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Abstract— In this paper, the extended finite element method 

(XFEM) and the element free Galerkin method (EFGM) have 

been employed to model and simulate the contact type of 

nonlinearities caused by the discontinuities due the frictional 

contact. In order to model these discontinuities, few modifications 

are made in XFEM and EFGM to incorporate these 

discontinuities in the formulation. The contact interface between 

the two bodies is modeled by applying an appropriate enrichment 

function. The classical approximate solution is enriched with the 

Heaviside jump function to simulate the contact behavior between 

the two surfaces. Gaussian quadrature has been used for the 

numerical integration of the weak formulation. Finally, three 

model problems are solved using XFEM and EFGM and the 

results obtained by the two techniques are compared with each 

other. The results obtained by XFEM show a good agreement with 

the results obtained by EFGM. 

 

Key words—XFEM, EFGM, slip criterion, slip rule, penalty 

factor, level set, Heaviside jump function. 

I. INTRODUCTION 

There are various problems in everyday life that involve 

frictional contact between two surfaces like metal forming 

processes, semi-rigid connections in steel structures and 

various biomechanics problems like the determination of 

stresses in human joints and implants. There are a number of 

methods such as finite difference method [1], finite element 

method [2], boundary elements method [3], element free 

Galerkin method [4] and extended finite element method [5] 

that are available to model and simulate various types of 

discontinuities in solid mechanics problems. In order to 

model and simulate the frictional contact between two solid 

bodies, both the geometric condition of non-penetration and 

the development of constitutive laws are required for the 

mechanical description of the surface interaction. The 

constitutive models for contact friction are based on the 

Coulomb friction law [6].  The constraints to be imposed at 

the contact surface are given in the form of inequalities and 

two approaches, which have received great attention in the 

imposition of contact constraints, are the Lagrange multiplier 

method and the penalty method. In the penalty method, these 

constraints are only approximated and the quality of the 

approximation depends strongly on the choice of the penalty 

parameter [7]. In the Lagrange multiplier method, the 

inequality constraints are imposed directly to the problem by 

the addition of contact constraints as equations to be solved 

simultaneously with the equilibrium equations, composing a 

system of non-linear equations in displacements and contact 
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forces [8]. In the present study, XFEM and EFGM have been 

employed to model the frictional contact behavior between 

the solid bodies. Three model problems having 

discontinuities due to frictional contact have been analyzed 

and the results obtained by the two methods are compared 

with each other and are found quite satisfactory. In the first 

problem, the contact friction behavior of two sliding elastic 

bodies is modeled and simulated whereas in the second 

problem, the contact behavior of steel rod and concrete is 

simulated under torsional loading. The third problem models 

and simulates the contact behavior of a rectangular 

component with a circular rod at the centre under both 

compressive and tangential loadings. 

II. THE EXTENDED FINITE ELEMENT METHOD 

The extended finite element method (XFEM) is an accurate 

and powerful technique to model various types of 

discontinuities in solid mechanics problems. This method 

does not consider any type of discontinuity during mesh 

generation, as shown in Fig. 1. Instead, the standard 

displacement based approximation is modified by enriching 

it with additional enrichment functions, which depend upon 

the type of discontinuity present in the domain. Different 

types of enrichment functions are available for modeling 

different types of discontinuities. Thus, the discontinuities 

present in the domain are modeled independent of the mesh, 

which reduces most of the problems associated with mesh 

generation such as mesh adaption and conformal meshing. 

XFEM has been most widely used in solving crack growth 

problems, bi-material problems, contact problems etc. 

