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Effect of Shape Factor on the Flexural-Torsional-
Distortional Behaviour of Thin- Walled
Box Girder Structures

C.A. Chidolue, C.H. Aginam

Abstract:  The governing differential equations of equilibrium
for flexural-torsional-distortional analysis of thin-walled box
girder structures with various shapes were derived in this work
using V. Z. Vlasov’s theory. The obtained equations were used to
evaluate the cross sectional deformations of some box girder
structures having rectangular (doubly symmetric) and trapezoidal
(mono symmetric) shapes. Evaluation of Vlasov’s coefficients for
the obtained differential equations of equilibrium formed a major
part of this work. This was accomplished by examining the strain
modes interaction diagrams for the various cross sections and by
using Morh’s integral chart for displacement computations.
Cross sectional deformations of the box girder structures were
obtained by integration of the differential equations of
equilibrium using method of trigonometric series with
accelerated convergence. For irregular (asymmetric) box girder
shapes, complex differential equations of equilibrium were
obtained as a result of the interaction between all the strain
modes of flexure, torsion and distortion. Application of these set
of equations for the analysis of irregular shaped box girder
structures is presented in another work.

Keywords: Box structure, distortion, flexure, shape factor, thin-
walled, torsion

. INTRODUCTION

When a thin-walled box girder is restrained from
warping, additional stresses arise in the longitudinal and
transverse directions. These stresses do not arise in the case
of uniform (Saint Venant ) torsion.

Every cross section has a shear centre which is the point

through which the shear force must be applied if there is to
be no twisting. When a cross section has two planes of
symmetry (doubly symmetric), the shear centre S and the
centre of gravity G coincide. If there is one plane of
symmetry ( e.g. as there is for a channel section), S and G
are located on the same plane and it is a relatively simple
matter to establish their coordinates.
However when the cross section is less regular a systematic
method for locating the shear centre is required and the
development of equations of equilibrium for flexural-
torsional-distortional analysis of box girders becomes more
complex.
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For the context of this work, shape factor refers to
different box girder cross sections distinguished by their
shapes having, (a) two planes of symmetry (b) one plane of
symmetry, and (c) no plane of symmetry.

The theory of thin-walled structures whose transverse
cross sections are arbitrary and which contains several
closed contours was developed by V.Z.Vlasov [1].

Vlasov’s coefficients of differential equations of equilibrium
involve a combination of elementary

displacements. In the general strain mode there are three
strain fields in the longitudinal direction and four in the
transverse direction. These are;

Out of plane displacement due to vertical load characterized

by @,.

Out of plane displacement due to horizontal load normal to
box girder axis,  characterized by @, .

Out of plane displacement due to warping of the cross
section, characterized by ;.

In-plane displacement due to vertical load, characterized by
W,

In-plane displacement due to horizontal load normal to box
girder axis, characterized by (), .

In-plane displacement due to distortion of the cross section,
characterized by ), .

In-plane displacement due to pure rotation, characterized by

W,.

Some or all of these strain modes may be present in a
given frame depending on the shape of the cross section and
the nature of loading.

Fig. 1 shows that torsional loads consisting of opposing
vertical forces result from gravity loads that are eccentric to
the centre line of the girder and they give rise to bending
and torsion. Fig. 2 shows that a torsional load can be
modeled as a uniform (Saint Venant) torsion and a
distortional component. Therefore an eccentric load on a
box girder structure introduces interaction between bending,
pure torsion and distortion. The flexural- torsional-
distortional interaction is of great interest particularly in a
thin walled box structure where the shape of the cross
section comes into play.
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Girder W straight and curved box girder bridges deal with analytical
c_entre\ W W formulations to better understand the behaviour of these
line 9% E E complex structural systems. Few authors Okil and El-tawil

crete Slab
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component
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Fig. 1 Decomposition of eccentric concrete load on
trapezoidal box girder
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Fig.2 Torsional and distortional loads on rectangular box
girder due to vertical forces

Research [2], has shown that a doubly symmetric section
has only one interaction of strain modes, i.e. torsional strain
mode and distortional strain mode interaction. A mono-
symmetric section on the other hand, has three strain modes
interactions: torsion interacts with distortion and each of
these interacts with flexure about the non axis of symmetry.
Thus we have torsional-distortional interaction, flexural-
torsional interaction, and flexural-distortional interaction.

