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Statistical Approach to Support Vector Machine

Yashima Ahuja, Sumit Kumar Yadav

Abstract— This paper provides you a brief description about
support vector machine. In this, we have explained other
universal approximators rather than layered feed-forward
network and radial-basis function networks. Here, we have also
explained mathematical concepts of support vector machine.

Index Terms— Dual Problem, Linearly Separable, Non-linear
Separable, Primal Problem, Support Vector Machine

. INTRODUCTION

Support Vector Machine is a machine learning tool which
can be mainly used for classification and regression. It
represents complex patterns and excludes bogus patterns.
Classification involves grouping entities on the basis of some
common properties or attributes. Support Vector machine is
a linear machine with several nice properties. The core
purpose of support vector machine is to separate the data
with decision boundary in linear approach and extend it to
non-linear approach by using kernel trick. It is used for
many applications such as text categorization, face
recognition, pattern recognition and many more.

Traditional approaches and techniques perform weakly in
case of high dimension data. Support vector machine
overcomes all that pitfalls of previous techniques. In this, we
have mainly focused on mathematical concepts rather than
on theoretical.

I1. SUPPORT VECTOR MACHINE

Let’s discuss the working of support vector machine in
terms of mathematical expressions and by using cases of
separable patterns. Main Idea of support vector machine is to
construct a hyper plane as the decision surface that provides
maximum margin of separation between positive and
negative examples. A line is not optimal if it passes too close
to the points because it will be noise sensitive and it will not
simplify appropriately. Hence, our purpose should be able to
find the line passing as far as possible from all points.

Support Vector Machine can provide a fine generalization
performance on pattern classification problems although the
reality is that it doesn’t include problem- domain knowledge.
This feature is unique to support vector machine.

Support Vector Machine utilize 2 Mathematical Cases for
classification purposes-

A.Linear Separable Case
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First case is the linearly separable case in which mapping of
higher dimension into two categories is always separable by
hyper plane which has a equation

w'x+b=0 (1)

where w is adjustable weight vector, b is bias and x is Input
Vector. Hyper plane is a straight line that we are using for
defining the maximum separation between two categories. In
mathematical terms, we can also compare it with line

equation y = mx+ b where m stands for Slope (means that

how steep the line is) and b stands for y- intercept.

Support Vectors plays major role in the operation of this
class of learning machines. These are those points that lie
closest to the decision surface and that’s why these are the

most difficult ones to classify.

Suppose you have a training sample {Xi,di }L , Where

X, = Input Pattern for the i"™ element and d, =

1
corresponding desired response. On the basis of desired

response we can separate this two cases like di =+1 belongs

to first case and d; =-1 belongs to second case.
In mathematical Terms,

w'x, +b>0 Ford, =+1
w'x, +b<0 Ford, =-1
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Fig 1: Hlustration of Idea of Hyper plane

In General aspect Separation between hyper plane and
closest data point is called margin of separation.

The Goal of support vector machine is to find the
particular hyper plane for which margin of separation is
maximized. Under this condition, decision surface is referred
as optimal hyper plane which can be defined as

W, X+b, =0 ®3)
The discriminant function gives a measure of the distance

from x to the optimal hyper plane as written
below:
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g(x) =W, X +by 4)

where g(X) is a discriminant function

Optimal
Hyperplane
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0

Fig 2: Geometric Interpretation of Algebric distance of
points to the optimal hyper plane

We can also express this as

X=X, +F—=

Where Xy is the normal projection of x onto the optimal

hyper plane and r is the desired algebraic distance.

On the basis of this, we can say that r is positive if X is on the
positive side of the optimal hyper plane and negative if x is
on the negative side.

Since by definition g(Xp ): 0, we get
g(x)=w; x+b, = rlw,|
So, I = M (5)
[w

In particular, the distance from the origin (i.e., x=0) to the
optimal hyper plane is given by b, /||W0||. The issue is to

find the parameters W, and b0 for optimal hyper plane.