Different types of discontinuities present in the domain are 

modeled by enriching the standard finite element 

approximation in terms of level set and signed distance 

functions. The method is used to model arbitrary 

discontinuities by enriching the discontinuous approximation 

in terms of signed distance and level set functions [9] through 

a partition of unity method [10]. Till now XFEM has been 

most widely applied in solving crack problems, including 

crack growth with frictional contact [11], cohesive crack 

propagation [12], fatigue crack propagation [13], crack 

growth under cyclic contact loading [14] and 

three-dimensional crack propagation [15]. XFEM has also 

been implemented to solve some plasticity problems 

including the plasticity forming of powder compaction [16], 

large XFEM deformations [17], crack propagation in plastic 

fracture mechanics [18] and quasi-brittle fracture [19]. 
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Fig 1: Modeling of internal interface between two bodies: (a) 

problem definition (b) FEM mesh which conforms to the geometry 

of the interface (c) XFEM mesh in which the marked nodes have 

additional degrees of freedom and enrichment functions 

III. THE ELEMENT FREE GALERKIN METHOD 

In EFGM, the entire domain is represented by a set of nodes 

(Fig. 2) and the approximate function is constructed from this 

set of nodes over the given domain. There is no need of 

generating a finite element mesh in this method. EFGM was 

developed to eliminate the dependence of the approximate 

function on the finite element mesh. Thus, various problems 

associated with the mesh generation are eliminated by this 

method. EFGM enriches the standard displacement based 

approximation with enrichment functions in order to model 

different types of discontinuities present in structural 

problems. EFGM is very helpful in modeling large 

deformation problems because the finite element mesh 

undergoes severe distortion in these cases and remeshing is 

required quite frequently during the process of simulation. 

However, EFGM does not impose any such problem while 

modeling large deformation because of its meshless nature. 

This method proves to be very accurate and powerful for 

modeling different types of discontinuities in solid mechanics 

problems. Most applications of the EFGM technique have 

been reported in modeling crack growth, crack propagation, 

contact problems etc. 

The element free Galerkin method is a meshfree method 

which is particularly useful for modeling arbitrary crack 

propagations. Meshfree methods were developed in the late 

1970’s. Till now meshfree methods have been used in solving 

various problems such as modeling astrophysical phenomena 

[20], tensile instability in SPH [21], coupling of smooth 

particle hydrodynamics with the finite element method [22] 

and fracture and crack growth [23]. 

IV. CHOICE OF ENRICHMENT FUNCTION 

The essence of XFEM and EFGM lies in the selection of an 

appropriate enrichment function depending upon the nature 

of the discontinuity present in the domain. Different types of 

discontinuities are modeled by different enrichment 

functions. The level set method is the commonly used 

method employed to solve discontinuous problems. The sign 

of the level set is positive on one side of the interface and 

negative on the other side of the interface. The value of the 

level set is always zero on the discontinuity.  

 

 
 

Fig. 2: Domain representation in EFGM 
 

Generally, those discontinuities which arise due to variation 

of material properties, on the either of the discontinuity, are 

modeled by two types of enrichment functions. The 

bi-material problems have a continuous displacement field 

along the material interface, but the strain field is 

discontinuous along the discontinuity. The enrichment 

function employed to model bi-material problems employs 

the absolute value of the level set function [9]. This type of 

enrichment function produces a continuous displacement 

field and discontinuous strain field along the material 

interface.  

The discontinuities which arise due to the contact surfaces or 

cracks are modeled by the Heaviside enrichment function. 

Let us take any point x in the domain, as shown in Fig. 3. Let 

𝐱∗ be the point closest to x on the contact interface and 𝐧 be 

the unit normal to the contact surface. The Heaviside jump 

function H(𝐱) is given 

𝑓3(𝐱) = 𝐻(𝐱) = {
+1 if (𝐱 − 𝐱∗) ∙ 𝐧 ≥ 𝟎
−1 otherwise

}          (1)                                                                   

The Heaviside jump function is a very powerful tool for 

modeling strong discontinuities like crack interfaces, contact 

surfaces etc. 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Illustration of the Heaviside jump function for a contact 

surface 

V. CONSTITUTIVE MODEL FOR CONTACT FRICTION 

The constitutive model for contact friction provides a 

theoretical description of the contact between the two bodies.  