A non symmetric section has multiple strain modes
interactions: each of torsion and distortion interacts with
flexure about both axes of non-symmetry in addition to the
interaction between themselves. Thus, we have torsiona-
distortional interaction, torsional-flexural interaction in
major axis, torsional-flexural interaction in minor axes,
flexural-distortional interaction in major axis and flexura-
distortional interaction in minor axis. These strain modes
interactions are quite inseparable that it is not possible to
examine one strain modes interaction in isolation of others.

In this work, the flexural-torsional-distortional
interactions in doubly symmetric (rectangular) profile,
mono symmetric (trapezoidal) profile and non symmetric
(irregular) profile, were investigated. The governing
differential equations of equilibrium were derived for
flexural-torsional-distortional analysis of the box girder
frames. By using a single cell doubly symmetric section and
a single cell mono symmetric section the derived equations
were used to obtain the cross sectional deformations of the
box girder structures. The application of the derived
equations in the analysis of non symmetric box girder
structures form the basis for another work.

Il. REVIEW OF PAST WORK

The curvilinear nature of box girder bridges along with
their complex deformation patterns and stress fields have led
designers to adopt approximate and conservative methods
for their analysis and design. Recent literatures: Hsu et al
[3], Fan and Helwig [4], Sennah and Kennedy [5], on
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[6], Sennah and Kennedy [5], have undertaken experimental
studies to investigate the accuracy of existing methods.
Before the advent of Vlasov’s ‘theory of thin-walled beams’
[1], the conventional method of predicting warping and
distortional stresses is by beam on elastic foundation (BEF)
analogy. This analogy ignores the effect of shear
deformations and takes no account of the cross sectional
deformations which are likely to occur in a thin walled box
girder structure

Several investigators Paavola [7], Razagpur and Lui [8],
Fu and Hsu [9], Tesar [10], have combined thin-walled
beam theory of Vlasov and the finite element technique to
develop a thin walled box element for elastic analysis of
straight and curved cellular bridges. Osadebe and Chidolue
[11], [12], Eze [13], obtained fourth order differential
equations of torsional-distortional equilibrium for the
analysis of mono symmetric box girder structures using
Vlasov’s theory with modifications by Varbanov [14].

Various theories were therefore postulated by different
authors examining methods of analysis, both classical and
numerical. A few others however carried out tests on
prototype models to verify the authenticity of the theories.
At the end of it all, we concluded that Vlasov’s theory
captures all peculiarities of cross sectional deformations
such as warping, torsion, distortion etc, and is therefore
adopted in this work.

I1l. ENERGY FORMULATION OF THE
EQUILIBRIUM EQUATIONS
The potential energy of a box structure under the action of a
distortional load of intensity q is given by [11]:

M= %Zaijui (U "(x)dx +
%[zb.jui (U (%) + X U, (0V; (X) |dx
+% [Z iU OOV, (X) + 2V, (XY, (x) ] dx +

SESMOM KTV @

where, U;,U j
variation of out of plane displacements along the length of
the box girder frame.

Vh (x),Vk (x) are unknown functions governing the variation

are unknown functions governing the

of in plane displacements along the length of the girder

frame. The coefficients aij'bij’ckj’ Cihy'Sh @re called

Vlasov’s coefficients and are given as follows:
a; =a; = J-(Di (S)p,(s)dA (a)
bij = bji = J.(Dil (s)§0'j (s)dA (b)
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Gy =Cy = [ @ (S)yr; (s)dA ©)

Cn =Gy = [ 91 (S)y () dA @ @

o = T = [V (), (S)dA; ©

Sy = Shy = %J'—Mk(;)ll(\:“(s) ds ()

A, = [ ayds ©

The governing equations of torsional-distortional

equilibrium are obtained by minimizing the energy
functional (1), with respect to its functional variables U(x)
and V(x) using Euler Lagrange technique, [15]. Minimizing
with respect to U(x) we obtain;

ki a;U; "(x) - ibijui (X)- ickjvk (x)=0
o =) k1 9

Minimizing with respect to V(x) we have;
D600 =D 8,V (%)

" 1
+> 1V, "(X) +€th =0 @)

where k=E/IG=2(1+v)

Equations (3) and (4) are Vlasov’s generalized differential
equations of distortional equilibrium for a box girder. They
are presented in matrix form as follows:

_a11 CPIECT ! by by, b ||U;

