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Fuzzy Inventory Model for Weibull Deteriorating
Items, with Time Depended Demand, Shortages,
and Partially Backlogging
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Abstract: In this paper fuzzy inventory model for deteriorating
item with time depended demand rate, shortages under partially
backlogged is formulated and solved. The backlogging rate is
taken to be inversely proportional to the waiting time for the next
replenishment. Fuzziness is applying by allowing the cost
components (holding cost, shortage cost, etc). In fuzzy
environment it considered all required parameter to be triangular
fuzzy numbers. The purpose of the model is to minimize total cost
function.
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I INTRODUCTION

An inventory deal with decision that minimum the total
average cost or maximize The total average profit. For this
purpose the task is to construct a mathematical model of the
real life Inventory system, such a mathematical model is
based on various assumption and approximation. In a
inventory model deterioration play an important role.
Deterioration is defined as decay or damage in the quality of
the inventory. Foods, Drugs, pharmaceuticals etc are
deteriorating items. During inventory there have some losses
of this deteriorating items, consequently this loss must be
taken into account when analyzing the system. Shortages is
also very important condition. There are several type of
customer . At shortage period some customers are waiting
for actual product and others do not it. For this it consider
partially- backlogging. In ordinary inventory model it
consider all parameter like shortage cost, holding cost, unit
cost as fixed. But in real life situation it will have some little
fluctuations. So consideration of fuzzy variables is more
realistic. The study of inventory model where demand rates
varies with time is the last decades. Datta and pal
investigated an inventory system with power demand pattern
and deterioration. Park and Wang studied shortages and
partial backlogging of items. Friedman(1978) presented
continuous time inventory model with time varying demand.
M.Roychowdhury and K.S Chaudhuri(1983) studied an
order level inventory for deteriorating items with finite rate
of replenishment. Ritchie(1984) studied in inventory model
with linear increasing demand.
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Goswami, Chaudhuri(1991) discussed an inventory model
with shortage.Gen et. Al. (1997) considered classical
inventory model with Triangular fuzzy number. Yao and
Lee(1998) considered an economic production quantity
model in the fuzzy sense. Sujit Kumar De, P.K.Kundu and
A.Goswami(2003) presented an economic production
quantity inventory model involving fuzzy demand rate.
J.K.Syde and L.A.Aziz(2007) applied sign distance method
to fuzzy inventory model without shortage . D.Datta and
Pravin Kumar published several paper of fuzzy inventory
with or without shortage. In this paper we first consider
crisp inventory model with time depended demand where
shortage are allowed and partially backlogged. Thereafter
we developed fuzzy inventory model with fuzzy time
depended demand rate under partially backlogged. All
inventory cost parameters are fuzzyfied as triangular fuzzy
number.

1. PRELIMINARIES

For graded representation method to defuzzyfy, we need the
following definitions,
Definition2.1: A fuzzy set A on the given
universal set X is a set of order pairs,
A={(x,ua(X)): xeX} where pa(x)—[0,1] is
called a membership function.
Definition2.2:The a-cut of 4, is defined by A={x:
pax)=a, >0}
Definition2.3:4 is normal if there exists xeX such
that pa(x)=1
Definition2.4:A triangular fuzzy number A=(a,b,c)
is represented with membership function A.
A is defined as,
L(x) =

R(x) =

x—a

,a<x<bh

aS
R Q

ua(X)=

, b<x<c

()

o
0 ,otherwise
when a=b=c , we have fuzzy point (a,a,a)=d. The
family of all triangular fuzzy number on R,
denoted as Fn={(a,b,c), a<b<c, va,b,ceR}. the
o-cut of A=(a,b,c)EFN, 0<0<l is
A(a)=[AL(n),Ar(a)] where Ar(a)=at(b-a)a and
Ar(a)=c-(c-b)a are the left and right end
Point of A(a).
Definition2.5: If A=(a,b,c) is a triangular fuzzy
number then the graded mean integration of
A is defined as,
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Wa(L~1()+R™1(h)

o A an
1 A han

1.a+(b—a)h+c—(c— b)h]dh

ol 2
P(A) fo hdh
_a+4b+c
= )
Suppose d=(ai,az,az) and b=(by,by,bs) are two fuzzy
triangular number then
1) a+E:(a1,a2,a3)+(b1,b2,bs):(a1+b1, ax+by, asz+hs).
(2) 5-52(31,32,33)-(b1,bz,b3):(al-b1, az-bz, a3-b3).

3) d x b= (a1,82,83) X (b1,b2,b3)=(a1b1,a2b2,a3b3).

4) = (b1 bl bl) where by,ba,b; are all non zero positive

P(A)= [ 0<hsw,a and 0<wa<1)

real number, then
a_a; az az

ba'by by
(5) LetkeR, then ka=Kk(ai,a2,a3)=(ka,kaz,kas) for k>0.