Let us take a master body (M), which comes into contact with 

a slave body (S).  
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The basic contact problem has been shown in Fig. 4. The 

minimum distance (gap) between the master body and the 

slave body is defined as the gap (𝒈𝑁) between the two bodies. 

The contact inequalities can be written as 

𝒈𝑁 ≥  0                        (2a)                                                 

𝐏𝑁  ≤ 0                                    (2b) 

𝐏𝑁𝒈𝑁 = 0.                                                              (2c) 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4: Sliding contact between two bodies 

The contact constraints may be imposed either by using the 

Lagrange multiplier method [25] or the penalty method [26]. 

The Lagrange multiplier method imposes the contact 

constraints directly by the addition of the contact constraints 

as equations to be solved simultaneously with the equilibrium 

equations [8]. On the contrary, the penalty method 

implements the springs on the contact surface in the normal 

and the tangential directions. The normal and the tangential 

forces generated in the contact zone are related to the 

displacements in the contact zone by means of penalty 

parameters. In the present study, the penalty method has been 

employed for the application of the contact constraints.  Thus, 

we have 

𝐏𝑁 = −𝑘𝑁 𝐮𝑁                                                 (3a) 

𝐏𝑇 = −𝑘𝑇 𝐮𝑇                                                      (3b) 

where, the penalty factors 𝑘𝑁   and 𝑘𝑇  may be considered as 

being the normal stiffness constant and shear stiffness 

constant, respectively.                                                                                        

The constitutive laws for the contact forces at the contact 

interface between the two bodies establish the relationship 

between the forces and the displacements at the contact 

surface. The constitutive laws for the contact loads at the 

contact surface can be summarized as 

 𝑷𝑁  =  (𝐃𝑓)𝑁
𝒖𝐶                                                   (4a)  

𝑷𝑇  =  (𝐃𝑓)𝑇
𝒖𝐶                                                   (4b) 

where (𝐃𝑓)𝑁
 and (𝐃𝑓)𝑇

 are the normal and tangential 

components of the friction tangent matrix and 𝒖𝐶 =
[𝒖𝑁    𝒖𝑇]

𝑇 . The problem is artificially decomposed into a 

pure contact in the normal direction and frictional resistance 

in the tangential direction [27], which are linearized 

separately as d𝐏 = 𝐃𝑓d𝒖𝐶, where  𝐃𝑓 is the friction tangent 

tensor, d𝐏 = [d𝐏𝑁   d𝐏𝑇]
𝑇  and   d𝒖𝐶 = [d𝐮𝑁   d𝐮𝑇]

𝑇 . The 

friction tangent matrix is defined as  

𝐃𝑓 = [
E𝑓 0

0 G𝑓
]                                                 (5) 

The normal loads are measured by means of the linear 

equation  𝐏𝑁 = 𝐸𝑓𝐮𝑁 , where 𝐸𝑓  is a normal penalty 

parameter. The tangential load at the contact surface is given 

by  𝐏𝑇 = 𝐺𝑓𝐮𝑇, where 𝐺𝑓 is tangential penalty parameter of 

the contact surface. Thus, the constitutive model for the 

contact friction, which relates the forces in the contact zone to 

the displacements in the contact zone, can be written as 

{
d𝐏𝑁

d𝐏𝑇
} = [

E𝑓 0

0 G𝑓
] {

d𝐮𝑁

d𝐮𝑇
}                                         (6)   

VI. CONTACT FRICTION MODELING WITH XFEM 

The extended finite element method (XFEM) does not 

consider the contact surface during mesh generation. Instead, 

the standard approximation is modified by enriching it with 

the Heaviside jump function. The equilibrium equation of 

any deformable body can be written as 

∫ 𝛔: 𝛆
Ω

dΩ − ∫ 𝐛:𝐮
Ω

dΩ − ∫ 𝐭: 𝐮
𝛤𝑡

d𝛤𝑡 = 0                   (7) 