K| 8y 8, 8y [1Uyr—|by by by iU,

(31 3 s ||U, by by,

(=2

33 U3

Cy Cp G Cy v
(5)

Cu G2 G3|lu, Siu Sz Si3 Su ||V
Cu Coo Cos|)y'l_ |5 S22 Sz Su |}V,
2
Cy Gz Cs3 U. S;i S S Sa || Vs
Can Ca2 Caz 3 Syt Sar Saz Saa | Va
TV
1 Mo Ny Mg |72 %
f, L, Lo b, ||V 19
4| T2 T3 T4 i 21_p (5b)
i T2 Tz By ||V, | G|U3
fy [, Fo T "
a T Tz Ty
v, Ga

IV. STRAIN MODES INTERACTION AND
DIAGRAMS
A close examination of Vlasov’s coefficients of the
differential equations of equilibrium given in (2a) to (2f)
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show that the coefficients Q; =a;; represent the interaction
between all out of plane displacements characterized by
@, @, and @, . If either @, or @; is zero the value of a;
is zero, indicating that there was no interaction between the
two strain modes. Similarly, b, =b; represent the
interaction between all in plane displacements of the box
girder frame characterized by ¢, ", @,"' and ¢, ", where the

primes ‘indicate first derivative of the functions. Again, if
either ' or @' is zero the value of by is zero,

indicating that there was no interaction between the two
strain modes.

The coefficients C; =C; or Cj, =C represent the
interaction between (the derivatives of) all out of plane
displacement strain modes ¢,', @,"' and @," and all in

plane displacement strain modes, v, ¥,, ¥, andy,.
The coefficients I, =1, represent the interaction between
all in plane displacement strain modes v, V¥,, ¥/,

andy, while S, =S, represent the interaction between
the distortional bending moments arising from all the strain
modes. Incidentally, only ¢, strain mode give rise to

distortional bending moment as all other strain modes do not
amount to distortion of the cross section. Hence:

1 ¢ M,(S)M,(s)
S,y =S, =S, =— | ———3"2(ds
hk kh 33 EJ- EI(S)

Figs. 3, and 5, show the strain modes diagrams for
rectangular cross section and irregular cross section
respectively, used for numerical study in this work. Fig. 4
shows a single cell trapezoidal box girder section also used
for numerical analysis. The strain modes diagrams for this
box girder cross section is given in [11]. The coefficients

aij,blj,ckj,cih and I, , of the governing equations of

(6)

equilibrium are computed with the aid of Morh’s integral
chart using the strain modes diagrams. The procedure for
obtaining strain modes diagrams is available in literatures
[11], [17]. The summary of the coefficients is given on
Table 1.

V. FORMULATION OF
DIFFERENTIAL EQUATIONS OF
EQUILIBRIUM FOR VARIOUS
BOX GIRDER SECTIONS

General expressions for the differential equations of
equilibrium for box girders are given by (3) and (4). In this
section, specific expressions for flexural-torsional-
distortional equilibrium equations are obtained for
rectangular (doubly symmetric) section, trapezoidal (mono-
symmetric) section and irregular (hon symmetric) box girder
structures.
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A. Rectangular (doubly symmetric) section

The relevant coefficients for  flexural-torsional-
distortional equilibrium are those involving strain modes 2,
3 and 4, These are

a22’ a23’ a33’ b22’ b23' C22’ C23' b

r.22' 331
Iy =3y Ny, Fhy, and Sy, . Because
of symmetry we note that there is no interaction between

strain modes 2 and 3 and between strain modes 2 and 4.
Consequently, a23,b23,c23, F3,C,Cpp, Iy, 1y @re zero as

can be seen fron Table 1. Substituting these coefficients into
(5a) and (5b) we obtain:

C33 '

Co =Cppy Cyy =Cys,

0 0 0| ,.] (00 00 Vi
0c, of t] |00 o oY
Y2'1 Ko o 0
0 0 C33 U 333 V3
0 0 cy|L 31 jo0 0 O vy,
00 0 o]V %
0r, 0 0fV" 1/d
+ 22 2" - 2 =0 (8)
0 0 g ry|lVy G| a3
0 0 1y 1y _V4" ay

Expanding (7) and (8) we obtain the following equations.