1. NOTATION

I(t)=Inventory level at any time, t>0.

T:Cycle of length.

tw: Time point, when demand rate start with (c-dt).
t1: Time point when stock level reaches to zero.
cy:Fixed cost.

C2:Shortages cost per unit.

cs:Deteriorating cost per unit.

cs:Holding cost per unit.

cs:Opportunity cost due to lost sales.

Q:Highest stock level at the beginning of the cycle.
TAC(tw,t1): Toal average cost per unit.

¢1=Fuzzy fixed cost.

¢,=Fuzzy shortage cost per unit.

¢3=Fuzzy deteriorating cost per unit.

a: The inventory system involves only one item.

b: The replenishment occur instantaneously at
infinite rate.

c: The lead time is negligible.

d: Demand rate is time depended, we assume it (a+bt)
in 0<t<ty, and (c-dt) in ty<t<t,

e: afth~1, the two-parameter Weibull distribution
deterioration rate. Where 0<o<<I is called the scale

parameter, >0 is the shape parameter.

f: Backlogging rate is ” 5( et H<t<T.

g: At time t=ty it should be (a+bty)=(c-dtw).
3.2. MODEL DEVOLOPMENT (CRISP MODEL)
A
Q

(a+bt)

(c-dt)

w lime
Ll

~

0 t, t'l T Lost sales
During 0<t<tw the inventory level decrease due to customer
demand(rate of demand=a+bt) and deteriorating items.
During tw<t<t; the inventory level decrease due to customer
demand (rate of demand=c-dt), deteriorating items and
reaches to zero at t=t;. In the time interval t;<t<T shortages
with partially backlogged allowed.

The differential equation describing I(t) as follows
dI(t)

¢4=Fuzzy holding cost per unit. + aftP~1(t) = —(a + bt), 0<t<tw (3.1)
;;:guzzy opp'c:>rtun|ty colst due to Ios_t sale. With boundary condition 1(0)=Q.
(tw, t1)=Fuzzy total cost per unit. dl(t) + BP0 = —(c — db), wst<ts (3.2)
3.1. ASSUMTION:
With boundary condition I(t1)=0
ai@e) _  (c—dt)
Yot = “rsaomy » ust=T @33)
With boundary condition I(t;)=0.
a, 0 is too small, so neglecting higher power of a, 9.
From (3.1) we get,
B+2
1()=Q(L-at?)- a(t+ - tP*1ytaqth i b( o h) p (3.4)
From (3.2) we get,
atB)(t, 2
IO=c(t(L-ath )+ (4 = 8- 20-etT) ) TR (3.5)
From (3.3) we get,
_ 2_42 2_42 3_43
() =c(L-5t)(t:-1) a1 6t)2(t1 ) Sty "~t%) Sd(ts”~t%) (3.6)

2 3

So the fixed cost per cycle is,
FC:cl

Shortage cost per cycle is,
Sc=-c, fti 1(t)dt

c(1-8t)(T?-t12)

d(1-30)t 2(T-ty) |, d(1-8)(T3-t43) | Sty *(T—ty) 8c(T3-14%)

=-Co[c(1-0t)t1(T-ty)
8dty3(T-ty) | 8d(T*-t,%)

3 ' 12 ’
Deteriorating cost per cycle is,

De=csf, " aft?=1 I(t)dt + csf,* aftP~1 I(t)dt

2 2 6
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caf(t P -ty Pt dat (Pt P)
B+1 2

+C(>Lt1(t1B —t,,P)-

=c3[Qat,,? - aaB -baB
dap(t:P2 -ty ﬁ”)
2(B+2)
Holding cost per cycle is,
HC=caf," I(t) dt + ca ff; I1(t) dt
3

B+1 2 p+2 p+2 p+3 B+3

aQt t at aat t at bat

:C4[Qtw w a{ Wy w + Aty W w + Oly +Ct1(t1'tw)
B+1 2 (B+1)(B+2) B+2 6 (B+2)(B+3) B+3

caty (t"1 -ty ct®~ty?) ca(t 6P cat,Pt—ty) cati P2 -tw™*?) dt®t—tw)

B+1 2 B+2 B+1 (B+1)(B+2) 2
adty (P -t P d(t®-tw®) ad P3P adt, P2 —ty) | ad@ PR3-t Pt3)
2(B+1) 6 2(B+3) B+2 (B+2)(B+3)
Opportunity cost due to lost sales is,
1
OC= Csf R(t) m]dt
_$.2 2_4 2 3_,3
=csd[cT(T- tl) c(T? t1 ) dT(T2 t1%) D(T - t1 )]

So total average cost per cycle is,
TAC(ty,ta)=7{FC+SC+DC+HC+OC]