In case of XFEM, the contact interface is taken into account 

by enriching the displacement field with Heaviside jump 

function. The displacement field is given by 

𝐮ℎ(𝒙) = ∑ 𝑁𝑖(𝒙)u𝑖 + ∑ 𝑁𝑗(𝒙)(𝐻𝑗 (𝒙) − 𝐻(𝒙𝑗))𝐚𝑗𝑖        (8) 

for 𝑛𝑖  ϵ 𝐧  and 𝑛j ϵ 𝐧𝑔  

Here, u𝑖 and aj denote the nodal and the enriched degrees of 

freedom, respectively. In Eq. (8), 𝐧 denotes the nodes of the 

entire domain and 𝐧𝑔 denotes the nodes of the elements cut 

by the contact surface. 𝑁𝑖 denotes the classical finite element 

shape function and 𝐻(𝒙) denotes the Heaviside jump 

function. Eq. (8) can be further written as 

{
u
v
} = [

𝑁𝑖 0
0 𝑁𝑖

] {
u𝑖

v𝑖
} + [

𝑁𝑗 0

0 𝑁𝑗

] {
aj

bj
} = 𝐍𝐮 + �̅�𝐚        (9) 

where 𝑁𝑗 = 𝑁𝑗(𝒙)(𝐻(𝒙) − 𝐻(𝒙𝑗))., 𝐮 = [ui  vi]
𝑇 is a vector 

of nodal degrees of freedom, 𝐚 = [a𝑗  b𝑗]
𝑇 is a vector of 

enriched degrees of freedom, 𝐍 = [
𝑁𝑖 0
0 𝑁𝑖

]  and �̅� =

[
𝑁𝑗 0

0 𝑁𝑗

]. 

The strain tensor can be written as 

{

𝜀𝑥

𝜀𝑦

𝜀𝑥𝑦

} = 𝐁𝐮 + �̅�𝐚                                                (10) 

where 

𝐁 =

[
 
 
 
 
𝜕𝑁𝑖

𝜕𝑥
0

0
𝜕𝑁𝑖

𝜕𝑦

𝜕𝑁𝑖

𝜕𝑦

𝜕𝑁𝑖

𝜕𝑥 ]
 
 
 
 

 and    �̅� =

[
 
 
 
 
 
𝜕𝑁𝑗

𝜕𝑥
0

0
𝜕�̅�𝑗

𝜕𝑦

𝜕𝑁𝑗

𝜕𝑦

𝜕�̅�𝑗

𝜕𝑥 ]
 
 
 
 
 

                          (11) 

Substitution of the trial function of Eq. (8) into the 

equilibrium equation (7) gives the discrete system of 

equations as                                                                                                     

[
𝐊𝑢𝑢 𝐊𝑢𝑎

𝐊𝑎𝑢 𝐊𝑎𝑎] {
𝐮
𝐚
} = {

𝐟
𝐟
}̅                                   (12) 

where                                  

𝐊𝛼β = ∫ (𝐁𝛼)𝑇𝐃𝑒𝑝
Ω𝑒 𝐁βdΩ       (α, β = 𝑢, 𝑎)             (13a) 
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𝐟𝛼 = ∫ 𝑵𝛼𝐭
𝛤𝑒 d𝛤 + ∫ 𝑵α𝐛

Ω𝑒 dΩ        (α = 𝑢, 𝑎)           (13b) 

where 𝐃𝑒𝑝 is the elasto-plastic constitutive matrix,  𝑵𝑢 = 𝑵, 

𝑵𝑎 = �̅� , 𝐁𝑢 = 𝐁, 𝐁𝑎 = �̅�. 