" ka,,U, "-b,,U, -c '=0 9
O 0 0 U]_ 0 0 0 U_']_ 222 22~ 2 2272 ( )
k|0 &, 0 |[Uy"|-|[0 b, 0 [|U, kaggUs "= bdlUs - C33V3 - G5V, "= 0 (10)
0 0 ag Ug" 0 0 by Us CpUp TV "+, /G =0 (11)
Cagls = KSgaV3 + gV "+ 1V, "= -3 / G (12)
‘" ' " "
00 0 0 1' CyUs + V5 "+1,V,"=-q, /G (13)
V2 Simplifying further by eliminating U, and Uz we obtain:
oc, 0 O =0 @)
Vs BN, 7 N, +K, =0
0 0 c c - ° 14
33 34|y iv iv (14)
4 V' +aV, + BV, " =K,
, 4 200
] * —]jzee
3 -
| ¥ z.22s _2.223
- \ F.2m vE L \i o, =(..|..::._‘_\—=l'i
(=] Single- cell dr:luhly— _}‘\ W
TSt meoman 2.223 z 2225
£ X 1.5 (Flvwarping Function
/r @2 (S) \_. " 1pasz
- Ll o.s1s
1. E L 1.5 4 l
(bl Longitudinal strain mode ! G2 ¥ e
diagram [ bending aboutw-vw axis) ——= =" D15
1.4 Te
Izl Distortion diagram
Il 4 [ — 2 g0
= @ =Y, ¥ * w.
T 1N rz 1 - . .L = ¥
[c)] Transwverse strain mode i - = > ]-
Premdicaction (k] Rotation dimgram
= & T} = 50 0.434aEL G e
o - Mo S .
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Table I: Summary of Vlasov’s coefficients
Coefficient | Single cell Single cell | Single
elements rectangular | trapezoidal | cell
section section irregular
section
an 10.930 6.453 5.264
diz = az 0.00 0.00 1.536
di3z = as1 0.00 0.00 -0.001
az 27.994 25.050 11.018
ao3 =a32 0.00 -0.270 -0.038
ass 6.721 0.757 0.293
b1 1.200 1.060 1.132
b12 = b21 0.00 0.00 0.314
b13 = b31 0.00 0.00 -0.037
b22 2.880 2.982 2.018
b2s = bay 0.00 -1.066 0.028
b33 3.736 1.407 0.244
Cn 1.200 1.060 1.132
Ci2 =C21 0.00 0.00 0.314
C13=Ca1 0.00 0.00 -0.037
C14 = Ca1 0.00 0.00 0.148
C22 2.880 2.982 2.018
C23 = C32 0.00 -1.066 0.028
C2a 0.00 -1.561 0.476
Cs3 3.736 1.407 0.244
Caa 3.732 1.265 0.262
ra 1.200 1.060 1.132
12 =102 0.00 0.00 0.314
13 =1r31 0.00 0.00 -0.037
l14 =11 0.00 0.00 0.148
r22 2.880 2.982 2.018
23 = I3 0.00 -1.066 0.028
I24="4 0.00 -1.561 0.476
las 3.736 1.407 0.244
I34= l43 3.732 1.265 0.262
l44 22.032 14.616 10.358
S33 4.338*102 1.820*%10* | -
where
=1, 1C4;

:31 = (r34 /033 — Iy /C43)
182 = (C34C43 - b33 M4 ) / kassc43
Kl = (qs /C3sG) - (q4 /C4aG)

= kS33 /033
Kz =030, /333C43E

B. Trapezoidal (mono- symmetric) Section

The relevant coefficients for flexural-torsional-

distortional equilibrium are those involving strain modes 2,
3 and 4. These are; dasz, dss, bsz, b33, C32, C33, C34, Ca2, I'22, I'32,
r3s, 34, a2, Sa3, and ras. Substituting other coefficients as

zero in (5a) and (5b), noting that a; =a;, b; =b;, etc,

we obtain:
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0o 0o olfulfo o o]y
k|0 Ay Ay ||Uy,"|-|0 bzz bzs U, |-
0 85, ag |[Ug"| [0 by, by [|U,
\h

o0 o o]}
- Cp Cy Cy Vz. =0 (15)
0 C, Cyp C 8
32 O3 Cgy v,
0.0 01, 00 0 0]y
1
0 Cp Cyull,, . 00 0 0[]V,
U,'|--«
0 ¢; Cy U, 0 0 si 0]V,
0 ¢, cg|-° 00 0 ofly,
00 0 0][v" o
00 0 O0/||V"
N IO A )
00 Iy Iy||Vs G| Y3
0 0 Iy FyllV," Uy

Multiplying out we obtain

kay,U, "+ kaygU s ™ byU, -bygU s - CppV, - CppVs !