_ 2_ 4 2 _ 207 _ 3_4 3 207 3_4. 3
:%[01—02[c(1-8t)t1(T-t1)- c1 St)(ZT 1% da St)tzl (T-ty) a1 Bt)éT %), scty ;T ty) 6c(T6 t,3)

B+2 B+1_g P+1
- b(lBtW—*Cdtl(tlB — th)' caB(ty™ —tw™ ) -

8dty3(T-ty) | 8d(T4—ty* twPtL
12 (T-ty) | 6d(T -ty ) ca[Qut,, £ -aap

3 12 w B+l B2 1
dat,2(tP—tyB)  dap(tF+2—t,,B*2) aQt,, B+l tw? B+2 aat,,B+? fw at,,B+3 baty, 5 +3
N R R N N R A T A T )
caty (t,PH1-t,Mh c(t12—tw2)+ca(t1ﬁ+2—twﬁ+2)+cat15+1(t1—tw) ca(ty P2t P+2) at, 2ty tw)+adt12(tlﬁ+1—t 3+1)+d(t13—tw3)
B+1 2 B+2 B+1 (B+1)(B+2) 2 2(B+1) 6
ad(t, 3t M*%) adt,*2 (0 —ty) a3t M%) c(T t2) dT(T%-t12)  D(T3~t13)
2(6+3) 2 o T ColeT(T) A

For minimum cost it should be,
OTAC (tw,t1)_ -0, OTAC (ty,t1)_ -0
Aty at,
Provided it satisfies,
2TAC(tw,t1) >0, 2 TAC(tw,t1) >0
aty? at,?
92 TAC(ty, tl)] [62TAC(tW,t1)] ) [BZTAC(tW,tl)]
And [ aty? 2 Aty 0ty >0.

3.3 FUZZY MODEL.:

Due to uncertainly lets us assume that,
€1=(C11,612,61%), E5=(C21,C2%,C2%), E3=(cst,ca%,C3%), E=(Cat,Ca?,C45), E5=(Cst,c52,C5°), be triangular fuzzy number then the

total average cost is given by,
P —— _ 2_4+ 2 _ 2m_ _ 3_+.3 2m_ 3_+.3
TAC(tW,t1)=%[51—52[c(1-6t)t1(T-t1)- cU-8)(T?-t,%) _ d1-80t:*(T-ty) dA-8)(T°~t;°) ety *(T—-ty) 5c(T°~ts°)

2 2 6 2 6
§dt,3(T-t Sd(T4-t1%) | . tyPtt
1 1)-’-. ( 1 )"r c3[Qat B-aaB W

+2 BHL_y 1
. +eaty(t, P — t,P)- capta™ —tw™) -

bt
- G‘B ﬁ

3 12 p+1
dat 2t P-tyP)  dap(tPt2—t,Pt2) aQth tw at,,B+? aat,,B+? P at, B3 bat,, B+3
* * + + — +Cty (ti-tw)-
5 2(5+2) ¢a[Qtw e a{ 2 (ﬁ+1)(ﬁ+2)} e b{~- o (ﬁ+2)(ﬁ+3)} 543 Cta(ti-tw)
caty (P -t MY c(ti®—tw?) | ca(t P2ty P?) cats Pt —tw) ca(ti P2ty P2) dti2(ti—tw) | @dti 2t PPt Pt a3 -tw®)
A1 2 p+2 ' B+1 (B+1(B+2) 2 2(8+1) T 6
ad(t, P2 -1, %) adt;P2(t—tw) | ad(t,P3 -1, P13) )y c(T? T1 3 dr(r?-t,%) D(T3—t13)
2(8+3) Gz T Grogen T CoeT(Th) 2 7l

We defuzzifi the fuzzy total cost TAC(t;) by graded mean representatlon method as follows,
T/chtl)zg[TA‘CI(tW,tl), TAC? (tu,11), TAC? (tw,t1)]
Where

Wr(tw, t,)= %[Fl—?z[c(l—St)tl(T-tl)- c(1-3)(T*-t,%) d(1—6t)t12(T—t1)+d(1—6t)(T3—t13)+60t12(T—t1) 5c(T3-t,3) 6dt13(T—t1)+

2 2 6 2 6 3
Sd(T*—t;%)  — twPtL twPt2 caB(tPrl-t,Pt1) dat?(t Pty P)  dapt PH2—t, P2 —
il S SV B_ w _ w + B _ By w w )y w +oT _
5 c"3[Qat,,” -aaf i1 baf 512 cati(t;” — ty,") 511 . 2G72) cT4[Qtw
aQtwPtt 6, aty,Pt? | aat, Pr? b{£+ at,, 3 }+batwﬁ+3+0t (et )_catl(t1B+1—tw5+1)_
B+1 2 (B+1(B+2)°  p+2 6 (B+2)(B+3))  B+3 HH~w B+1
=]
g
5
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c(ti®~tw?)  catsP?-t,P*?) cat, Pt —ty) ca(ti ™2ty *?) dti?(ti-tw)  adty? 6Pt a3 -tw®) ad(ty M-, Pt
2 B+2 p+1 (B+1)(B+2) 2 2(B+1) 6 2(B+3)
adtPr2(t—tw) | ad(t,PH3-t,P3)  — c(T%-11%) dT(T2-t;%) D(T3-1;%)

