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T-Odd Sequential Harmonious Labeling of Cycle
Cn with Parallel Chords

A. Uma Maheswari, V. Srividya

Abstract: Labeling is an active area of research in graph theory
with its applications in communication network, coding theory,
channel assignment problems and data base management.
Graceful Labeling, Harmonious Labeling and variations of these
Labelings are the majorlabeling methodologies used in the theory
of graphs. Some odd harmonious graphs are paths, cyclesCan,
caterpillars, shadow graph of a path and a star. Odd sequential
harmonious labeling of trees, double quadrilateral snakes,twigs
and middle graph of a path have been established.In this paper, a
generalisation of odd sequential harmonious labeling on cycle
related graphs was considered and shown that cycles Cn with
parallel chords and new families of graphs based on cycles Cn
with parallel chords are t-odd sequential harmonious for all
positive integers t > 1 with suitable illustrations.

Keywords: Cycles with parallel chords, chain, harmonious
labeling, path union, t-odd sequential harmonious labeling.
Subject classification: 05C78

l. INTRODUCTION

In graph theory when the vertices or edges of a graph are
assigned integer values under certain conditions labeling is
obtained. Labeling of graph was initiated by Rosa [10] in
1967 as S — valuations which was renamed by Golomb [4]
as graceful labeling. Gallian [1] is referred for an extensive
survey of graph labeling. Harmonious labeling was
introduced by Graham and Sloane [6]. Researchers have
introduced several variations of harmonious labeling.Odd
harmonious labeling was introduced by Liang and Bai [8].
Gayathri and Muthuramakrishnan [2] introduced k-even
sequential harmonious labeling and shown that some cycle
related graphs admit k-even sequential harmonious labeling.
Another variation of harmonious labeling namely k-odd
sequential harmonious labeling was introduced by
Muthuramakrishnan [3]and [9]. It is shown in [3] that K, n(
n > 3), Triangular snake T, (n >2), splitting graphs Spl (Ky,
n) for n > 3, one point union of cycle with one chord and
Kim are k-odd sequential harmonious. Many labelings on
cycles C, with parallel chords and cycles C, with parallel P3
chords can be referred in [5], [12], [13], [14] and [15].

It is proved in this paper that cycles C, with parallel
chords, two copies of even cycle C, with parallel chords
joined by a path of even order, path union of cycles C, with
parallel chords and chain of even cycles C, with parallel
chords are t-odd sequential harmonious for all positive
integerst> 1.
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Throughout this paper C, denotes a cycle of length n and a
chord is an edge which connects two non-adjacent vertices
of the cycle. The basic definitions that are required for this
work are given below.

Definition 1.1 [3]

Consider a graph G having p vertices and ¢ edges. A
labeling is a t-odd sequential harmonious labeling of G
when there is an injective function f: V(G) - {t-1, tt+1,.,
t+20g-1}such that f induces a bijection f * : E(G) —» {2t-1,
2t+1, 2t+3, ... 2t+20-3} given by

F(ey) = { fC+f),  if f(X) +f()is f)dd
fC)+fM+1,  if fC)+f(y)iseven

for every edge xy. Hence graph G is a t-odd sequential
harmonious graph.

Definition 1.2 [7]

Let Gy, G,...,G;s be s copies of a graph G with s >
2. If Gj to Gj+1 is joined by an edge for j=1,2,...,s-1, path
union of G is obtained.

Definition 1.3 [11]

Let Vo, j, V1, j, V2 j»....Vn1, j b€ the n vertices of jt
copy of even cycle C, with parallel chords for 1< j <'s.
Chain of cycles Cns is obtained from s copies of cycle by
identifying vap, j with vo j+1 for j=1,2,....s-1.

Definition 1.4 [12]

A cycle with parallel chords is defined as a graph G
obtained by adding the chords between the pair of vertices
ViVn1, VaVno, ...,VaVp Of the cycle Cqivovi... VaaVo (n > 6)

where a = BJ -1 ,ﬂ:BJ + 1ifniseven andﬁ:BJ +2 if
n is odd as shown in Fig.1(a) and Fig.1(b). Then |[V(G)| =n

and [E(G)| =M = 3”2‘3if nis odd, M = 3’”2—‘2 if n is even.