-C,V,'=0 an
kagoU, "+ kaggUs " byoU, - By - €35V, - CoaVs !
-CyV,'=0 (18)

CoUp +CpaUg + 0oV, "+ V3 "+ 1V, "= -0, /G

(19)
CaoUp "+ CagUg - KSgaVg + 135V, "+ 133V "+ 15,V " = -03 /G
(20)
CpUp +CuUg + 1V, "+ 1V "+ 1V, "=-0, /G

(21)
Simplifying
further by eliminating U, and Us; we obtain:
BN, "+ BN "+ BV, - 7V = -K, (22)

iv iv iv " " "
aNy +agVy tagVy - Ny - Vs BVy " Vs = K,
(23)

iv iv iv " " "
aNy +agVy +agVy - BV, - BV - BV,

+y3Vy = Kg (24)

where,

o = (T 1 C =1y 13 ) (Cpp / Cpg —Cyp [ Cyy )

oty =1y [ Cyy =1y 113 )1 (Cyp / Cpg—Cop I Coy)

0ty = KSyy /€35 (Cpp [ Cps —C5p [ Coy )

a, =Kay,a; oy =ka,f,; a5 =K(@,a, +a,/)
o =Kag,a; o =Kag ) g =K(aya, +85,/5)

okﬁ“gineeﬁn g
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B =(ry/cy =1y 1Cpp )/ (Cpg/ €y —Coy 1 C5y )

,32 :(I’34 /Csz —Iy /sz)/(czslczz —Cy3 /Csz)

B =Ky /Cyy (Cpy/Cpp —Cyy /€, )

By =(Cay +13,); By =(CoafB +T3);

Bs =(Cppty +C13 8, + 1) B, = (b0, +Cy)

LBs = (Kay, f; + 0,8, + Ky, +Cyp);

By =-(b,0, +Cypy +0,55,) ; By = (03,04 +Coy)

B = (Kagy 3 + 033 8 + Ky By + ),

B, = by, +Cyy +0338,)

n= (C42a3 + C4aﬂa); 7, = (b0 +by3 By);

73 = (3,05 + 05 3,);

Ky =g/ c3p6 (cpg/cpp ~Cgg /gy )-
—0,/€;,G(Cp/Cp —Cs5/ C3y)

K, =0;/C34G(Cpp/Cpy —Cyp / Cy) -

- qz /Csz (sz /Czs —C5 /033)

K,=0,/G+c,,K, +C,K;;

K, =b,,K, +b,K,

K, =by, K, +b,K;

C. Irregular( Non symmetric) section

We note that in non-symmetric sections there are
interactions between all the four strain modes such that the
elements of (5a) and (5b) are non zero except matrix S,
where only Ss3 has a non zero value as explained earlier.

Expanding (5a) and (5b) in line with above observations
we obtain:

kallulu + kaiZU; + ka13U; - b11U1 - blZUZ - b13U3
'C11V1' B ClZVZ‘ - C13V3I B 014\/4' =0 (25)
ka21U1“ + ka?2U; + ka23U; - b21U1 - b22U 2" b23U3
'C21V1I B szvzl B Czsv'sl B C24V4' =0 (26)
kamUl“ + ka32U; + ka33U; - b31U1 - b32U2 - b33U3

'C31V1‘ - C32V2' - C33V3: - 034\/4' =0 27
U, +eU, +eUs + 0V, Y,
+hV +16V, =-¢,/G (28)
C21U1I + szulz + C23U; + I’21V1" + I’22V2"
—H’23V3" + I’24V4" =-0, e (29)

C31LJ1 + C32U 2 + C33U3 + r‘31VZI. + r‘32V2 + r33V3
+r,V, -ks,V, =-0,/G (30)
C41l'Jl + C42U2 + C43U3 + r-41Vl + r-42V2 + r-43V3
+r,V, =-q,/G (31)

Equations (25) to (31) contain seven unknown parameters,
U1 ,Uy, Uz and V1, V2, V3, V4, which can, by elimination of
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Ui, Uz, and Us be reduced to four basic equations containing
V1, Vo, V3, and Va. Thus the coupled differential equations
of equilibrium for non symmetric sections are of the form:

AV + AV + AV + AV + AV, + AV, +AV,
+AV, + AV, = 1K, (32)

BV, +B\,' +BV.)' + BV, + BV, +BYV, +B,V,
+ByV, +BV, =¢,K, (33)

CV +CV, +CV) +C VNV, +CV, +CV, +C.V,
+CV, +C\V, =7,K, (34)

DV," +DV,' +D\V," +DV,' + DV, =0

(35)
Simplification and integration of these equations for
flexural-torsional-distortional analysis of asymmetric box
girder structures are treated in a separate paper.