The contact surface is modeled by employing the Heaviside 

jump function as the enrichment function. While modeling 

frictional contact problems, it is necessary to satisfy the 

contact constraints at the contact interface. The modified 

displacement field at the contact surface is expressed as 

𝒖𝐶(𝒙) = 𝑵𝑐𝑜𝑛𝐮 + �̅�𝑐𝑜𝑛𝐚                                            (14) 

where 𝒖𝐶(𝒙) = [𝑢𝑁  𝑢𝑇]
𝑇 .  𝑢𝑁  represents the normal 

displacement and 𝑢𝑇 denotes the tangential displacement at 

the contact interface. The directional shape functions 𝑵𝑐𝑜𝑛 

and �̅�𝑐𝑜𝑛 in normal and tangential directions can be obtained 

as 

𝑵𝑐𝑜𝑛 = [
𝑛1 𝑛2

𝑡1 𝑡2
] [

𝑁𝑖 0
0 𝑁𝑖

]                                       (15) 

�̅�𝑐𝑜𝑛 = [
𝑛1 𝑛2

𝑡1 𝑡2
] [

𝑁𝑗 0

0 𝑁𝑗

]                                      (16)  

For contact elements, the strains (at the contact surface) are 

related to the displacements (at the contact surface) by means 

of the matrix  𝐁𝑐𝑜𝑛 , which can be obtained as  𝐁𝑐𝑜𝑛 =
2�̅�𝑡𝑜𝑝

𝑐𝑜𝑛 = −2�̅�𝑏𝑜𝑡
𝑐𝑜𝑛. Thus, the contact stiffness matrix  

𝐊𝑐𝑜𝑛 can be obtained as 

𝐊𝑐𝑜𝑛 = ∫ (𝐁𝑐𝑜𝑛)𝑇𝐃𝑓Ω𝑒 (𝐁𝑐𝑜𝑛)dΩ                      (17) 

Finally, the total stiffness matrix of an enriched element cut 

by the contact interface can be obtained as 

𝐊 = [
𝐊𝑢𝑢 𝐊𝑢𝑎

𝐊𝑎𝑢 𝐊𝑎𝑎 + 𝐊𝑐𝑜𝑛]                                              (18) 

VII. CONTACT FRICTION MODELING WITH EFGM 

The modeling and simulation of frictional contact in element 

free galerkin method is quite easy than finite element method 

from computational point of view because no mesh is used to 

represent the domain. Therefore, the problems associated 

with conformal meshing, remeshing and mesh adaption do 

not occur in EFGM. The contact surface is taken into account 

by enriching the standard displacement field with Heaviside 

jump function. The modified displacement field can be 

expressed as 

𝐮ℎ(𝒙) = ∑ 𝛹𝑖(𝒙)u𝑖 + ∑ 𝛹𝑗(𝒙)(𝐻(𝒙) − 𝐻(𝒙𝑗))a𝑗𝑗𝑖     (19) 

for 𝑛𝑖  ϵ 𝐧  and 𝑛j ϵ 𝐧𝑔  

Here, u𝑖 and aj denote the nodal and the enriched degrees of 

freedom, respectively. In Eq. (19), 𝐧 denotes the nodes of the 

whole domain and 𝐧𝑔  denotes the nodes situated at the 

contact surface. 𝛹𝑖  denotes the MLS shape function used in 

EFGM and 𝐻(𝒙)denotes the Heaviside jump function Eq. 

(19) can be further written as 

{
u
v
} = [

𝛹𝑖 0
0 𝛹𝑖

] {
ui

vi
} + [

�̅�𝑗 0

0 �̅�𝑗
] {

aj

bj
} = 𝚿𝐮 + �̅�𝐚         (20)                                                             

where �̅�𝑖 = 𝛹𝑖(𝐻(𝒙) − 𝐻(𝒙𝑗)), 𝐮 = [ui  vi]
𝑇  is a vector of 

nodal degrees of freedom, 𝐚 = [a𝑗  b𝑗]
𝑇  is a vector of 

enriched degrees of freedom, 𝚿 = [
𝛹𝑖 0
0 𝛹𝑖

]  and �̅� =

[
�̅�𝑗 0

0 �̅�𝑗
]. 