v
=]
ki T
YIZl-= Y132
Vo Vn—2
g Vn—1
Vo
Fig.1l(a): Cycle C, with
parallel chords (ri-even)
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Fig.1l(b): Cycle C_, with
parallel chords (#-odd)
Il. MAIN RESULTS

Theorem 2.1: Every cycle Cn (n > 6) with parallel chords is
t-odd sequential harmonious for all t > 1.
Proof: A cycle C, with parallel chords is denoted as G
having n vertices and M edges using definition 1.4. Let v,
Vi, ... Vo1 be the n vertices of G. The labelingf for the
vertices and the labelingf * for the edges are given
respectively in the following two cases depending on n
being even and n being odd.
Case 1: Letnbe even
The vertices and edges of G are n and M respectively where
M=(3n-2)/2
The vertex labelingf : V(G) —{t-1, t, t+1, ... t + 3n -3} is
shown below.
f(vo)=t-1
t+6i—61<i< IZJ and

fai-1) =

n
t+6i—5  i= lZJ“ if n = 2mod 4

n
t+6i—1,1SiS[ZJ if n = 0mod 4

f(VZi)= n
t+6i—2,1SileJ if n=2mod 4
n-—2
t+6i—2,1sisl 7 Jifn50m0d4
fWno2i) = n—2
t+6i—1,1§i§l 7 Jifn52m0d4

f (i) =t+6i-4,1<i< ||

The Edge setE(G) = E1 U E; U E3 where

Ei={ViVin, 0<i< nz;z 1

E2 = {Vi Vis1, gi i <n-1},

Es = {Vivei, 1 <1<}

The bijective function f: E(G) —{2t-1, 2t+1, 2t+3, ...
2t+3n-5}is shown below.
f* (Vi Vi+1) =2t +6i-1,
f* (Vivie) =2t +6n - 6i -5, ~<i<n-1
f* (Vi Vn.i): 2t +6i-3,
Hence the graph under consideration is t-odd sequential
harmonious for all t > 1.

Example 1: An illustration for case 1 of theorem 2.1 is
given in Fig. 2(a).
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Fig.2(a): 3-odd sequential harmonious labeling of
C,, with parallel chords

Case2: Let n be odd

The vertices and edges of G are n and M respectively where
M=(3n-3)/2

The vertex labelingf : V(G) —» {t-1, t, t+1, ... t + 3n - 4} is
shown below.

f(vo) = t-1

f (Vai) = t + 6i - 6, =iz |2
f(va) = t+6i-1, lfiflnT_lj
f (Vn2i) =t +6i -2, 1<i< "T'lj
f (Vn-(2ip)) =t + 6i - 4, 1<i< l"T“

E(G) = E1 U ExU Ez is the edge set where

. n-3
Ei = {vivis, 0<i < T}’
n+1
2

Es = {wvni, 1<i<™"}

The bijective function f: E(G) » {2t-1, 2t+1, 2t+3, ...
2t+3n-6} is shown below.
f* (ViVieg) = 2t + 6i -1,
f% (ViViss) = 2+ 60 - 6 - 5, "< <n-1
f* (Vi Vn.i): 2t + 6i - 3,
Hence the graph G is t-odd sequential harmonious for all t >
1.

Example 2. An illustration for case 2 of theorem 2.1 is
given in Fig. 2(b).

E> = {vivisy, —<i<n-1},

0<i<i3
- = 2

. -1
1<|<n_
-T2
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Fig.2(b): 2-odd sequential harmonious labeling of Cg
with parallel chords
Theorem 2.2: Two copies of even cycle C, (n > 6) with
parallel chords joined by a path Hg of even order g is t-odd
sequential harmonious for all t > 1.

Proof: Two copies of even cycle Cywith parallel chords
having vertices vo, Vi,...,vn1 for the first copy and wo, ws,
...,wn-1 for the second copy are considered. Let G be the
graph obtained by joining them by a path Hy of even order g.
The vertices of Hg are hy, h,...hg with hy = vn and hg =wn.

2 2

Then [V(G)|=2n+g-2,|E(G)|=3n+g-3.