VI. FLEXURAL-TORSIONAI- DISTORTIONAL
ANALYSIS

In this section the solutions of the differential equations
of equilibrium are obtained for single cell rectangular box
girder structure and single cell trapezoidal box girder
structure. Live loads were considered according to
AASHTO-LRFD following the HL-93 loading [16]:
uniform lane load of 9.3N/mm distributed over a 3m width
plus tandem load of two 110 KN axles. The loads were
positioned at the outermost possible location to generate the
maximum torsional effects. A 50m span, simply supported
bridge deck structure was considered. The torsional loads
obtained are as follows:

03 =03 *b, =157.16KN §, =g, *b, =1446.505KN

where b, is the width of the top flange.

A. Single

Section
The differential equation governing flexural- torsional-

distortional equilibrium for doubly symmetric sections are

BNy "V =-K;

iv iv "
Vg +aV, + BV, "=K,
The coefficients are as follows;
a,, =27.994, b,, =c,, =T, =2.880
g = 6.721, byy = Cy3 =3.737; Cp3 =T1,3 =3.732
3

Cell Rectangular (Doubly Symmetric)

(36)

, = 22082 Sy, =1.062*10"
0=025 E=24*10°N/m?; G =9.6%10°N /mm?
G, = 0.00KN, Gy = 620KN, , =1462.62KN

a, =r1,/C, =5.904

B =y /) —(N/Cpy ) =-4.905
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2 .

B, = (C43 —bs, r44)/ kayC,5 = -1.0905;

¥, =ks, /Gy =7.106%10

Ky = (3 /¢35G) (8, / c4eG) =-2.2856*10"";
K, = by, / 83,C,5E = 8.634*10°
Substituting the coefficients into (36) we obtain

4.905V, "+7.106*10°*V, = K, (37)

v," +5.904v," -1.0905v, " = K,

Integrating by method of trigonometric series with
accelerated convergence we obtain;

V;(X) =1.946 1072 Sin (zx/50) ;

V, (x) =1.896 %10 Sin (x/50) (38)

B. Single Cell Trapezoidal (Mono Symmetric) Section
The governing equations of equilibrium are

ﬂ4V2 "+ ﬂ5V3 "+ ﬂ6V4 - )/1V3 = -K3 (39)
iv iv iv,,iv " " "

aN, +agVy +ag Vo - SN, - V3 - oV,

+y,V; =K, (40)

a7V2I = a8V3IV + 0‘9\/4| V- PioVo ™= BrVs ™ PoVy "
+73Vy = Ky (41)
The relevant Vlasov’s coefficients are as follows.
a,, = 25.05, a,; =-0.270, a,; = 0.757,

b,, =¢C,, =T,, =2.982
b, =C,5 = 1,3 =-0.153
by, =Cyy =13 =1.407, 1, =14.616

Cyy =Cyp =0, =1, =-2.515

Cyy =Cyg = Iyy = 1,3 =1.265

S35 =1.8195*107"
The coefficients of the governing equations are as follows.
o =-1; a, =0.802; a, =-1.6679*10°

a, =-62.625; a5 =0.675, oz =50.7734 ; o, =0.675,
ag =-1.893; ay =-2.078

B, =-1; f, =0.812; §, =-3251%10™

B,=0; =05 B, =11572; 5, =0; B, =-7.89%10 " ;
By =-1266; B, =0 B, =0; pB,=-1.90*10"*

Fig. 6 shows the variation of torsional and distortional
deformations along the length of a 50m simply supported
rectangular box girder frame. The flexural displacement was
zero as earlier explained. The maximum mid-span
distortional displacement (19.46mm), was about ten times
that for torsional displacement (1.90mm).