The strain tensor can be expressed in the following form 

{

𝜀𝑥

𝜀𝑦

𝜀𝑥𝑦

} = 𝐁𝐮 + �̅�𝐚                                                             (21) 

where 

𝐁 =

[
 
 
 
 
𝜕𝛹𝑖

𝜕𝑥
0

0
𝜕𝛹𝑖

𝜕𝑦

𝜕𝛹𝑖

𝜕𝑦

𝜕𝛹𝑖

𝜕𝑥 ]
 
 
 
 

 and �̅� =

[
 
 
 
 
 
𝜕�̅�𝑗

𝜕𝑥
0

0
𝜕�̅�𝑗

𝜕𝑦

𝜕�̅�𝑗

𝜕𝑦

𝜕�̅�𝑗

𝜕𝑥 ]
 
 
 
 
 

                              (22) 

The above matrix equation can be written in a more compact 

form as 

[
𝐊𝑢𝑢 𝐊𝑢𝑎

𝐊𝑎𝑢 𝐊𝑎𝑎] {
𝐮
𝐚
} = {

𝐟
𝐟
}̅                                                 (23) 

where                                  

𝐊𝛼β = ∫ (𝐁𝛼)𝑇𝐃𝑒𝑝
Ω𝑒 𝐁βdΩ        (α, β = 𝑢, 𝑎)               (24a) 

𝐟𝛼 = ∫ 𝚿𝛼𝐭
𝛤𝑒 d𝛤 + ∫ 𝚿α𝐛

Ω𝑒 dΩ      (α = 𝑢, 𝑎)           (24b)                                                         

where, 𝚿𝑢 = 𝚿, 𝚿𝑎 = �̅�, 𝐁𝑢 = 𝐁, 𝐁𝑎 = �̅�.  

The contact surface is modeled by employing the Heaviside 

jump function as the enrichment function. While modeling 

frictional contact problems, it is necessary to satisfy the 

contact constraints at the contact interface. The modified 

displacement field at the contact surface is expressed as 

𝒖𝐶(𝒙) = 𝚿𝑐𝑜𝑛𝐮 + �̅�𝑐𝑜𝑛𝐚               (25) 

where 𝒖𝐶(𝒙) = [𝑢𝑁  𝑢𝑇]
𝑇 . 𝑢𝑁  represents the normal 

displacement and 𝑢𝑇  denotes the tangential displacement. 

Then, the directional shape functions  𝚿𝑐𝑜𝑛  and �̅�𝑐𝑜𝑛  in 

normal and tangential directions can be obtained as 

𝚿𝑐𝑜𝑛 = [
𝑛1 𝑛2

𝑡1 𝑡2
] [

𝛹𝑖 0
0 𝛹𝑖

]                                        (26) 

�̅�𝑐𝑜𝑛 = [
𝑛1 𝑛2

𝑡1 𝑡2
] [

𝛹𝑗𝐻 0

0 𝛹𝑗𝐻
]                                  (27) 

The strain matrix 𝐁𝑐𝑜𝑛  relating the strain and nodal 

displacements at the contact interface can be obtained 

as  𝐁𝑐𝑜𝑛 = 2�̅�𝑡𝑜𝑝
𝑐𝑜𝑛 = −2�̅�𝑏𝑜𝑡

𝑐𝑜𝑛 . Thus, the contact stiffness 

matrix 𝐊𝑐𝑜𝑛  can be obtained as 

𝐊𝑐𝑜𝑛 = ∫ (𝐁𝑐𝑜𝑛)𝑇𝐃𝑓Ω𝑒 (𝐁𝑐𝑜𝑛)dΩ                   (28) 

Finally, the total stiffness matrix of an enriched node at the 

contact interface can be obtained as 

𝐊 = [
𝐊𝑢𝑢 𝐊𝑢𝑎

𝐊𝑎𝑢 𝐊𝑎𝑎 + 𝐊𝑐𝑜𝑛]                                        (29) 