The vertex labeling f : V(G) »{t-1, t, t+1,...,t+6n+2g-7} is
shown below.

f(vo)=t-1

t+6i—6,1<i< |*|and

f(Wai—1) = .
t+6i—75,
o t+6i—1,1<i< || ifn=0mod4
fwa) =
Y lerei-2,1 <i< |2 ifn =2moda

i= BJ+1 if n =2mod 4

t+6i—-2,1<i< |22] ifn=0mod4
fn_2) = . . n—-21 .
t+6i—1,1 <i< lTJ ifn =2mod4
f(Vo-@-n) =t+6i-4,1<i<|?
f(wo)=t+3n+g-4
o t+3n+g—6i,1<i< |2 if n=0mod4
Wy =
JWaics t+3n+g-6i-1,15i< [ ifn=2mod4
f(wa)=t+3n+g-6i-3,1<i<|2?
t+3n+g—6i—4,1<i< |2 ifn=0mod4
fWaez) = , , H .
t+3n+g—-6i—5,1 SlSlTJ if n =2mod 4

t+3n+g—6i—1,1<i< [ ifn=0mod4

W )=
f(wn-cei-n) t+3n+g-6i,1<i< 2] ifn =2mod4
For the path Hg
2t+3n+4i—2 g-2.
T fi<ix if n=0mod 4
flhyinn) = 2 2
2i+1 2t+3n+4i—4 L 9—2
——— —— 1<i<=——ifn=2mod4

2 2
2t+3n+29—4i—6 -

2t+3n+2g—4i—8 L g—2,
———,1<i< if n=0mod 4
f(h—zi)= g
,sis

2 2 z if n=2mod 4
The edge set of G is given by E(G) =E: UE> U Ez U Ex’U
E>’U E3’ U E4” U Es where

E1={Vivisg, 0<i SnT_z},
EZ:{ViVi+1,g§i§n' 1},

Es={vivni, 1 <i < nz;z}’
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Ev={ Wi, 0<i<™2 ifn=0mod4 and 1 <i<™2if
N= 2 mod 4},

E2’ = {WniWns, 0 < i <™2ifn=0mod4 and1<i<
nT_Z ifn = 2 mod 4},

Es” ={WiWp.i, 1 < i < nT—Z}, Es = {wow and wWown1 if n =
2 mod 4},Es = {hlhz, h2h3,...hg.1hg}.

Define the bijective mapping f": E(G) —»{2t-1, 2t+1, 2t+3,...
2t+6n+2g-9}as follows.

f*(vivia) = 2+ 6 -1, 0 < i< 2

f*(Viviug) =2t + 6n -6i - 5> <i<n-1

F*(ivn) = 2t+6i -3, 1 <i<™2

f*(wiwig) = 28 + 60 +2g- 6i -9, 0 < i <™ if

n = 0 mod 4 and ISiSnT_Z if n=2mod4

f *(Wn-iWn-g+1) )= 2t + 6n +2g — 6i - 11, 0 < i < "T_Z ifn=
0 mod 4 and 1 SiSnT_Z if n=2mod4

£*(Wiwni) = 2t + 6n+2g - 6i - 7, 1 <i <=2

f*(WoWn1) =2t+6n+29—-9ifn =2 mod 4
f*(wows) =2t +6n+2g—11if n = 2 mod 4

f*(hihi+1) =2t +3n+2i-5,1<i<g-1

Hence the graph is t-odd sequential harmonious for all t> 1.
Example 3: An illustration of above theorem is shown in
Fig 3

Yyl % y 47 Iy 29 W=y

‘.Il H‘E
Fig3: 2-odd Sequential Harmonious labeling of joining 2 copies of C; with Parallel chords by a path H,

Theorem 2.3: Path union of cycle Cy (n > 6) with parallel
chords is t-odd sequential harmonious for all t > 1

Proof: Let s copies of cycle C, with parallel chords be
considered. Vo, V1, j, ...,Vn1, j are the n vertices of j copy of
cycle C, with parallel chords for 1 <j<s. The path union
G is obtained by attaching vo, j with v, j+1 by an edgefor 1< j
< s-1. The vertex labeling and the edge labeling for the two
cases depending on n being even and n being odd are given
below.

Case 1: Ifniseven

The vertices and edges of G are snand sM + s — 1
respectively where M = (3n—-2) /2

The vertex labeling f :V(G) »{t-1,t,t +1,...t+3ns - 3}is as
defined below.