In Fig. 7 the variation of flexural, torsional, and
distortional displacements along the length of a 50m simply
supported trapezoidal box girder frame is shown. .The
maximum mid-span deformations are 32.87mm for flexure,
42.82mm for distortion and 4.89mm for torsion. Thus
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7, =-3532*107"; y, =4.8*10"

75 = -4.350*10*

K, =1.7115*10"*

K, =-2123%10°; K, =-2.046%10"°

d, = 0.0KN, §, =15458KN, g, =1446.505KN

E=24*10°N/m?*, G=9.6*10°N/m’, k=25
Substituting the coefficients and the constants into (39) to
(41) we obtain:

11572V, "+3.532 *10_4V3 =-1.7115*107" (42)

-62.625V," +0.675V, " +50.773v," +7.89%107*V,

+1.266V,, " = -2.123*10™° (43)

0.675V," -1.893v," -2.078V," +5.820*10 7"V, "

+1.90%107*V, " 4.35%10 "V, =-2.046*10° (44)

Integrating by method of trigonometric series with
accelerated convergence we have,

V,(X) = -3.287 %107 Sin (zx/50)

V4 (X) = 4.282*10 7% Sin (7x/50) (45)

V, (X) = 4.077*107Sin (zx/50)

VII. DISCUSSION OF RESULTS

The derived equations for flexural-torsional-distortional
analysis of box girder structures with various shapes are
shown in Table 2. For rectangular and trapezoidal box
sections the derived equations are independent of pure
bending deformation V1. Thus, flexural-torsional analysis of
straight rectangular and trapezoidal box girder cross sections
does not require evaluation of the dead load of the structure
as only the imposed loads contribute to the torsional-
distortional deformations of the box girder frame.

For rectangular box girder cross section, strain mode 2
(flexure), does not interact with strain modes 3 (distortion)
and 4 (torsion), hence the value of V, does not appear in the
equilibrium equations. However for trapezoidal (mono
symmetric) box girder cross section, strain mode 2 has
interactions with strain modes 3 and 4 resulting to the
coupling of the derived equation for torsional-distortional
analysis of such box girder structures as can be seen from
Table 2.

For irregular cross sectional shapes the equations of
equilibrium are coupled and they contain all cross sectional
deformation parameters (V1, V2, V3, and V4) as unknown.

distortional deformation was about ten times that of
torsional deformation and flexural deformation was eight
times that of torsional deformation.
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VIIl. CONCLUTION
Three sets of differential equations of equilibrium were

—©— Distortional displacement . . . . .
z o (—a—?m;:nal displacement IL established for flexural-torsional-distortional analysis of
£ 30:[ || rectangular, trapezoidal and irregular shaped box girder
Syl | Cmm——— >\<>\\E structures, using Vlasov’s theory. The equations are
g, appropriate for analysis of doubly symmetric, mono
v | N ' A A N symmetric and asymmetric box girder cross sections.
O Ao o ey Application of these equations in the analysis of
doubly symmetric and mono symmetric box girder
Fig.6 Variation of torsional and distortional structures indicate that maximum distortional deformation
displacements along the length of the girder was about ten times that of St Venant torsion.
70 r r r r r r r
—HE— Flexural displacement
60 —©6— Distorsional displacement ||
_ —%k— Torsional displacement
E 50
€ 40 €t on
£ 20 /’/m\‘\
8 T T
S AN
10 &
A
0 5 10 15 20 25 30 35 40 45 50
Distance Along the Length of the Girder (m)
Fig.7. Variation of flexural, torsional and
distortional displacements along the length of the
girder
Table.2: Summary of flexural-torsional-distortional differential equations of equilibrium
(2) Doubly symmetric (b) Mono symmetric section {c) Asymmetric section
zection
e _ - . e e - v i i L !
B =K M| APy By "+ Bly ™Rl =-E3 (D | 417 =407 =405 + 40, + 41
Al -rls = -1 @ | agy +ad; +ady -Gh AT 2 ATy = AT, < AT = uky, oy
g -l +B =Ky () | AV -AT Rl =K, @ | Bl +Byy =By By < B
o . v . . . .
oy +amly +ady - B +Belh + BTy + By = BJy =&k, (@)
-85 - By " Bl =K 3 AV AV AV AV
A -l il =& o o (R A a4
“CgT, + 4005 <0l <0 =0,y (3)
Dy’ +Dyly + Dy + Dy + D5y =0
4
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