-11)
p+2 Grogen ¢ oleT(Th) 2 el
Where r=1,2,3
TAC(tl):%[TACl (tw,11) +4TAC, (tw,t1)+TAC (tw,11)]
For minimum cost it should be, Parameter % of change  TAC[twt) tu t
aTAgEtW'ti):O, aTAZ(:W'tl):O C,=50.0 | -50 1492370 | 0.454 0.647
w 1
Provided it satisfies, L C.=750 | -25 1517370 | 0454 0.647
2TAC (tw,t1) 2TAC (tw,t1)
w1l >0, w1 >0
oty L aty N C,=100 0 1542.370 0.454 0.647
82T AC (tw,t1) | [02TAC (tw,ts)
And [ aty,? H at,? ] C,=125 25 1567.370 0.454 0.647
[azTAcm,ti) ]>O
Bty dty ' C,=150 50 1592.370 0.454 0.647
V. NUMERICAL SOLUTION C,=10 -50 1524.929 0.454 0.582
For crisp model: Let us take the in-put value: C,=15 -25 1534.375 0.454 0.617
Cl Cz Cz CA CS 0 B ) 03 bleld|T C,=20 0 1542.370 0.454 0.647
C,=25 25 1549.222 0.454 0.672
100120 20 4 | §|02(05)01(%0020 {10 2511 Co=30 50 1555.158 | 0.454 0.694
C,=5.0 -50 832.463 0.454 0.730
And the out-put value: Cs=7.5 -25 1188.470 0.454 0.678
b b | TAC(tw ) C:=10 0 1542370 | 0.454 0.647
0.454 | 0.647 | 1542.370 Cs=12.5 25 1895.098 0.454 0.623
For fuzzy model: C5=15 50 2247.108 0.454 0.606
¢:=(90,100,110), ¢; =(15,20,25), ¢3=(8,10,12), = = 17333 oA 5939
¢, =(3,4,5), ¢==(6,8,10) “ i ' ' '
The solution of fuzzy model by graded mean representation C.s=3 25 1196.166 0.454 0.684
is,

(1) When ¢,6,,63,6,,65 are all triangular fuzzy numbers Cu=4 0 1542.370 | 0454 0.647
then, C,=5 25 1887.049 | 0.454 0.620
TAC(t1)=1565.363, t,=0.454, 1,=0.648

(2) When ¢;,6,,65,64, are all triangular fuzzy numbers C.=6 50 2230.766 0.454 0.599

then
TAC(t)=1565.225,  t,=0.454, t;=0.648 Cs=4 -50 1539.653 | 0454 0.638

(3) When ¢;,6;,¢3,are triangular fuzzy numbers then, Co=6 35 1541.025 0.454 0.643
TAC(t1)=1542.362, tw=0.454, t:=0.645

(4) When ¢;,&3,are triangular fuzzy numbers then, Cs=8 0 1542.370 0.454 0.647
TAC(tQ:1542_.1769, tw=0.454, t1=0.646 c=10 55 543689 oasa 5Es1

(5) When ¢; ,are triangular fuzzy numbers then,

TAC(t1)=1542.370, tw=0.454, t,=0.647 Cs=12 50 1544.982 0.454 0.655
V. SENSITIVITY ANALYSIS 5.1(a)Effect, for increment parameters-
We now examine to sensitivity analysis of the optimal (1) TAC(tw!) increase, for increase of ci.
solution of the model for change in I, keeping the other (2) TAC(tw,t1) increase slowly, for increase of c..
paramt_eters unchanged. The initial data from the above (3) TAC(tw,t1) increase rapidly, for increase of cs.
numerical example. (4) TAC(tw,t1) increase rapidly, for increase of cu.
(5) TAC(tw,t1) increase slowly, for increase of co.
£
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VI. CONCLUSON

In this paper, we have proposed a real life inventory
problem in a fuzzy environment and presented solution
along with sensitivity analysis approach. The inventory
model  developed with time depended demand, with
shortages. Shortages have been allow partially backlogged
in this model. Here demand rate considered as (a+bt) in
0<t<tw, and it (c-dt) in ty<t<t; . This model has been
developed for single item. In this paper, we have considered
triangular fuzzy number and solved by graded mean
integration method. In future, the other type of membership
functions such as piecewise linear hyperbolic, L-R fuzzy
number, trapezoidal fuzzy number, pentagonal fuzzy
number etc can be considered to construct the membership
function and then model can be easily solved.
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