Consider a support vector X®)for whichd®) = +1. Then
by definition, we have
g(x(s)): W x® b =51 ,For d¥ =31 (g)

Algebraic Distance from the support vector x®) to the
optimal hyper plane is

1
) we| i d® =12 ,
o1 d¥ =2 "
[wo
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where the plus sign indicated that x©) lies on the positive
side of the optimal hyper plane and the minus sign indicates

that X *)lies on the negative side of the optimal hyper plane.

Let o denote the optimum value of margin of separation
between the two classes that constitute the training set 7 .

We can also state itas p = 2F = ——

[wl
It states that maximizing the margin of separation between
subsets or classes is equivalent to minimizing the Euclidean
norm of weight vector w.

®)

It is very difficult to find the value of W, and b0 by solving

linear equation. So, we will find optimal hyper plane by
using quadratic optimization.

Quadratic Optimization to uncover the optimal hyper
plane-
Given training sample T:{Xi,di}ihil Find the optimal
values of weight vector w and bias b such that they satisfy the
constraints

d;(W'x +b)>1 Fori=12..N (9

And the weight vector w minimized the cost function:
1
D(w) = > w'w

This scaling vector 1/2 is included here for convenience of
presentation. This constrained optimization problem is called
the primal problem. It is characterized as below:

e The cost function is a convex function of w.

e The constraints are linear in w.

Accordingly we may solve this by using method of Lagrange
multiplier. Firstly let’s see Lagrangian function:

J(w,b,a) = %WTW—ZN:ai [di(wT X, +b)—1] (10)
i=1

where the auxiliary nonnegative variables ¢«; is called
Lagrange multiplier.

The key to solve the optimization problem is determined by
the saddle point of the Lagrangian function

J = (W, b, a)which has to be minimized with respect to w
and b and maximized with respect to a. Thus by
differentiating J = (W,b,a)with respect to w and b and
setting the results equal to zero.

In mathematical terms,

Condition 1: M =0
oW

Condition 2: M =0
ob

After differentiating condition 1 it
comes,
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N
w=>a;dx (11)
i=1
And from condition 2,
N
D> ad; =0 (12)
i=1

Though, this way out is exclusive by virtue of convexity of
Lagrangian but the same cannot be said about the Lagrange
coefficients.

It is also important to note that at the saddle point for each
Lagrangian multiplier ¢; , the product of that multiplier with

its corresponding constraint vanishes as shown:
o|d;(W'x +b)-1]=0 Fori=12,..N  (13)

Therefore only those multipliers exactly meeting equation

(13) can assume non-zero values. This property follows from

Kuhn-Tucker conditions of optimization theory.

Given such optimization problem, it is also possible to

construct another problem called dual problem.

We can state the following Duality Theorem:

o If primal problem has an optimal solution and the dual
problem has also an optimal solution then the
corresponding optimal values are identical.

e In order for W, to be an optimal primal solution and
a,to be an optimal dual solution, it is essential and
adequate that W, is feasible for primal problem and
g(w)=J(w,,b,,a,)=min J(w,b,,c,)

To postulate dual problem for our primal problem, we will
expand Lagrangian function as below:

1 N N N
J(W,b,a)=EWTW—ZaidiWTXi —bY ad +) e (19)
i=1 i=1 i=1
The third term on the right hand is zero by virtue of the

optimality condition that we found in condition 2 of
Lagrange function and from condition 1 we can have,

N N N
wiw=> e dw'x => > gadd;x X,
i=1 i=1 j=1
By setting objective function J (W, b, a) = Q(a), we may
reformulate as:
1 N N

Qla)= ZN:ai —EZZaiajdidjxiij

i=1 i=1

(15)

where ¢; are non-negative.