VIII. NUMERICAL RESULTS AND DISCUSSIONS 

Now, we consider some numerical problems that were solved 

to find out the applicability and versatility of XFEM and 

EFGM in modeling the discontinuities that are caused by the 

frictional contact. The results obtained by XFEM are 

compared with the results obtained by EFGM and a very 

good agreement is observed between the two methods after 

the comparison of the results.  
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Three 2D problems are modeled and simulated using both the 

techniques. The first problem models and simulates the 

contact behavior between two solid bodies that are free to 

slide over each other. The second problem models and 

simulates the behavior of a steel rod in concrete under 

torsional loading. The last example investigates the contact 

behavior of a rectangular block with a circular rod placed at 

the centre. The results show that the two techniques can be 

efficiently used to solve the solid mechanics problems having 

discontinuities caused by the frictional contact. 

A. Contact Friction Behavior between Two Sliding Bodies 

The first problem models and simulates the contact behavior 

between two elastic bodies which are free to slide over each 

other by both XFEM and EFGM. The block is constrained at 

the bottom while the top edge of the block is subjected to the 

uniform vertical and horizontal loadings of 𝑤𝑦 = 1 × 105 

N/m and  𝑤𝑥 = 2.5 × 104  N/m, respectively. The Young’s 

modulus has been assumed to be 2 × 1011  N/m2  for the 

blocks and Poisson’s ratio has been taken as  0.3 . The 

geometry of the block is shown in Fig. 5. The length and 

width of the block are both unity. The state of plane stress is 

taken for the sake of analysis. Plane stress condition has been 

assumed for analysis. The normal penalty parameter of the 

contact surface has been taken to be 1 × 1010 N/m2 and the 

tangential penalty parameter has been assumed to be 

1 × 108 N/m2. 

A uniform mesh of 361 elements has been considered in 

XFEM simulation, as shown in Fig. 6. The numerical 

simulation is also performed in EFGM using 400 nodes with 

a nodal density of 20 × 20, as shown Fig. 7. The load is 

applied in 20 increments. The distributions of shear 

stress 𝜎𝑥𝑦, normal stress 𝜎𝑦𝑦 and normal stress 𝜎𝑥𝑥 along the 

contact surface are shown in Fig. 8, Fig. 9and Fig. 10, 

respectively. The normal stresses 𝜎𝑥𝑥 along the top surface 

are shown in Fig. 11. A remarkable agreement is seen 

between the results obtained by XFEM and EFGM. 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Fig. 5: Sliding of two bodies: Problem statement 

 

 
Fig. 6: Sliding of two bodies: XFEM mesh 

 
Fig. 7: Sliding of two bodies: EFGM domain representation 

 
Fig. 8: Shear stress 𝜎𝑥𝑦 along the contact surface 
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.  

Fig. 9: Normal stress 𝜎𝑦𝑦 along the contact surface 

 
Fig. 10: Normal stress 𝜎𝑥𝑥 along the contact surface 

 
Fig. 11: Normal stress 𝜎𝑥𝑥 along the top surface 

B. Contact Friction Behavior in Torsion of Steel Rod with 

Concrete 

This example models the contact behavior of a steel rod 

placed in concrete under torsional loading, as shown Fig. 12. 

The clockwise torsional moment of 0.96 ton-m is applied on 

the steel rod placed at the centre of a 2 × 2m concrete block. 

Plane stress condition has been considered for analysis. The 

material properties chosen are; 𝐸𝑐 = 2 ×
1010 N/ m2 and  𝐸𝑠 = 2 × 1011  N/ m2 . The normal and 

tangential penalty parameters of the contact surface are 

chosen to be 1 × 1012 N/ m2  and 1 × 1010 N/ m2 , 

respectively. 