For 1 <j<sand jodd

3
f(wo)) =t =D +( -5
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t+6i-6)+(G-DT,1 <i< % and
f(Vzi—l,j)= ) A 3n n .
t+61—5+(]—1)7, i= l:J+11fn =2mod 4

(t+6i—1)+(j—1)32—n,1 <is< Ej if n = 0mod 4
f(Vzi,j)=

3n n
t+6i-2)+(G-1F ,1<is< IZI ifn = 2mod4

3n n—2
C+6i-2+ (G- D1 Sis[ - IianOmod4
f(“n-zi,j = n

3
(:+6i—1)+(j—1)7" 1<i< [ZJ ifn =2mod4

3
F(Vnocaicnyy) = (t+6i —4) + (= 1)7'1, 1<is< EJ
For2 <j<sand jeven

3n .
f(vo,) = (t—2) +to
t-6i+2)+j2,1 <i< Ej if n = 0mod 4

f(VZiflJ')z . .3n . n-2| .
(t—61+1)+]7, 1<i< - if n =2mod 4
n—ZJ

3n
f(vzi,j)=(t—6i—1)+j7,1SiSl )
n—ZJ

3n
f(”n—Zi,j)=(t—6i—3)+i7,1sis —

G 6'+1)+'3"1<'<[n]' = 0mod 4
i 12,_1_4Lfn_ma
n

f(vn—(ZL—l),j) = 3n +2
(t—6i+2)+j7. 1 siSl 7

Jifn = 2mod 4

2t+3n—4 3n
f(vnyz)) = T+7(j —2)ifn =0mod 4
E(G):{vi,ijl,j,O <is<n-— 1,1 S] < S} U
, -2 . .
{vi,,-vn_i,j,l <i< lnT , 1<) < s} U {vo‘jvoljﬂ,l <j<
s — 1 }is the edge set of G.
The bijective mapping f *: E(G) —» {2t- 1, 2t + 1,...2t + 3ns

- 5}is as defined below.
For1<j<s, jodd

n-—2

fr(vijvis) = Qt+6i—-1)+3n(G—1),0<i S——
£ (wigviag) = @t +6n—6i=5)+3n (G- DZ<isn-1

n—2

f*(vijvn-ij) = @t+6i—3)+3n(—-1),1 Sis——

For2<j<s, jeven
[ (vijviss;) = @t +6n—6i—5)+3n( —2),

0<i< if n=0mod4&
n-—2
1<i< ,if n = 2mod 4
F* (VnoijVn-en;) = Qt+6n—6i —7) +3n(j —2),
n-—2 n-—2
0<i< ifn=0mod4&1<i< if
n = 2mod 4

[ (vijvnoij) =Rt +6n—6i—3)+3n(—2),1<i< nZ;Z

f* (vojve;) = (2t +3nj — 7),if n = 2 mod 4

f* (vo,jvn-1,) = 2t +3nj —5),if n =2 mod 4
Forj=1,2,3,...,s-1

f(vovoj41) = @t+3n—-3)+@Bn)( —1)

Hence the graph is t-odd sequential harmonious for all t > 1.
Case 2: when n is odd

The vertices and edges of G are snand sM + s — 1
respectively where M =(3n—3) /2

The vertex labeling f : V(G) —-{t-1, t, t+1,...,t + 3ns - s -
3}is shown below.

For 1 <j<s,jodd

flvoj))=t—-14+(G-1)
3n—1 n+1J

f(Wacej)=t+6i—6 +(—1) 5 ,151’5[ )

3n—-1

3n—1 n—1
foa)=t+6i=1+(-D)=——,1 sis[ 4J
3n—1

n—lJ

fnogij)=t+6i—2 +(—1) ,1 sisl 7
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3n—1 1
f(n-ienj) =t+6i—4 +(—1) nz 1 <is [n: J
For2 <j<s,jeven
3n—-1
f(vo;) =(—2)+ J
3n—1 n+1
F(vaio;) = (t— 60 +3) +] 1 isl 4J
3n—-1 n—1
f(va;)=(t—6i—2)+) 5 ,131’3[ J
3n—-1 n—1
f(Vnozij) = —6i—1)+j 1 sts[ 4J
. 3n—-1
f(vn—(zi—l),j) =(t—6i)+] >
n+1
ISiSl 2 Jifn =1mod4 &
n—1
ISL'SI Jifn =3 mod 4
2t+3n—-7 3n-1
f(v(nﬂ)/z,j) = 2 + 2 (]— 2),lf7’l =3mod4

E(G)Z{vi‘ijlj, 0<i<n-11 S] < S} U {vi,jvn_i,j, 1<
i<|=31<j<s}u
{vo,jvoj41,1 <j <5 —1}isthe edge set of G.