Dual Problem can also be stated as:
N
i=1

Given training sample T:{Xi,di} Find Lagrange

multipliers {ai }i:1 that maximize the objective function

N 1 N N T
Q(a)=z_1:ai —EZZaiajdidei X;

i=1 j=1
Subject to the constraints
N
1. Zmdi =0
i=1
2. ;20  Fori=1,2,....N

This was all about linear separable case. Let’s discuss
another case.
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B.Non-Linearly Separable case

Second case is to handle non-linear separable data. In this
section, itis not feasible to construct a separating hyper plane
without encountering classification errors. For this, we need
to find an optimal hyper plane that minimizes the probability
of classification error.

The margin of separation between subsets or classes is

assumed to be soft if a data point (Xi,di) breaks the
following condition

d;(W'x, +b)>+1,
This can be done in two ways:
1. The data point (Xi,di) falls inside the region of

separation but on the right side of the decision surface as
shown in Fig 3.

2. The data point (Xi,di )falls on the wrong side of the
decision surface as shown in Fig 4.

Here we can declare that we have accurate classification in
case 1 but misclassification in case 2 shown in below figures:

Fori=12,....... N

I Optimal Hyperplane

e

01 =1

Support Vectors

Fig 3: Data point (belongs to class C1) falls inside the
region of separation but on the right side of the decision

surface.
x2
+ + Optimal Hyperplane
.+.
L]
1 =1

//@j N

Support Vectors

Figure 4: Data point (belongs to class C, ) falls on the
wrong side of the decision surface)

We can also define for separating the hyper plane as

di(wai +b)21—gi Fori='1,2...,N 17)

The &; called slack variables which help to measure the

deviation of data point from the ideal condition of pattern
separability.
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First case comes under 0<¢g <1 and Second case

considered as & >1 .The support vectors are those
particular data points that satisfy above equation even
ife; >0.

For finding optimal hyper plane, we can do this by —

N
D(e)=>"1(g -1) (18)
i=1
The function @ (&) is an indicator function defined by-
I(g) _ |0 ife<0 19)
|1 ife>0

Minimization of q)(g) with respect to w is a nonconvex

optimization problem that is NP-Complete. To trace it
mathematically, we can also write it as

oe)-3 e

Moreover we simplify the computation by formulating the
functional to be minimized with respect to the weight vector
w as follows:

(20)

1 N
D(w, &) = EWTW+ CY ¢ (21)
i=1
Primal Problem for non-separable case is:
Given training sample {(Xi,di )}ihilfind the optimal values

of the weight vector w and bias b such that they satisfy the
constraint

di(wai+b)21—gi Fori=1,2...,N
& 20 Foralli

And such that weight vector w and the slack variables
&; minimizes the cost functional

N
CD(W,&‘)ZEWTW+CZE,}
2 =
where ¢ is a user specified parameter. The parameter C
controls the tradeoff between complexity of machine and the
number of non-separable points. It can also be viewed as
Regularization parameter.

Using method of Lagrange multipliers we can formulate
dual problem for non-separable patterns as:
N

Given training sample T:{Xndi}i:l Find Lagrange

multipliers {ai }:11 that maximize the objective function
N 1N ;
Q(a)=zl:ai —EZZaiajdidei X;
1=

i=1 j=1
Subject to the constraints

N

1. Z:ocidi =0
izl

2. 0<a<C Fori=1.2,....N

Dual problem of non-separable case differs only in one
constraint but it is the important difference.
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The optimization problem for non-separable patterns
includes the optimization problem for linearly separable
patterns as a special case.

It can be done with the help of kernel technique. Main
advantage of kernel trick is that it reduces computational
overhead.

111. CONCLUSION

Support vector machine mainly focus on the study a
classification of data points into two classes which can be
further categorized as positives and negatives classes. The
benefit of kernel functions extends support vector machine to
nonlinear decision boundaries or surface, while keeping the
computational ease of linear classification. In non-linear
technique, use of slack variables allows the training data to
include incorrectly labeled points. Support Vector Machines
are used in many fields ranging from spam filters, face
recognition, pattern classification, engineering,
bioinformatics and medicine.
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