs, International Journal of Science and 

Research (online) Vol 6, No.2, pp. 296-305, Feb 2017 

4. S.W. Golomb, How to number a graph in graph theory and 
computing, R.C.Readex.Academic Press, 23-37 New York 1972 

5. R. Govindarajan and V. Srividya, Odd graceful labeling of cycle with 

parallel Pkchords, Annals of Pure and Applied Mathematics, Vol.8, 

No.2, pp 123-129, 2014 

6. R.L. Graham and N.J.A. Sloane, On additive bases and harmonious 
graphs, SIAM.  J. Alg Discrete Methods, 1 pp. 382-404, 1980 

7. V. J. Kaneria, H. M. Makadia, and M. Meghpara, Some graceful 

graphs, Int. J.Math. Soft Comp., 4(2),pp.165-172, 2014 
8. [8]  Z.H. Liang and Z.L. Bai, On the Odd harmonious graphs with 

applications, J. App.Math. Comput., 29, pp.105-116, 2009 

9. D. Muturamakrishnan, k-even sequential harmonious labeling of 
graphs, Ph.D Thesis, Bharathidasan University, Tiruchirapalli, March 

2013 

10. A. Rosa, “On certain valuation of the vertices of a graph, Theory of 
graphs”, Proceedings of the Symposium, Rome, Gordon and Breach, 

New York (1967), pp. 349−355 

11. C. Sekar, “Studies in Graph Theory”, Ph.D. Thesis, Madurai Kamaraj 

University, 2002 

12. G. Sethuraman and A. Elumalai, Gracefulness of a cycle with parallel 
Pk chords, Australian Journal of Combinatorics, 32, pp.205-211, 2005 

13. V. Srividya and R. Govindarajan, “Some Results on Even Sequential 

Harmonious Labeling of Even Cycles Cn with Parallel P3 Chords”, 
Advances and Applications in Discrete Mathematics, Vol 18, N0.2, 

pp 117-131, 2017 

14. V. Srividya and R. Govindarajan, “On odd harmonious labeling of 
Even Cycles with Parallel chords and Dragons with Parallel chords”, 

International Journal of Computer Aided Engineering and Technology 

– To be published. 

15. A. Uma Maheswari and V. Srividya, “Vertex Odd Mean Labeling of 

Some Cycles with Parallel Chords”, American International Journal 
of Research in Science Technology Engineering and Mathematics, 

Special Issue – Conference Proceedings of ICCSPAM 2019, pp.73-

79. 
 

AUTHORS PROFILE 

Dr.A.Uma Maheswari is an Associate Professor, 

Departement of Mathematics, Quaid-e-Millath Govt 
College for Women, Chennai-106. She  has teaching 

experience of 26  years. She was CSIR, JRF, SRF  and 
has completed one UGC research award scheme, one 

UGC Major project, one UGC Minor project and one 

TANSCHE Minor Research project. She has more than 100 international 
publications. She has chaired a mathematical session at University of 

Cambridge and presented a paper at Oxford University. She is a receipient 
of 2 international and 5 national awards. 

 

Mrs.V.Srividya is an Associate Professor, Department of 
Mathematics, Bharathi Womens College, Chennai.  She 

is having teaching experience of 22 years.  She is 

pursuing research in Graph Theory and has published 9 
Research Papers in National & International Journals.  

 

 

https://www.openaccess.nl/en/open-publications
http://www.ijeat.org/