Define the induced edge labeling f*: E(G) »{2t- 1, 2t +

1,...2t + 3ns —s - 5}as follows

For1<j<s, jodd

fr(vijvisr) = Qt+6i—D+@n-1)(-1,0<i< %3
f*(vi,,ui+1,j)=(2:+6n76i75)+(3n71)(/71),"7+15isn71

fr(Wijvn—ij) =@t +6i—-3)+GBn-1(-1),1<i< nT_l

For2<j<s, jeven

fr(vijvier;) =Rt —6i—5)+j(B3n—1),0<i < nzi

F* (VnijVn-qsny;) = QE—6i =)+ jBn—1),0<i < nz;a

fr(vijvneij) = @t+6i—3)+jBn—-1),1<i< 712;1

Forj=1,2,3,...,5-1

f*(vo,voje1) = @t+3n—4)+@Bn-1({—1)

Hence G is t-odd sequential harmonious graph for all t > 1.

Example 4: An illustration of case 1 of theorem 2.4 is
shown in Fig.4

Tigd: 3 odd sequential harmonious Iabeling of Path Union of 4 caples of Cyele C, with parallel chords

Theorem 2.4: Chainof even cycle C, (n > 6) with parallel
chords is t-odd sequential harmonious for all t > 1

oka“gineeﬁn g
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Proof: Let s copies of even cycle C, with parallel chords be
considered. Voj, V1, ... Va-1j are the n vertices of j™ copy of
cycle C, with parallel chords for 1< j < s.By identifying vis, j
with v, j+1 for 1< j < s-1, chain of cycles C,s is obtained
from s copies of cycle C, with parallel chords. This graph is
denoted as G. Then the vertices and edges of G are s(n-1) +
1 and sM respectively.

The vertex labeling f : V(G) —={t-1, t, t+1,...t + 3ns - 2s -
1}is shown below.

For 1<j<s
flvo;)=-D+(G-1)

(t+6i—6)+(G—1)
f(Vzi—1,j) = 3In —
(t+6i—-5)+G-1)

(t+6i—1)+(j—1)3n2_2
f(vzu') = 3In—2
(t+6i—2)+(G—-1)

3n—2

3n2—2‘1 <i< EJ and

2 n X
,L=IZJ+llfn = 2mod 4

;Z

,1 Sisln4;2J ifn =2mod 4

2
1 <i< [n

Iifn = 0mod 4

3n—2

3n—2 n
(t+6i—2)+(G—1) A <is |3 ifn =0omoda
f(vn—m,j) = { 2 4
2

(t+6i—1)+(G—-1)

n
1 <is g ifn =2mods
3n—2

F(Pnqaicn,) = (t+6i—4) + (G — 1) 1 <is< EJ
E(G):{vi,ijl,j,O <is<n-— 1,1 S] < S} U

{Ui,jvn—i,j' 1<i< lnzij 1<) < s} is the edge set of G.

The bijective mapping f*: E(G) »{2t-1,2t+1,...2t + 3ns
— 25 - 3}is shown below.
For1<j<s
n—2
fr(wijviery) = @t+6i—-1D+@Bn-2)G-1),0<i< —
£+ (v vi01y) =(2t+6n—6i—5)+(3n—2)(1‘—1),7715iSn—l
f*(Wijvn-ij) = Qt+6i—3)+@Bn-2)G—1),1<i< nz;z
Hence G admits t-odd sequential harmoniouslabeling for all
t>1.

Example 5: An illustration for theorem 2.5 is given in
Figure 5.

Tl Y
L) T8 1 TR

gy

3T T I Y U

f b4 i
I Do M y § 3
L5} k] n ] Ll T

6y 5y Ty Iy

Fig5:3 0dd Sequential Harmonious Labeling of Cy with Parallel Chords

I1l. CONCLUSION
In this present work, new families of graphs are obtained
from cycles with parallel chords that admit t-odd sequential
harmonious labeling for all t >1. Suitable illustrations are
given to graphically explain the results.Since odd cycles are
not odd harmonious, variation of odd harmonious labeling is
applied on odd & even cycles with parallel chords to show
that they admit t-odd sequential harmonious labeling for all t
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>1. The major focus of attention for future work will be on
labeling of similar cycle related graph families.
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