In XFEM analysis, the numerical simulation is performed 

using a uniform mesh of 400 elements (Fig. 13), whereas in 

EFGM the simulation is performed using 441 nodes with a 

nodal density of  21 × 21, as shown in Fig. 14. The entire 

load is applied in 50 increments. The distribution of shear 

stress 𝜎𝑥𝑦  along the along the horizontal direction through 

the middle is shown in Fig. 15, and a good agreement is seen 

between the results obtained by the two methods. In Fig. 16, 

the normal stress 𝜎𝑥𝑥 is plotted along the top surface. In Fig. 

17 and Fig. 18, the distribution of shear stress 𝜎𝑥𝑦 along the 

top surface and the central vertical direction are plotted. A 

remarkable agreement is seen between the results obtained by 

XFEM and EFGM in modeling and simulation of contact 

problems. 

          
Fig. 12: Torsion of steel rod in concrete: Problem statement 

 
Fig. 13: Torsion of steel rod in concrete: XFEM mesh 

 
Fig. 14: Torsion of steel rod in concrete: EFGM domain 

representation 
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Fig. 15: Shear stress 𝜎𝑥𝑦 along the horizontal direction through the 

middle 

 
Fig. 16: Normal stress 𝜎𝑥𝑥 along the top surface 

 
Fig. 17: Shear stress 𝜎𝑥𝑦 along the top surface 

 
Fig. 18: Shear stress 𝜎𝑥𝑦 along the vertical direction through the 

middle 

C. Contact Friction Behavior between a Circular Rod and a 

Rectangular Block 

This example investigates the contact behavior of a 

rectangular block with a circular rod at the centre, as shown 

in Fig. 19. The block is constrained at the bottom while the 

uniform horizontal and vertical loadings of 𝑤𝑥 = 5 × 104 

N/m and 𝑤𝑦 = 2 × 105 N/m are imposed at the top surface. 

The material and the contact properties are similar to those 

given in the first example.  

In XFEM analysis, the numerical simulation is performed 

using a uniform mesh of 600 elements (Fig. 20), whereas in 

EFGM the simulation is performed using 651 nodes with a 

nodal density of 21 × 31, as shown in Fig. 21. In Fig. 22 and 

Fig. 23, the shear stress 𝜎𝑥𝑦  and the normal stress 𝜎𝑦𝑦 

distributions along the top surface are plotted. In all cases, a 

remarkable agreement is observed between the results 

obtained by the two methods. 

                           
Fig. 18: A circular rod in a rectangular block: Problem statement 

 
Fig. 20: XFEM mesh 
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Fig. 21: EFGM domain representation 

 
Fig. 22: Shear stress 𝜎𝑥𝑦 along the top surface 

 

Fig. 23: Normal stress 𝜎𝑦𝑦 along the top surface 

IX. CONCLUSIONS 

In this paper, extended finite element method (XFEM) and 

element free Galerkin method (EFGM) have been employed 

to model and simulate the solid mechanics problems 

containing discontinuities caused by the frictional contact. 

The classical displacement approximation was enriched with 

additional functions based on the Heaviside jump function to 

model the discontinuities caused by the contact interface. The 

Gauss quadrature rules for numerical integration were 

modified at the contact interface in order to perform 

numerical integration more accurately and efficiently near 

the contact surface. 

 Finally, three numerical examples are presented to 

demonstrate the accuracy and capability of XFEM and 

EFGM in the modeling and simulation of frictional contact 

problems. The first problem models and simulates the contact 

friction behavior of two sliding elastic bodies. The second 

problem includes the modeling of the contact behavior of the 

steel rod and concrete under torsional loading. The last 

problem models and simulates the contact behavior of a 

rectangular block with a circular rod at the centre. The results 

obtained by XFEM are compared with those obtained by 

EFGM and remarkable agreements were achieved between 

the two techniques. The results clearly indicate that the two 

techniques can be efficiently used to model the 

discontinuities caused by the frictional contact. 
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